






































640 RAY AND DESAI

Proof: Since SiC Si+t, for every jSn there exists an j+15n
that j+18n = joso. Thus, every (n+l)-tuplet (snUnSt) € Y(S§)

is contained in Y(Si+1),
Appendix B: A Sequential Test Algorithm

Given redundant measurements for an n-dimensional process
variable, the one-dimensional parity vector pi (t) for the
j-th (n+l)-tuplet si at the sampling inst-ant t is given as
pi(t)=Viui(t) for i=1,2,....,X (B-1)
where Vi is the 1x(n+1l) projection matrix associated with
pui which is the (n+1)xl vector representing measurements in
si . The probability distribution of pi is assumed to be
Gaussian on the justification that pi is a linear
combination of the measurements in si, which are usually
uncorrelated or weakly correlated. Using the a priori
information on the covariace matrix of the noise in
measurements in si, pi (t) is scaled to zi (t) such that the
variance of zi(t) is unity. For nominally unfailed .
conditions E[zi (t)]=0 for every i and t.

In the seguential tests a decision is made between the no-
failure hypothesis, and one or more failure hypotheses, on
the basis of the information processed at consecutive
samples. If M distinct modes of failures are considered,
then (M+1) distinct modes of operations should be
designated by (M+1l) mutually exclusive and exhaustive
hypotheses such that each hypothesis can be treated
as a Markov state. The recursive relations for a
- posteriori probalities in multiple hypotheses are
derived in our earlier publication [(18]. However,
hypothesis which represents all abnormal modes
high and low failures 1is considered in this example.

only one
including

The no-failure and failure hypotheses, Ho and Hi
respectively, are defined below.

Ho: zi(t) is Gaussian with zero mean and unit variance
at every sample instant t for all i.

Hi: zi(t) is Gaussian with mean #6i and unit variance at
every sample instant t and for each (n+1)-tuplet 1i.
The mean is positive or negative signifying high or
low failures, respectively.

The iog l1ikelihood ratio at the t-th sample is defined as

plzi (t)|H1)
¢i (t)=-fn -——-—=-=—-=-- , i=1,2,...,T
plzi ()| Ho)

(B-2)

If the measurement noise is stationary, the log likelihood

ratio %1 (k) for k consecutive conditionally independent
samples is given by
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p[z1(1),21(2),....,z1(k)|H1]
81 (k)=-€n ===---—mmm e
p[Zi(1),Zi(2),....,2i(k)|HOJ
k
=2 @i (t) (B-3)
t=1

which yields the followihg recursive relations for positive
and negative values of the mean in hypothesis Hi .

@r(k):@f(k-1)+81(81/2-z1(k))
- - (B-4)
@i (k)=%1 (k-1)+61 (81 /2+z1 (k))

Following Chien’s sequential test procedure [14], the above
algorithm is formulated for i=l,2,....,r as follows.

Initialization:

&t (0)=8% (0)=0.

Lower limit setting:

81 (k)=Max[87 (k),€1]
for all k>0
®1i (k)=Max[&1 (k),€1 ]

Consistency of the i-th (n+1)-tuplet:

8 (k)¢bt and &7 (k)g6i for all k>0

Inconsistency of the i-th (n+1)-tuplet:

8L (k)>61 or 7 (k)>61 for all k>0

Upper limit setting:

81 (k)=Min[&! (k),6:] -
_ _ for all k>0
®i (k)=Min[®1 (k), 61 ]

where §i= en[N(Bi)Q/ZJ is the detection threshold, N being
the allowable mean time, i.e. the number of samples,
between false alarms (N>>1), and the lower limit setting
€i 1is the probability of failure of any measurement in
the i-th (n+1)-tuplet. The parameter for upper limit
setting is set to be equal to 6: to enhance recovery from
a failure condition after the faulty measurement has been
reinstated. The inconsistency index o in Definition 1 of
Section 2 can be interpreted as follows.

U(k){Si]:Max[dt(k),@?(k)]/ﬁi (B-5)

The magnitude B8i of the mean can be chosen as a function of
the error bounds of the measurements in the i-th (n+1)-
tuplet. Error bounds can be computed by measuring sensor
noise statistics or from manufacturer’s specifications.
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