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expressed in the form

* p=s~—1
Rew(s)= 2, AP Y(A-LC)*P""BBTs(m)+ D, A '""BBTs(m)
m=1-3s

m=p-s
AP"Y(A-LC)* PBBY, s>p

={A*"BBT, s=1,...,p-1 (31)
0, s=0

Similarly, the autocovariance of e, is obtained as

© p-2
Ree(s)= 2, Rew(s+m+ p)(A—LC)"TAP DT 4 3" Rew(s+m+ AT (32)
s=0

m=0

The proof is completed by setting s=0 and then substituting (31) into (32). O

Proposition 4

The H>-norm of the sensitivity error matrix E,(z), defined in (18) in Proposition 2, is
minimized if the observer gain matrix L is identically equal to the standard steady state
minimum variance filter gain matrix with zero measurement noise.

Proof. From the definition of Hz-norm'' and E,(z) in (19) of Remark 1 it follows that
1 27 ) )
IEs(2) 13 = - trace(SO FT,(e!®)T(%)FT dﬂ)

1 27 Ap—l o~
=-2""7; tl’aCE[SO F(*e—]—m‘:“ﬁ (eJ I—A+LC)'IB>

AP~ . T
X (é-_—f,-—ﬁm— (e"QI-—A+LC)"‘B> F' dﬂ]

1 [ p 27 Ap—l ‘Q 1 p-2 A T T
+i—-trace 50 F(g}‘ﬁ‘(‘;"‘:‘ﬁ(e" I-A+LC) B)(ZO WB)F dQ]

™ §=

1 [ p 27 p=2 A Ap—l _ig 1 T T
+ 5 trace SO F(Sgo ST B) (e_m(p_l) (eI - A + LC) B)F dﬂ]

™
1 [ p 27 p—=2 As p—2 As T
+'2—7; trace SO F<s§) m B) ( ; m B) FT dQ:l (33)

Since the sum of the second and third integrals is identically equal to zero and the integrals
of the cross-terms in the fourth term also vanish,

2 . .
lEx2)|13= 51. trace(FA”"l g [(e"*I- A+LC) 'BBT(e T~ A + LC)"T dQ] A"’“”TFT>
T 0

p=2
+ trace[F( D A’BBTA’T>FT:| (34)

s=0
For given plant model state space matrices A and B, if the feedback gain matrix F is fixed,
then the observer gain L is the only adjustable matrix which could change the H>-norm of the
error matrix. On the other hand, the covariance of the state estimation error in Proposition
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3 can be written, according to the discrete-time Plancherel theorem, ! as

Efex|k-pek|k-p} =

27 -2
AP S (1 - A+LC) BB (- A+ LC)"T dQ]A®~VT+ Y, ABBTAST (35)
0 5s=0
A comparison of the Az-norm of the error matrix E,(z) in (34) with the trace of the error
covariance matrix Ef{e|x-p€k|k-p] in (35) reveals that minimization of | E,(z)|> is
equivalent to that of trace (E{ex|k-p€k|k-p}) for all p > 0.

Next we proceed to find an optimal L that minimizes trace (E{ex|k-pek|«-p}). It follows
from Lemma 1 given below that the minimum variance filter gain (with p = 1) also minimizes
trace (F {ek-|k_pezlk-p}) while p > 1. Therefore the optimal observer gain L that minimizes
| Ex(z) ||2 is the same L that minimizes || E;(z) ||2. According to Lemma 2, the steady state
minimum variance gain with zero measurement noise is the optimal gain. OJ

Lemma 1 for Proposition 4

For the p-step predictor (p > 1), if the estimation error is defined as ex|x-p =Xk — Rk | k- p»
then the filter gain L which minimizes the covariance Ef{ex|«-pek|x-p} is identical to the
minimum variance filter gain.

Proof. The proof follows directly from the derivations in Chap. 5 of Reference 12. ]

Lemma 2 for Proposition 4
For a fixed F the H-optimization of the one-step predictor error matrix given as

mLin | Ei1(z) ||2=mgn |F(zI-A+LC) 'B|, (36)

is the steady state minimum variance filter gain, where the plant and measurement noise
covariance matrices Q and R are set to
Q=BBT, R=lim pl (37)

o0

Proof. The proof follows directly from the dual result of Theorem 3.1 in Reference 7. []

CONCLUSIONS

Results on robust compensation of induced delays in a multi-input/multi-output discrete-time
feedback control system are presented. The delay compensation algorithm formulated in this
paper is an extension of the standard loop transfer recovery (LTR) procedure from one-step
prediction to the general case of p-step prediction (p > 1). The major conclusion is that the
concept of the steady state minimum variance filter gain as the H>-minimal solution of the
difference between the target sensitivity matrix and the actual sensitivity matrix for one-step
prediction does hold for p-step prediction (p > 1). This concept is useful for synthesis of
robust delay compensators.

L
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