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Complex Numbers for Planar Kinematics 
 
 Standard XY Notation  Complex Number Notation 
 
 
 
 
 
 
 
 

 θ∠=+= rĵbîaR  θ=+= jerbjaR  

 222 bar +=  θ+θ=θ sinjcosje  
 a/btan =θ  1j −=    
 

Expanding: θ+θ=θ= sinrjcosrjreR   θ= cosra  θ= sinrb  

  directionje,magnituder =θ=  
 

Position: θ= jreR  
 

Velocity: θθ+θ= jerjjerR 



    ω=
θ

=θ
dt
d

        α=
θ

=θ 2

2

dt
d

  

 Extension Tangential 
 

Acceleration: θθ+θθ−θθ+θ= jer2jjerjerjjerR 2








   
 Extension Tangential Normal  Coriolis 
 

Jerk:  θθ−θ+θ+θ+θθθ−θ−= jej)rr3r3r(je)r3r3r(R 32












  
 
Snap:

θθ−θ+θ+θθ−θ+θ+θθ+θ−θθ−θθ−θ−= jej)r4r4r6r6r4r(je)rr3r4r12r6r(R 32422
































  
Note:  
1.  θ is always measured CCW from positive real axis. θθθ  and, are positive CCW. 

2.  θ⊥θ jejej     (Try it using θ=+= jerbjaR ) 
 
Matrix Solution:   [A]{x} = {B}  {x}=[A]-1 {B} 

21122211
1121

12221

2221

1211 aaaa]Adet[
aa
aa

]Adet[
1]A[

aa
aa

]A[ −=







−

−
=








= −  

X 

Y 

Real (Horizontal) 

Imaginary 
(Vertical) 

 

b 

a 

r 
θ 

b 

a 

r 
θ 
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Complex Number Analysis of Four Bar 
 

Given: constants r1 r2 r3 r4 θ1 and variable θ2 

Find: θ3 and θ4 
 
 
 
 
 
 
Loop Equation:  0RRRR 1432 =−−+  

Position:   0jerjerjerjer 1
1

4
4

3
3

2
2 =θ−θ−θ+θ  

Real Components:  0cosrcosrcosrcosr 11443322 =θ−θ−θ+θ  
Imaginary Components: 0sinrjsinrjsinrjsinrj 11443322 =θ−θ−θ+θ  
Use Newton-Raphson iterative solution for position. 
 
Given: Position solution and 0rrrrand 143212 =θ====θ 



  
Find: 43 and θθ   

Velocity:   0jerjjerjjerj 4
44

3
33

2
22 =θθ−θθ+θθ   

Real Components:  0sinrsinrsinr 444333222 =θθ+θθ−θθ−   
Imaginary Components: 0cosrjcosrjcosrj 444333222 =θθ−θθ+θθ   

Matrix Notation:  








θθ−
θθ

=








θ
θ









θ−θ

θθ−

222

222

4

3

4433

4433

cosr
sinr

cosrcosr
sinrsinr









 

[ ] ( ) ( ) γ−=θ−θ=θθ−θθ= sinrrsinrrsincoscossinrrJdet 434343434343  
( ) ( )43342223 sinr/sinr θ−θθ−θθ−=θ   ( ) ( )43432224 sinr/sinr θ−θθ−θθ−=θ   

 
Given: Position and velocity solutions and 2θ  
Find: 3θ  and 4θ  
Acceleration: 

0jerjerjjerjerjjerjerj 42
44

4
44

32
33

3
33

22
22

2
22 =θθ+θθ−θθ−θθ+θθ−θθ   

Real:   0cosrsinrcosrsinrcosrsinr 4
2
444443

2
333332

2
22222 =θθ+θθ+θθ−θθ−θθ−θθ−   

Imaginary: 0sinrjcosrjsinrjcosrjsinrjcosrj 4
2
444443

2
333332

2
22222 =θθ+θθ−θθ−θθ+θθ−θθ   

Matrix:  








θθ−θθ+θθ+θθ−
θθ−θθ+θθ+θθ

=








θ
θ









θ−θ

θθ−

4
2
443

2
332

2
22222

4
2
443

2
332

2
22222

4

3

4433

4433

sinrsinrsinrcosr
cosrcosrcosrsinr

cosrcosr
sinrsinr









 

( ) ( ) ( )( ) ( )433
2
4443

2
3342

2
2242223 sinr/rcosrcosrsinr θ−θθ+θ−θθ−θ−θθ−θ−θθ−=θ   

( ) ( ) ( )( ) ( )43443
2
44

2
3332

2
2232224 sinr/cosrrcosrsinr θ−θθ−θθ+θ−θ−θθ−θ−θθ−=θ   

θ2 

θ3 

θ4 

r2 

r3 

r4 
γ 

R2 

R4 

R3 

R1 
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Given: Position, velocity and acceleration solutions and 2θ  
Find: 43 and θθ   
Jerk:  

0jer3je)rr(j

jer3je)rr(jjer3je)rr(j

4
444

43
4444

3
333

33
3333

2
222

23
2222

=θθθ+θθ−θ−

θθθ−θθ−θ+θθθ−θθ−θ





 

Real Components: 

0cosr3sin)rr(

cosr3sin)rr(cosr3sin)rr(

44444
3
4444

33333
3
333322222

3
2222

=θθθ+θθ−θ+

θθθ−θθ−θ−θθθ−θθ−θ−




 

Imaginary Components: 

0sinr3jcos)rr(j

sinr3jcos)rr(jsinr3jcos)rr(j

44444
3
4444

33333
3
333322222

3
2222

=θθθ+θθ−θ−

θθθ−θθ−θ+θθθ−θθ−θ




 

Matrix Notation: 









θθθ−θθ−θθθ+θθ+θθθ+θθ−θ−
θθθ−θθ+θθθ+θθ−θθθ+θθ−θ

=








θ
θ









θ−θ

θθ−

44444
3
4433333

3
3322222

3
2222

44444
3
4433333

3
3322222

3
2222

4

3

4433

4433

sinr3cosrsinr3cosrsinr3cos)rr(
cosr3sinrcosr3sinrcosr3sin)rr(

cosrcosr
sinrsinr









 

Given: Position, velocity, acceleration and jerk solutions and 2θ  

Find: 43 and θθ 





  
Snap:  

0je)34(rje)6(rj

je)34(rje)6(rj

je)34(rje)6(rj

44
4

2
4444

4
4

2
444

34
3

2
3333

3
3

2
333

24
2

2
2222

2
2

2
222

=θθ−θ+θθ+θθθ−θ−

θθ−θ+θθ−θθθ−θ+

θθ−θ+θθ−θθθ−θ+



















 

Real Components: 

0cos)34(rsin)6(r

cos)34(rsin)6(r

cos)34(rsin)6(r

4
4
4

2
444444

2
444

3
4
3

2
333333

2
333

2
4
2

2
222222

2
222

=θθ−θ+θθ+θθθ−θ+

θθ−θ+θθ−θθθ−θ−

θθ−θ+θθ−θθθ−θ−



















 

Imaginary Components: 

0sin)34(rjcos)6(rj

sin)34(rjcos)6(rj

sin)34(rjcos)6(rj

4
4
4

2
444444

2
444

3
4
3

2
333333

2
333

2
4
2

2
222222

2
222

=θθ−θ+θθ+θθθ−θ−

θθ−θ+θθ−θθθ−θ+

θθ−θ+θθ−θθθ−θ+


















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Matrix Notation: 



































θθ−θ+θθ−θθθ−

θθ−θ+θθ+θθθ+

θθ−θ+θθ+θθθ−θ−

θθ−θ+θθ−θθθ+

θθ−θ+θθ+θθθ−

θθ−θ+θθ+θθθ−θ+

=












θ

θ








θ−θ

θθ−

4
4
4

2
444444

2
44

3
4
3

2
333333

2
33

2
4
2

2
222222

2
222

4
4
4

2
444444

2
44

3
4
3

2
333333

2
33

2
4
2

2
222222

2
222

4

3

4433

4433

sin)34(rcosr6

sin)34(rcosr6

sin)34(rcos)6(r

cos)34(rsinr6

cos)34(rsinr6

cos)34(rsin)6(r

cosrcosr
sinrsinr




























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Complex Number Analysis of In-Line and Offset Slider Crank 
 

Given: constants r2 r3 r4 θ1 (θ4=θ1+90°) and variable θ2 
Find: θ3 and r1 
 
 
 
 
 
 
Loop Equation:  0RRRR 1432 =−−+  

Position:   0jerjerjerjer 1
1

4
4

3
3

2
2 =θ−θ−θ+θ  

Real Components:  0cosrcosrcosrcosr 11443322 =θ−θ−θ+θ  
Imaginary Components: 0sinrjsinrjsinrjsinrj 11443322 =θ−θ−θ+θ  
Use Newton-Raphson iterative solution for position. 
 
Given: Position solution and 2θ  and 0rrr 41432 =θ=θ=== 

  
Find: 3θ  and 1r  

Velocity:   0jerjerjjerj 1
1

3
33

2
22 =θ−θθ+θθ 

  
Real Components:  0cosrsinrsinr 11333222 =θ−θθ−θθ− 

  
Imaginary Components: 0sinrjcosrjcosrj 11333222 =θ−θθ+θθ 

  

Matrix Notation:  








θθ−
θθ

=






θ









θ−θ
θ−θ−

222

222

1

3

133

133

cosr
sinr

rsincosr
cossinr









 

[ ] ( ) ( )13313i33 cosrcoscossinsinrJdet θ−θ=θθ+θθ=  
( ) ( )13312223 cosr/cosr θ−θθ−θθ−=θ   ( ) ( )1332221 cos/sinrr θ−θθ−θθ−= 

  
 
Given: Position and velocity solutions and 2θ  
Find: 3θ  and 1r  
Acceleration: 

0jerjerjerjjerjerj 1
1

32
33

3
33

22
22

2
22 =θ−θθ−θθ+θθ−θθ 

  
Real: 0cosrcosrsinrcosrsinr 113

2
333332

2
22222 =θ−θθ−θθ−θθ−θθ− 

  
Imaginary: 0sinrjsinrjcosrjsinrjcosrj 113

2
333332

2
22222 =θ−θθ−θθ+θθ−θθ 

  
Matrix Notation: 









θθ+θθ+θθ−
θθ+θθ+θθ

=






θ









θ−θ
θ−θ−

3
2
332

2
22222

3
2
332

2
22222

1

3

133

133

sinrsinrcosr
cosrcosrsinr

rsincosr
cossinr









 

( ) ( ) ( )( ) ( )13313
2
3312

2
2212223 cosr/sinrsinrcosr θ−θθ−θθ+θ−θθ+θ−θθ−=θ   

( ) ( )( ) ( )13
2
3323

2
2223221 cos/rcosrsinrr θ−θθ−θ−θθ−θ−θθ= 

  

θ2 

θ3 

r2 
r3 

r4 

R2 

R4 

R3 

R1 
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Given: Position and velocity solutions and 2θ  
Find: 3θ  and 1r  
Jerk: 

0jerjer3je)rr(jjer3je)rr(j 1
1

3
333

33
3333

2
222

23
2222 =θ−θθθ−θθ−θ+θθθ−θθ−θ 

  
Real Components: 

0cosrcosr3sin)rr(cosr3sin)rr( 1133333
3
333322222

3
2222 =θ−θθθ−θθ−θ−θθθ−θθ−θ− 

  
Imaginary Components: 

0sinrjsinr3jcos)rr(jsinr3jcos)rr(j 1133333
3
333322222

3
2222 =θ−θθθ−θθ−θ+θθθ−θθ−θ 

  
Matrix Notation: 









θθθ+θθ+θθθ+θθ−θ−
θθθ+θθ−θθθ+θθ−θ

=






θ









θ−θ
θ−θ−

33333
3
3322222

3
2222

33333
3
3322222

3
2222

1

3

133

133

sinr3cosrsinr3cos)rr(
cosr3sinrcosr3sin)rr(

rsincosr
cossinr









 

 
Given: Position and velocity solutions and 2θ  

Find: 3θ  and 1r  
Snap: 

0jerje)rr3r4(je)r6r(j

je)rr3r4(je)r6r(j

1
1

34
33

2
33333

3
3

2
3333

24
22

2
22222

2
2

2
2222

=θ−θθ−θ+θθ−θθθ−θ+

θθ−θ+θθ−θθθ−θ+

















 

Real Components: 

0cosjercos)rr3r4(sin)r6r(

cos)rr3r4(sin)r6r(

1
1

13
4
33

2
3333333

2
3333

2
4
22

2
2222222

2
2222

=θθ−θθ−θ+θθ−θθθ−θ−

θθ−θ+θθ−θθθ−θ−

















 

Imaginary Components: 

0sinjerjsin)rr3r4(jcos)r6r(j

sin)rr3r4(jcos)r6r(j

1
1

13
4
33

2
3333333

2
3333

2
4
22

2
2222222

2
2222

=θθ−θθ−θ+θθ−θθθ−θ+

θθ−θ+θθ−θθθ−θ+

















 

Matrix Notation: 





























θθ−θ+θθ+θθθ+

θθ−θ+θθ+θθθ−θ−

θθ−θ+θθ+θθθ−

θθ−θ+θθ+θθθ−θ+

=










θ









θ−θ
θ−θ−

3
4
33

2
3333333

2
33

2
4
22

2
2222222

2
2222

3
4
33

2
3333333

2
33

2
4
22

2
2222222

2
2222

1

3

133

133

sin)rr3r4(cosr6

sin)rr3r4(cos)r6r(

cos)rr3r4(sinr6

cos)rr3r4(sin)r6r(

rsincosr
cossinr
























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Complex Number Analysis of Inverted Slider Crank 
 

Given: constants r1 r2 θ1 and variable θ2 

Find: r4 and θ4 
 
 
 
 
 
 
Loop Equation:  0RRR 142 =+−  

Position:   0jerjerjer 1
1

4
4

2
2 =θ+θ−θ  

Real Components:  0cosrcosrcosr 114422 =θ+θ−θ  
Imaginary Components: 0sinrjsinrjsinrj 114422 =θ+θ−θ  
Use Newton-Raphson iterative solution for position. 
 
Given: Position solution and 2θ  and 0rr 121 =θ== 

  
Find: 4r  and 4θ  

Velocity:   0jerjjerjerj 4
44

4
4

2
22 =θθ−θ−θθ 



  
Real Components:  0sinrcosrsinr 44444222 =θθ+θ−θθ− 



  
Imaginary Components: 0cosrjsinrjcosrj 44444222 =θθ−θ−θθ 



  

Matrix Notation:  








θθ−
θθ

=







θ








θ−θ−
θ+θ−

222

222

4

4

444

444

cosr
sinrr

cosrsin
sinrcos









 

[ ] ( ) 44
2

4
2

4 rsincosrJdet =θ+θ=  
( )42224 sinrr θ−θθ−= 

  ( ) 442224 r/cosr θ−θθ=θ   
 
Given: Position and velocity solutions and 2θ  
Find: 4r  and 4θ  
Acceleration: 

0jer2jjerjerjjerjerjerj 4
44

42
44

4
44

4
4

22
22

2
22 =θθ−θθ+θθ−θ−θθ−θθ 







  
Real Components: 

0sinr2cosrsinrcosrcosrsinr 4444
2
44444442

2
22222 =θθ+θθ+θθ+θ−θθ−θθ− 







  
Imaginary Components: 

0cosr2jsinrjcosrjsinrjsinrjcosrj 4444
2
44444442

2
22222 =θθ−θθ+θθ−θ−θθ−θθ 







  
Matrix Notation: 









θθ+θθ−θθ+θθ−
θθ−θθ−θθ+θθ

=







θ








θ−θ−
θ+θ−

4444
2
442

2
22222

4444
2
442

2
22222

4

4

444

444

cosr2sinrsinrcosr
sinr2cosrcosrsinrr

cosrsin
sinrcos

















 

( ) ( ) 2
4442

2
2242224 rcosrsinrr θ+θ−θθ−θ−θθ−= 

  
( ) ( )( ) 44442

2
2242224 r/r2sinrcosr θ−θ−θθ−θ−θθ=θ 



  

θ2 θ4 

r2 
r4 

r1 

R4 
R2 

R1 
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Given: Position, velocity and acceleration solutions and 2θ  
Find: 4r  and 4θ  
Jerk: 

0jer3je)rr(j

je)r3r3(jje)r3r(jer3je)rr(j

4
444

43
4444

4
4444

42
444

2
222

23
2222

=θθθ+θθ−θ−

θθ+θ−θθ−−θθθ−θθ−θ

















 

Real Components: 

0cosr3sin)rr(

sin)r3r3(cos)r3r(cosr3sin)rr(

44444
3
4444

444444
2
44422222

3
2222

=θθθ+θθ−θ+

θθ+θ+θθ−−θθθ−θθ−θ−
















 

Imaginary Components: 

0sinr3jcos)rr(j

cos)r3r3(jsin)r3r(jsinr3jcos)rr(j

44444
3
4444

444444
2
44422222

3
2222

=θθθ+θθ−θ−

θθ+θ−θθ−−θθθ−θθ−θ
















 

Matrix Notation: 

( )
( ) 








θθ+θθ−θθ−θ+θ+θθθ+θθ−θ−
θθ+θθ−θθ−θ+θ−θθθ+θθ−θ

=








θ







θ−θ−
θ+θ−

4
2
444444

3
44444422222

3
2222

4
2
444444

3
44444422222

3
2222

4

4

444

444

sinr3r3cos)rr3r3(sinr3cos)rr(
cosr3r3sin)rr3r3(cosr3sin)rr(

r
cosrsin
sinrcos

































 

  
Given: Position, velocity, acceleration and jerk solutions and 2θ  

Find: 43 and θθ 





  
Snap: 

0je)6(rjje)34(r

je)r4r4r6r4(jje)r12r6r(

je)6(rjje)34(r

4
4

2
444

44
4

2
4444

43
44444444

4
444

2
444

2
2

2
222

24
2

2
2222

=θθθ−θ−θθ−θ+θθ+

θθ−θ+θ+θ−θθθ−θ−−

θθθ−θ+θθ−θ+θθ−









































 

Real Components: 

0sin)6(rcos)34(r

sin)r4r4r6r4(cos)r12r6r(

sin)6(rcos)34(r

44
2
4444

4
4

2
4444

4
3
444444444444

2
444

22
2
2222

4
2

2
2222

=θθθ−θ+θθ−θ+θθ+

θθ−θ+θ+θ+θθθ−θ−−

θθθ−θ−θθ−θ+θθ−









































 

Imaginary Components: 

0cos)6(rjsin)34(rj

cos)r4r4r6r4(jsin)r12r6r(j

cos)6(rjsin)34(rj

44
2
4444

4
4

2
4444

4
3
444444444444

2
444

22
2
2222

4
2

2
2222

=θθθ−θ−θθ−θ+θθ+

θθ−θ+θ+θ−θθθ−θ−−

θθθ−θ+θθ−θ+θθ−








































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Matrix Notation: 



































θθ−θ+θθ−θθθ−

θθθ+θ−θθ−θ+θ+θ+

θθ−θ+θθ+θθθ−θ−

θθ−θ+θθ−θθθ+

θθθ+θ−θθ−θ+θ+θ−

θθ−θ+θθ+θθθ−θ+

=








θ







θ−θ−
θ+θ−

4
4
4

2
444444

2
44

4444
2
444

3
44444444

2
4
2

2
222222

2
222

4
4
4

2
444444

2
44

4444
2
444

3
44444444

2
4
2

2
222222

2
222

4

4

444

444

sin)34(rcosr6

sin)r12r6(cos)r4r4r6r4(

sin)34(rcos)6(r

cos)34(rsinr6

cos)r12r6(sin)r4r4r6r4(

cos)34(rsin)6(r

r
cosrsin
sinrcos








































































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% fourbar_kin.m - four bar kinematics 
%   geometric, Freudenstein and complex number methods 
% HJSIII, 20.04.28 
  
% general constants 
d2r = pi / 180; 
  
% link lengths and coupler angle 
r1 = 90; 
r2 = 30; 
r3 = 60; 
r4 = 45; 
  
% Freudenstein constants 
K1 = r1 / r2; 
K2 = r1 / r4; 
K3 = (r2*r2 -r3*r3 +r4*r4 +r1*r1) /2 /r2 /r4; 
K4 = r1 / r3; 
K5 = (r4*r4 -r1*r1 -r2*r2 -r3*r3) /2 /r2 /r3; 
  
% crank 
w2 = -10;   % [rad/sec] 
a2 = 2;     % [rad/sec/sec] 
g2 = -0.5;  % [rad/sec/sec/sec] 
  
% theta 2 at toggle positions +/- 109 deg 
th2max = acos( (r1*r1 + r2*r2 - (r3+r4)*(r3+r4)) /2 /r1 /r2 ); 
th2max_deg = fix( th2max / d2r ) - 3; 
th2min_deg = -th2max_deg; 
  
% reduced motion 
th2min_deg = -90; 
th2max_deg = 90; 
%th2min_deg = -109; 
%th2max_deg = 109; 
  
% allocate empty array to hold values 
keep_g = []; 
keep_m = []; 
keep_f = []; 
  
% crank angle 
for th2_deg = th2min_deg : 5 : th2max_deg, 
%for th2_deg = 65 : 65, 
th2 = th2_deg * d2r; 
  
% geometric position equations 
  e = sqrt( r1*r1 + r2*r2 - 2*r1*r2*cos(th2) ); 
  alpha = asin( r2 * sin(th2) / e ); 
  gamma = acos( ( r3*r3 + r4*r4 - e*e ) /2 /r3 /r4 ); 
  beta = asin( r3 * sin(gamma) / e ); 
  th4 = pi - alpha - beta; 
  th3 = th4 - gamma; 
   
% Freudenstein position equations 
  af = K1 + (K2-1)*cos(th2) - K3; 
  bf = 2 * sin(th2); 
  cf = -K1 +(K2+1)*cos(th2) - K3; 
  u1 = ( -bf + sqrt( bf*bf - 4*af*cf ) ) /2 /af; 
  u2 = ( -bf - sqrt( bf*bf - 4*af*cf ) ) /2 /af; 
  th4_f1 = 2 * atan( u1 ); 
  th4_f2 = 2 * atan( u2 ); 
  
  ff = K1 - (K4+1)*cos(th2) - K5; 
  gf = 2 * sin(th2); 
  hf = -K1 -(K4-1)*cos(th2) - K5; 
  v1 = ( -gf + sqrt( gf*gf - 4*ff*hf ) ) /2 /ff; 
  v2 = ( -gf - sqrt( gf*gf - 4*ff*hf ) ) /2 /ff; 
  th3_f1 = 2 * atan( v1 ); 
  th3_f2 = 2 * atan( v2 ); 
  
% matrix velocity equations 
  JAC = [ -r3*sin(th3)   r4*sin(th4) ; 
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           r3*cos(th3)  -r4*cos(th4) ]; 
  
  vrhs = [  r2*w2*sin(th2) ; 
           -r2*w2*cos(th2) ];  
  
  vsol = inv(JAC) * vrhs; 
  w3 = vsol(1); 
  w4 = vsol(2); 
  
% geometric velocity solutions 
  th2d = w2; 
  ed = r1*r2*th2d*sin(th2) / e; 
  ad = ( r2*th2d*cos(th2) - ed*sin(alpha) ) /e /cos(alpha); 
  gd = e*ed /r3 /r4 /sin(gamma); 
  bd = ( r3*gd*cos(gamma) - ed*sin(beta) ) /e / cos(beta); 
  th4d = -ad - bd; 
  th3d = th4d - gd; 
  
% Freudenstein velocity solution 
  den3_f = K1*sin(th3) + sin(th2-th3); 
  th3d_f = th2d * ( -K4*sin(th2) + sin(th2-th3) ) / den3_f; 
  den4_f = K1*sin(th4) + sin(th2-th4); 
  th4d_f = th2d * (  K2*sin(th2) + sin(th2-th4) ) / den4_f;  
  
% matrix acceleration equations 
  arhs = [  r2*a2*sin(th2)+r2*w2*w2*cos(th2)+r3*w3*w3*cos(th3)-r4*w4*w4*cos(th4) ; 
           -r2*a2*cos(th2)+r2*w2*w2*sin(th2)+r3*w3*w3*sin(th3)-r4*w4*w4*sin(th4) ]; 
  
  asol = inv(JAC) * arhs; 
  a3 = asol(1); 
  a4 = asol(2); 
  
% geometric acceleration solutions 
  th2dd = a2; 
  edd = ( r1*r2*(th2d*th2d*cos(th2) + th2dd*sin(th2)) - ed*ed ) / e; 
  add = ( -r2*th2d*th2d*sin(th2) +r2*th2dd*cos(th2) - edd*sin(alpha) ... 
          -2*ed*ad*cos(alpha) + e*ad*ad*sin(alpha) ) /e /cos(alpha); 
  gdd = ( ed*ed +e*edd - r3*r4*gd*gd*cos(gamma) ) /r3 /r4 /sin(gamma); 
  bdd = ( -r3*gd*gd*sin(gamma) +r3*gdd*cos(gamma) -edd*sin(beta) ... 
          -2*ed*bd*cos(beta) +e*bd*bd*sin(beta) ) /e / cos(beta); 
  th4dd = -add - bdd; 
  th3dd = th4dd - gdd; 
   
% Freudenstein accleration solution 
  th3dd_f = ( -(K4*sin(th2)-sin(th2-th3))*th2dd -K1*th3d*th3d*cos(th3) ... 
               -K4*th2d*th2d*cos(th2) +(th2d-th3d)*(th2d-th3d)*cos(th2-th3) ) / den3_f; 
  th4dd_f = (  (K2*sin(th2)+sin(th2-th4))*th2dd -K1*th4d*th4d*cos(th4) ... 
               +K2*th2d*th2d*cos(th2) +(th2d-th4d)*(th2d-th4d)*cos(th2-th4) ) / den4_f; 
  
% matrix jerk equations 
  jrhs1 =  (r2*g2-r2*w2*w2*w2)*sin(th2) +3*r2*w2*a2*cos(th2) ... 
                 -r3*w3*w3*w3*sin(th3)  +3*r3*w3*a3*cos(th3) ... 
                 +r4*w4*w4*w4*sin(th4)  -3*r4*w4*a4*cos(th4) ; 
   
  jrhs2 = -(r2*g2-r2*w2*w2*w2)*cos(th2) +3*r2*w2*a2*sin(th2) ... 
                 +r3*w3*w3*w3*cos(th3)  +3*r3*w3*a3*sin(th3) ... 
                 -r4*w4*w4*w4*cos(th4)  -3*r4*w4*a4*sin(th4) ; 
  jrhs = [ jrhs1 ; jrhs2 ];             
               
  jsol = inv(JAC) * jrhs; 
  g3 = jsol(1); 
  g4 = jsol(2); 
   
% geometric jerk solutions 
  th2ddd = g2; 
  eddd = ( r1*r2*(3*th2d*th2dd*cos(th2) -th2d*th2d*th2d*sin(th2) + th2ddd*sin(th2)) ... 
          -3*ed*edd ) / e; 
  addd = ( -3*r2*th2d*th2dd*sin(th2) -r2*th2d*th2d*th2d*cos(th2) +r2*th2ddd*cos(th2) ... 
         +3*e*ad*add*sin(alpha) +e*ad*ad*ad*cos(alpha) ... 
         -3*edd*ad*cos(alpha) -3*ed*add*cos(alpha) +3*ed*ad*ad*sin(alpha) ... 
         -eddd*sin(alpha) ) /e /cos(alpha); 
  gddd = ( 3*ed*edd +e*eddd - r3*r4*(3*gd*gdd*cos(gamma) -gd*gd*gd*sin(gamma)) ) ... 
          /r3 /r4 /sin(gamma); 
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  bddd = ( -3*r3*gd*gdd*sin(gamma) -r3*gd*gd*gd*cos(gamma) +r3*gddd*cos(gamma) ... 
       -eddd*sin(beta) -3*bd*edd*cos(beta) -3*ed*bdd*cos(beta) ... 
       +3*ed*bd*bd*sin(beta) +3*e*bd*bdd*sin(beta) +e*bd*bd*bd*cos(beta) ) ...  
       /e / cos(beta); 
  th4ddd = -addd - bddd; 
  th3ddd = th4ddd - gddd; 
   
% save for plotting 
  keep_g = [ keep_g ; th2  th3  th4  th3d  th4d  th3dd  th4dd  th3ddd  th4ddd ]; 
  keep_m = [ keep_m ; th2  th3  th4  w3    w4    a3     a4     g3      g4     ]; 
  keep_f = [ keep_f ; th3_f1  th3_f2  th4_f1  th4_f2  th3d_f  th4d_f  th3dd_f  th4dd_f ]; 
end 
  
% create plotting vectors 
th2_deg = keep_m(:,1) / d2r; 
th3_deg = keep_m(:,2) / d2r; 
th4_deg = keep_m(:,3) / d2r; 
  
w3 = keep_m(:,4); 
w4 = keep_m(:,5); 
a3 = keep_m(:,6); 
a4 = keep_m(:,7); 
g3 = keep_m(:,8); 
g4 = keep_m(:,9); 
  
th3d = keep_g(:,4); 
th4d = keep_g(:,5); 
th3dd = keep_g(:,6); 
th4dd = keep_g(:,7); 
th3ddd = keep_g(:,8); 
th4ddd = keep_g(:,9); 
  
th3_deg_f1 = keep_f(:,1) / d2r; 
th3_deg_f2 = keep_f(:,2) / d2r; 
th4_deg_f1 = keep_f(:,3) / d2r; 
th4_deg_f2 = keep_f(:,4) / d2r; 
th3d_f     = keep_f(:,5); 
th4d_f     = keep_f(:,6); 
th3dd_f    = keep_f(:,7); 
th4dd_f    = keep_f(:,8); 
  
figure( 1 ) 
  clf 
  plot( th2_deg,th3_deg,'b-', th2_deg,th4_deg,'k-' ) 
  xlabel( 'Theta 2 [deg]' ) 
  ylabel( 'Angle [deg]' ) 
  title( 'Four bar r1=90, r2=30, r3=60, r4=45' ) 
  hold on 
  plot( th2_deg,th3_deg_f1,'m+', th2_deg,th4_deg_f1,'c+' ) 
  legend( 'link 3 geometric', 'link 4 geometric', 'link 3 Freudenstein', 'link 4 Freudenstein'  ) 
   
figure( 2 ) 
  clf 
  plot( th2_deg,w3,'ro', th2_deg,w4,'go', th2_deg,th3d,'b-', th2_deg,th4d,'k-' ) 
  xlabel( 'Theta 2 [deg]' ) 
  ylabel( 'Angular velocity [rad/sec]' ) 
  legend( 'link 3 complex numbers', 'link 4 complex numbers', ... 
          'link 3 geometric', 'link 4 geometric' ) 
  title( 'Four bar r1=90, r2=30, r3=60, r4=45' ) 
  hold on 
  plot( th2_deg,th3d_f,'m+', th2_deg,th4d_f,'c+' ) 
  legend( 'link 3 complex numbers', 'link 4 complex numbers', ... 
          'link 3 geometric', 'link 4 geometric', ... 
          'link 3 Freudenstein', 'link 4 Freudenstein' ) 
  
figure( 3 ) 
  clf 
  plot( th2_deg,a3,'ro', th2_deg,a4,'go',  th2_deg,th3dd,'b-', th2_deg,th4dd,'k-' ) 
  xlabel( 'Theta 2 [deg]' ) 
  ylabel( 'Angular acceleration [rad/sec/sec]' ) 
  title( 'Four bar r1=90, r2=30, r3=60, r4=45' ) 
  hold on 
  plot( th2_deg,th3dd_f,'m+', th2_deg,th4dd_f,'c+' ) 
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  legend( 'link 3 complex numbers', 'link 4 complex numbers', ... 
          'link 3 geometric', 'link 4 geometric', ... 
          'link 3 Freudenstein', 'link 4 Freudenstein' ) 
  
figure( 4 ) 
  clf 
  plot( th2_deg,g3,'ro', th2_deg,g4,'go',  th2_deg,th3ddd,'b', th2_deg,th4ddd,'k' ) 
  xlabel( 'Theta 2 [deg]' ) 
  ylabel( 'Angular jerk [rad/sec/sec/sec]' ) 
  legend( 'link 3 complex numbers', 'link 4 complex numbers', ... 
          'link 3 geometric', 'link 4 geometric' ) 
  title( 'Four bar r1=90, r2=30, r3=60, r4=45' ) 
  
% check by finite differences 
figure( 5 ) 
  clf 
  dt = ( 5 * d2r ) / w2; 
  g3_fd = ( [ NaN ; diff(a3) ] + [ diff(a3) ; NaN ] ) /2 /dt; 
  g4_fd = ( [ NaN ; diff(a4) ] + [ diff(a4) ; NaN ] ) /2 /dt; 
  plot( th2_deg,g3,'ro', th2_deg,g4,'go',  th2_deg,g3_fd,'b', th2_deg,g4_fd,'k' ) 
  xlabel( 'Theta 2 [deg]' ) 
  ylabel( 'Angular jerk [rad/sec/sec/sec]' ) 
  legend( 'link 3 complex numbers', 'link 4 complex numbers', ... 
          'link 3 finite difference', 'link 4 finite difference' ) 
  title( 'Four bar r1=90, r2=30, r3=60, r4=45' ) 
  

% bottom - fourbar_kin.m 
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