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C%@ex Numbers for Planar Kinematics

Standard XY Notation Co x Number Notation
Y4 %(Vertic%li g
b | b
a X'
R=ai+bj=r/0 §:a+jb:reJe V
22, 12 j0 . Md:f
r"=a"+b e’ =cosO+jsin0 -
tanO=Db/a j=~+-1 61
T e
Expanding: ﬁzreJe =rcosO+jrsin0 a=rcos0 b=rsin0

r = magnitude, e’ o_ direction

| : o 1O
Position: R =rel® Nfr\ ﬁ(ﬁﬁ) :;1‘5 £
Velocity: R = feje + j@ejegléfg 0= pri ® '

Extension angential

Acceleration: R =i e/? + jJe eJe + «Je

Extension = Tangential Normal Corioli§t>
Py A - V2 1lel”
Jerk: R=(7-3t0°=3r00)c®  + (@ +3i0+3¢0-r6%)jel®

Snap:

R=(F-660>—12i 0 0—dr 0§ —3r 6> +1 046+ (16 + 416 —6r 020+ 61 0+ 47 6— 45 6% j ¥
Note:

1. §4salways measured CCW from positive real axis. , 6 and 0 are positive CCW. =
&

2 (Tryitusing§=a+jb:reje) 4

»
Matrix Solution:  [A]{x} = {B} x1=[A]! (B} "M
ap a12:| 1 { a5 _alz}

[A]= LZI - [A]” = de[A]|—a, a, detfA]l=a, a, —a,, a,, ABZ/{FA -é/p‘
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Notes 03 02

Complex Number Analysis of Four Bar

Given
Find:
Rs 4\
R4 >
Ra
Ri o b
Loop Equation: _
Position: 1,e 2 +r,e r,e 94 —rleJel = &4-?3 f?f +R’r
(],b? }Q Components: r,cos0, + r;cos0; —r,cos0, — 1, cos0, =0
\M ginary Compongnts: || jr,sin0, + jr;sin0; —jr,sin0, —jr,sin6, =0
Use Newton-Raphson iterative solution for position.
Given:  Position sblution ang 0, apd i, = =0,=0
Find: 6, and 6, N Zﬂ/‘ A
. i 0, .. j6 WA, 9
Velocity: Jrze e 2+Jr36 eI -jr, 0, e 4 = (93 4
Yo Réal Components: 9 si @ S, + 1 @ s1n9 =0
\lo/ Impaginary Components: | jr, 0 Iy os6 -I-] r?cos —_]I‘(} cosf, =0

M otation:

>

42

Given:
Find: 0, and 0,
Acceleration:

jnd,et% a2t el _p g2

det[J]=1,r,(sin 0, cos 6,
0, = -1,0,sin(, -0, )/1,sin(6, - 0,)

Position and velocity solutions and 6,

1,sin@,

-1, cos0

[| |- sm ;10| 6 sino, \/\DV'}
{rg, cosE)33 4l é'l’w{i: i/‘éz cosGZH ,é }2 p %

—~
A T e QD =
Co5vuy by, ) =5 and,
"-'—"-———_____.—_——-..'

0,= lq sm(@ )

,)/1,sin(0, - 96,)

jr4é4eje4 +1,02¢ 9 _g

Real: —1,0,5in0, —,82 cos 0, —1,045in 0, — 1,62 cos O, +1,0, sin O, + 1,02 cosB, =0
‘ﬂng]“ql‘v ir, 9 cosf, —ir, (—; stnA_A i rJﬂJ gosf——y 503 sinQ 1404 cor; A2 s A, =0
\ R .
2 2 2
Matriy:| | 5509 r,0,5in®, + 1,03 cosB, +1,0] cos B, — 1,07 cosb,
1.4y ‘e .o . . .
r, cos 0, ~1,0, cos0, +1,05 sin 0, +1,0; sin 0, —r,0; sin 0,

.. { ve . -
0, = =8 ;1;‘('\/2
0, = ( 1,0 sm\u2

g= r2U co»(@ —~74, .63 cm7° =0 hrﬁz)/r,sm(ﬂ —ﬂ\
cos(0,20,)—1,02 + 1,62 cos(6, —64))/r4 sin(0, —94)

o)
vy 12\}2'.
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Given: Position, velocity and acceleration solutions and 6,
Find: 6, and 6,
Jerk:
j (1,6, —rzéz)eje2 —3r292ézeje2 +3(r,6, —r39§)eje3 —3r363é3eje3

—j(r,6, —rﬁi)eJe“ + 3r494é4eje4 =0
Real Components:
—(r,0, —1,03)sin 0, —31,6,0, cos0, (1,0, —1,03)sin O, —3r,0,6, cos 0,

+(,0, —1,063)sin0, +3r,0,0, cosd, =0
Imaginary Components:
j (1,0, —1,63)cosB, —j3r,0,0, sin@, + j (1,6, —1,03)cosO, — j3r,0,0, sin O,

—j(r,6, —1,063)cos0, +j3r,0,0,sin0, =0
Matrix Notation:

-1,sin0, r,sin0, 93 B
r,cos®, —r,cos0, |6,
(1,0, —1,0])sin 0, +3r,0,6, cos0, — 1,03 sin O, +3r,0,0, cosB, +r,0] sinB, —3r,6,0, cosO,
— (1,0, —1,03)cos0, +3r,0,6,sin0, + 1,63 cos 0, +3r,0,0,sin 0, —r,0] cosO, —3r,6,0,sin@,

Given: Position, velocity, acceleration and jerk solutions and 92
Find: 93 and 94
Snap:
+in(, - 602 6,)e% 1, (46,6, + 362 - %))
i (6, - 6026,)e% — 1, (46,8, + 362 — 61l
i, (6, —6620,)eM% +1,46,8, + 362~ 6%)e% =0
Real Components:
—1,(6, —602 0,)sin 0, —r,(46,0, + 302 — 63)cos0,
— 1, (53 —6020,)sin 0, —1,(40,6, + 367 —6%)cos 0,
+ r4('é'4 —6020,)sin 0, +1,(46,0, + 362 —0%)cos0, =0
Imaginary Components:
+j1,(0, — 602 8,)cos0, — jr,(40,0, + 302 —62)sin6,
+j r3('é'3 —6020,)cos 0, — j1,(40,0, + 302 —63)sin 0,
—i1,(8, —60%0,)c0s0, + jr,(40,6, + 362 —0*)sin0, =0
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Matrix Notation:

|

+1,(6, - 602 B,)sin0, +r,(40,6, +362 —6%)cos,
— 61,02 0,sin 0, +1,(40,0, +36% —0%)cos 0,
} +6r,02 0,sin0, —1,(40,0, +36% —02)cos0,

~1,sin0; r,sn0,

r;cos0; —r,cos0,

-1, (62 — 662 0,)cos0, +1,(40,0, +302 - 63)sin 6,
+61,020, cos B, +1,(40,0, + 302 —03)sin 0,
— 61,020, cos0, —r,(46,6, +302 —63)sin0,




/!

&ﬁ JM—’-\——’j .
- ~1,;5in0; —cosO
&U;D Matrix Notation: B oo 0L
r;cos0, —sinb, | f

Notes 03 02 S5of16

Complex Number Analysis of In-Line and Offset Slider Crank

Given:  constants 2 13 14 01 (04=01+90°) and variable 02
Find: 03 and 1

A&
13 Rs
/g N ~®' _____ Rz N
I Rt S
Loop Equation: R,+R;-R,-R, =0 97,
Position: rzeJez +rSeJe3 —r4eJe4 —rleJel = gﬁ \(\

Real Components: r,cos0, + r; cos0, — 1, cos0, — 1, cos0, =0

Imaginary Components: | jr,sin0, +jr;sin0, —jr,sin0, —jr,sin0, =0

Use Newton-Raphson iterative solution for position.

Given:  Position solution and 6, and i, =i, =, =0, =0, =0
Find: 0, and

Velocity: jr, 6, eJez +jr, 0, eJe3 -1 eJel =
Real Components: ~1,0,sin0, — 1,0, sin0, — , cos®, =0

™ Imaginary Components:  jr,0, cos®, + jr,0, cos, — ii

det[J]=r.(sin 0, sin O, + cos 0, cos 0, )=r1,cos(6, —6,)
0, =-1,0, cos(@2 - 91)/ r, cos(0, — 0,) i = —1,0,sin(6, —0,)/cos(0, — 61)

Given:  Position and velocity solutions and 8,
Find: 0, and

Acceleration:
jr, 0, 19 ~1, 02 19 +jr, 0, eJe3 —r, 02 eJ63 -i 9 _
Real: —1,0,5in0, — 1,62 cosB, —1,0, sinB, — 1,67 cosO, -, cosO, =0

Imaginary: jr,0,cos0, —jr,02sin@, + jr,0,cos®, —jr,6%sinO, — j1 sind, =0

Matrix Notation: r
'—W 0, ] r,0,sin0, +1,02 cosO, +1,07 cos O, ¥
rycosf, —sin6, || —1,0, cosO, +1,02sin 0, +1,02 sin O, Q—

0, =(-1,0, cos(6, — é1)+ rzém?Q_Pr r,025in(0, — 0, ))/1, cos(0; — 6, )
T, = (rzé2 sin(0, —0,)—r,02 cos(6, —0,) 1,62 )/ cos(0, — 61)
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Given:  Position and velocity solutions and 6,

Find: 6, and T

Jerk:

j (1,6, - rzéz)ej92 - 3r26')2.6.)zej02 + (1,6, —r3G§)eJe3 - 3r363é3eje3 ~Fe
Real Components:

— (1,0, —1,63)sin 0, —31,0,0, cos0, —(1,6, —1,6])sin O, — 31,00, cosH, — T cos O, =0
Imaginary Components:

j (1,6, —1,63)cos 0, — j31,0,0,sin0, + j (1,0, —1,63)cos 6, — j3,0,0,sin 6, — j ¥’ sin O, = 0
Matrix Notation:

{—g sin®, —cosb, He}} B { (1,6, —1,0])sin 0, +31,6,0, cosH, — 1,03 sin O, +31,6,0, cos 6, }

0 _g

rcos6, —sin6, || ¥ — (1,6, —1,03)cos0, +31,0,0, sin 0, + 1,63 cos 0, +3r,0,0,sin O,

Given:  Position and velocity solutions and 92
Find: 63 and T
Snap:
o SO o ) 240,
+j(r,0, —6r,050,)e” "> —(4r,0,0, +31,0; —1,0,)e
+j (r3'(:9'3 —6r39§é3)eje3 — (41,0,0, +3r,6? —r3€);‘)eje3 —F 19
Real Components:
— (1,0, — 61,620,)sin 0, — (41,0,0, + 31,02 —1,0%)cos O,

=0

—(r3'é'3 —61,020,)sin0, — (41,0,0, +3r,02 —1,63)cosB, — T 19 cos0, =0
Imaginary Components:
+(r,0, —6r,020,)cos0, — j (4r,6,0, + 31,07 —1,063)sin 0,

+j (r3'€:)'3 —61,020,)cos0, — j (4r,0,0, + 31,67 —1,02)sin®, —j T 19 sin®, =0
Matrix Notation:

+(r262 —61,020,)sin 0, + (41,0,0, + 31,62 —1,0%)cos 6,

{_rS sin@, — Cosei{é;} — 61,020, sin 0, + (4r,0,0, + 31,07 —1,0%)cos 0,

I; COSY; Sy, —(r,0, —61,050,)c0s 0, +(4r,0,0, + 31,05 —1,03)sin 0,

+61,020, cosO, + (4r,0,0, +3r,02 —1,0)sin 0,
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Complex Number Analysis of Inverted Slider Crank

Given: constants r; r» 01 and variable 62

Find: 14 and 04 2
R4 R
Ri 9
z v
Loop Equation: R,-R,+R, =0 N oW
Position: rzeJez —r4eJ94 +rleJel =0 {4
Real Components: r,cos0, —r, cosG, +r1,cos0, = gwd( 9«

Imaginary Components: | jr,sinf, —jr,sin0, +jr,sin0, =0

Use Newton-Raphson iterative sotutior

GrPOSILION,

Given:  Position solution and 8, and , =1, =6, =0
Find: f, and 0,

Velocity: jr, 0, eJez —T, eJe4 —jr, 0, eJe“ =
Real Components: ~1,0,sin0, — 1, cosO, + r49 sine =0
—]j1,sin6,

ry Components:  jr,0, cos6,

) . —cosO, +4r,sin0, i
Matrix Notation: )
—sin®,

—1,C080,

)
det[I]=1,(cos’ 0, +sin’ 94): T, ;
i, = 1,0, sin(0, 6, 0, = 1,6, cos(6, -6, )/, W

Given:  Position and velocity solutions and 6,
Find: r, and é4
Acceleration:
jr, 0, 1% —r, 62 1% -1, 10 —jr, 0, 10 +1, 62 o194 ~j21, 6, 10
Real Components:
1,0,sin0, — 1,03 cosh, -, cosO, +1,0, sinO, +1,02 cosO, + 21,0, sinB, =0
Imaginary Components:
jr,0, cose ]1‘292 sin®, — jt,sin0, —jr,0, cos, +jr,02sin0, — j2i,0, cosd, =0

, s, |[f,
—sin®, -—r,cos0, {0,
Vs T P 2y —s
r, =-1,0, sin(6, =6, j—T,0; cos(b, — 0, ) +1,0;

0, :(r26 cos(0, —0,)—r,62sin(6, —94)—2f464)/r4 %2*5 L

=0

'2 .« A .
—-1,0; cos0, —21,0,sin0,

. -
1,0,sin0, + 1,0, cos0,
—1,0;sin0, + 21,0, cos 0,

.. o
-1,0,c0s0, +1,05s1n0,
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Given: Position, velocity and acceleration solutions and 6,
Find: T, and 0,
Jerk:
(68, —00)e1% —36,0,8,¢1% — (& -30,02)e1% - 380, + 38,5,
~j(r,6, - rﬁi)eje“ + 3r494é4eje4 =0
Real Components:
— (1,0, —1,03)sin 0, — 31,0,0, cos 0, — (i; — 31,07 ) cos O, + (3t,0, +31,0,)sin O,
+(1,0, —1,02)sin 0, +31,6,0, cos6, = 0
Imaginary Components:
j (1,0, —1,0))cos 0, — j3r,0,0,sin0, — j (i, — 31,07 )sin O, — j (3,0, +31,0,)cos O,
—j(,6, —1,6))cos0, +j3r,0,0,sin0, =0
Matrix Notation:
—cosB, +r,sinb, [T |
—sin®, -r,cos0, ||6, N
(1,6, —1,63)sin 0, +31,0,0, cos, (3r49 +3i,0, —1,02)sin@, (3r494é4 +31,02 )cos 0,
— (1,6, —1,03)cos 0, +31,0,0,sin 0, + (3,0, + 31,0, — 1,63 ) cos O, (3r494é4 +31,02 )sin 0,

Given: Position, velocity, acceleration and jerk solutions and 9
Find: 9 and 9

Snap:

1, (46,8, + 382 696 1 jr (6, - 66%9,)e

(E 68,02 —12,0,8,)e% — (410, + 67,0, + 45,0, — 4,67 )e
r,(40,8, + 367 — 6% — jr,(6, - 6626,)e/% =0

Real Components:

- r2(49 9 + 362 — 94)0059 —rz('é' - 6ézé ,)sin0,

— (%, — 61,02 —12£,0,0,)cos 0, + (410, + 61,08, + 41,0, — 41,61)sin 0,
+1,(40,0, +362 — 0% cos0, +1,(6, — 60%0,)sin0, =0

Imaginary Components:

—i1,(40,8, +362 —0%)sin®, + i1, (6, —60%6,)cos,

—j(t — 61,02 —121,0,0,)sin 0, — j (410, + 6,0, + 41,0, — 41,07 ) cos 0,
i1, (40,6, + 362 —0%)sin®, — j1,(8, — 60%0,)cos0, = 0
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Matrix Notation:

+1,(0, —6026,)sin 0, +1,(40,6, + 302 — 62) cosH,

— (410, + 61,0, + 41,0, — 41,62)sin 0, — (61,02 +121,0,0,)cos 0,
—cos, +rsin®, (%] | 61,020, sin0, —1,(40,0, + 3067 —6%)cosH,

—sin®, -—r,cos0, - . - S
—-1,(0, —6050,)cos0, +1,(40,0, +30; —07)sin 0,

+ (410, + 61,0, + 41,0, — 41,0]) cos 0, — (61,02 +121,0,0,)sin 6,
— 61,020, cos0, —r1,(40,6, + 367 —6})sin0,




Angle [deg]

Angular velocity [rad/sec]

180

160

140

120

100

80

60

40

20

-100

-2

-6

Notes 03 02

Four bar r1=90, r2=30, r3=60, r4=45

link 3 geometric
link 4 geometric
link 3 Freudenstein

link 4 Freudenstein

+
N
N
~N
AN
~
~
~!
1 1
-20 0

Theta 2 [deg]

20 40

Four bar r1=90, r2=30, r3=60, r4=45

link 3 complex numbers
link 4 complex numbers

link 3 geometric

link 4 geometric

link 3 Freudenstein

link 4 Freudenstein

Theta 2 [deg]

20 40




Angular acceleration [rad/sec/sec]

Angular jerk [rad/sec/sec/sec]

150

100

50

-100

4000

3000

2000

1000

-1000

-2000

-3000

Notes 03 02

Four bar r1=90, r2=30, r3=60, r4=45

link 3 complex numbers
link 4 complex numbers
link 3 geometric

link 4 geometric

link 3 Freudenstein

link 4 Freudenstein

-100

-20 0 20

Theta 2 [deg]

Four bar r1=90, r2=30, r3=60, r4=45

40

60

80

100

O link 3 complex numbers

O link 4 complex numbers

link 3 geometric

link 4 geometric

-100

Theta 2 [deg]

40

60

100

11 of 16



Angular jerk [rad/sec/sec/sec]

4000

3000

2000

1000

-1000

-2000

-3000

Notes 03 02

Four bar r1=90, r2=30, r3=60, r4=45

T T T T T T T T T
B O link 3 complex numbers N
@) link 4 complex numbers
link 3 finite difference O
B link 4 finite difference 7
0 L .
O
Il Il Il Il Il Il Il Il Il
-100 -80 -60 -40 -20 0 20 40 60 80 100

Theta 2 [deg]
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oe

fourbar kin.m - four bar kinematics
geometric, Freudenstein and complex number methods
HJSIII, 20.04.28

oe°

o\°

o

% general constants
d2r = pi / 180;

% link lengths and coupler angle

rl = 90;
r2 = 30;
r3 = 60;
r4 = 45;

% Freudenstein constants
Kl =rl / r2;
K2 = rl / r4;

K3 = (r2*r2 -r3*r3 +rd*rd4d +rl*rl) /2 /r2 /r4;

K4 = rl / r3;

K5 = (r4*r4 -rl*rl -r2*r2 -r3*r3) /2 /r2 /r3;

% crank

w2 = -10; % [rad/sec]

az = 2; % [rad/sec/sec]

g2 = -0.5; % [rad/sec/sec/sec]

% theta 2 at toggle positions +/- 109 deg

th2max = acos( (rl*rl + r2*r2 - (r3+rd)*(r3+r4d)) /2 /rl /r2
th2max deg = fix( th2max / d2r ) - 3;

th2min deg = -th2max deg;

% reduced motion

th2min deg = -90;
th2max deg = 90;
%th2min deg = -109;

$th2max_deg = 109;

% allocate empty array to hold values
keep_g = [];

keep m =
keep_f

)

% crank angle

for th2 deg = th2min deg : 5 : th2max deg,
$for th2 deg = 65 : 65,

th2 = th2 deg * d2r;

% geometric position equations
e = sqgrt( rl*rl + r2*r2 - 2*rl*r2*cos(th2) );
alpha = asin( r2 * sin(th2) / e );
gamma = acos( ( r3*r3 + rd*rd - e*e ) /2 /r3 /rd );
beta = asin( r3 * sin(gamma) / e );
th4d = pi - alpha - beta;
th3 = th4 - gamma;

o°

Freudenstein position equations

af = K1 + (K2-1)*cos(th2) - K3;

bf = 2 * sin(th2);

cf = -K1 +(K2+1) *cos (th2) - K3;

ul = ( -bf + sqgrt( bf*bf - 4*af*cf ) ) /2 /af;
u2 = ( -bf - sqrt( bf*bf - 4*af*cf ) ) /2 /af;
thd4 f1 = 2 * atan( ul );

th4 f2 = 2 * atan( u2 );

ff = K1 - (K4+1)*cos(th2) - K5;

gf = 2 * sin(th2);

hf = -K1 -(K4-1) *cos (th2) - K5;

vl = ( -gf + sqgrt( gf*gf - 4*ff*hf ) ) /2 /ff;
v2 = ( -gf - sqgrt( gf*gf - 4*ff*hf ) ) /2 /ff;
th3 fl1 =

(
2 * atan( vl );
th3 f2 = 2 * atan( v2 );

% matrix velocity equations
JAC = [ -r3*sin(th3) rd*sin (th4) ;

);

13 0f 16
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r3*cos (th3) -rd4*cos(th4) 1;

vrhs = [ r2*w2*sin(th2) ;
-r2*w2*cos (th2) 1;

vsol = inv (JAC) * vrhs;
w3 = vsol(1l);
w4 = vsol(2);

geometric velocity solutions

th2d = w2;

ed = rl*r2*th2d*sin(th2) / e;

ad = ( r2*th2d*cos(th2) - ed*sin(alpha) ) /e /cos(alpha);
gd = e*ed /r3 /r4 /sin(gamma) ;

bd = ( r3*gd*cos(gamma) - ed*sin(beta) ) /e / cos(beta);

th4d = -ad - bd;
th3d = th4d - gd;

Freudenstein velocity solution
den3 f = Kl*sin(th3) + sin(th2-th3);

th3d f = th2d * ( -K4*sin(th2) + sin(th2-th3) ) / den3 f;
den4 f = Kl*sin(th4) + sin(th2-th4);
thd4d f = th2d * ( K2*sin(th2) + sin(th2-th4) ) / den4d f;

matrix acceleration equations

arhs = [ r2*a2*sin(th2)+r2*w2*w2*cos (th2)+r3*w3*w3*cos (th3) -rd*wd*wd*cos (thd)

-r2*az*cos (th2)+r2*w2*w2*sin (th2) +r3*w3*w3*sin (th3) -r4*w4d*w4d*sin (th4)

asol = inv (JAC) * arhs;
a3 = asol(1l);
a4 = asol(2);

geometric acceleration solutions

th2dd = a2;

edd = ( rl*r2*(th2d*th2d*cos (th2) + th2dd*sin(th2)) - ed*ed ) / e;

add = ( -r2*th2d*th2d*sin (th2) +r2*th2dd*cos(th2) - edd*sin (alpha)
-2*ed*ad*cos (alpha) + e*ad*ad*sin(alpha) ) /e /cos(alpha);

gdd = ( ed*ed +e*edd - r3*rd*gd*gd*cos(gamma) ) /r3 /rd4 /sin(gamma) ;

bdd = ( -r3*gd*gd*sin(gamma) +r3*gdd*cos (gamma) -edd*sin (beta)
-2*ed*bd*cos (beta) +e*bd*bd*sin(beta) ) /e / cos(beta);

thd4dd = -add - bdd;
th3dd = th4dd - gdd;

Freudenstein accleration solution

th3dd f = ( -(K4*sin(th2)-sin(th2-th3))*th2dd -Kl1*th3d*th3d*cos (th3)
-K4*th2d*th2d*cos (th2) +(th2d-th3d)* (th2d-th3d) *cos (th2-th3) )
thd4dd £ = ( (K2*sin(th2)+sin(th2-th4))*th2dd -Kl*th4d*th4d*cos (th4)
+K2*th2d*th2d*cos (th2) +(th2d-th4d) * (th2d-th4d) *cos (th2-th4) )

matrix jerk equations

jrhsl = (r2*g2-r2*w2*w2*w2) *sin(th2) +3*r2*w2*a2*cos(th2)
-r3*w3*w3*w3*sin (th3) +3*r3*w3*a3*cos(th3) ...
+r4*wd*wd*wd*sin (thd) -3*rd*wd*ad*cos(thd) ;

jrhs2 = —(r2*g2-r2*w2*w2*w2) *cos (th2) +3*r2*w2*a2*sin(th2)
+r3*w3*w3*w3*cos (th3) +3*r3*w3*a3*sin(th3) ...
—rd*wld*wld*wld*cos (thd) -3*rd*wd*ad*sin(thd) ;

jrhs = [ jrhsl ; jrhs2 ];

jsol = inv (JAC) * jrhs;

g3 = jsol(l);

g4 = jsol(2);

geometric jerk solutions

th2ddd = g2;

eddd = ( rl*r2*(3*th2d*th2dd*cos (th2) -th2d*th2d*th2d*sin(th2) + th2ddd*sin(th2))

-3*ed*edd ) / e;
addd = ( -3*r2*th2d*th2dd*sin (th2) -r2*th2d*th2d*th2d*cos (th2) +r2*th2ddd*cos (th2)

+3*e*ad*add*sin (alpha) +e*ad*ad*ad*cos (alpha)
-3*edd*ad*cos (alpha) -3*ed*add*cos (alpha) +3*ed*ad*ad*sin (alpha)
-eddd*sin(alpha) ) /e /cos(alpha);
gddd = ( 3*ed*edd +e*eddd - r3*r4d* (3*gd*gdd*cos (gamma) -gd*gd*gd*sin (gamma))
/r3 /r4 /sin(gamma) ;

)

’

1

/ den3 f;

/ dend f;
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bddd =
-eddd*sin (beta)

+3*ed*bd*bd*sin (beta)

/e / cos (beta);
th4ddd = -addd - bddd;
th3ddd = th4ddd - gddd;

o

save for plotting

( -3*r3*gd*gdd*sin (gamma)

-r3*gd*gd*gd*cos (gamma)
-3*bd*edd*cos (beta)
+3*e*bd*bdd*sin (beta)

Notes 03 02

-3*ed*bdd*cos (beta)

keep g = [ keep g ; th2 th3 th4
keep m = [ keep m ; th2 th3 th4 w3 wé a3 ad
keep f = [ keep f ; th3 fl1 th3 f2 th4 fl1 th4 f2

end

% create plotting vectors

th2 deg = keep m(:,1) / d2r;

th3 deg = keep m(:,2) / d2r;

th4 deg = keep m(:,3) / d2r;

w3 = keep m(:,4);

w4 = keep m(:,5);

a3 = keep m(:,6);

a4 = keep m(:,7);

g3 = keep_m(:,8);

g4 = keep_m(:,9);

th3d = keep g(:,4);

thd4d = keep g(:,5);

th3dd = keep g(:,6);

th4dd = keep g (:,7);

th3ddd = keep g(:,8);

th4ddd = keep g(:,9);

th3 deg fl = keep f(:,1) / d2r;

th3 deg f2 = keep f(:,2) / d2r;

th4 deg fl = keep f(:,3) / d2r;

th4 deg f2 = keep f(:,4) / d2r;

th3d f = keep f(:,5);

thd4d f = keep f(:,6);

th3dd f = keep f(:,7);

th4dd f = keep f(:,8);

figure( 1 )
clf

+r3*gddd*cos (gamma)

+e*bd*bd*bd*cos (beta) )

th3d th4d th3dd th4dd th3ddd th4ddd ];

g3 g4 1

th3d f th4d f th3dd f thddd f ];

15 of 16

plot( th2 deg,th3 deg, 'b-', th2 deg,th4 deg, "'k-'

xlabel ( 'Theta 2 [deg]' )

ylabel ( '"Angle [deg]' )

title( 'Four bar rl1=90, r2=30, r3=60, rd=45' )
hold on

)

plot( th2 deg,th3 deg f1,'m+', th2 deg,thd4 deg fl,'c+' )

legend (

figure( 2
clf

'link 3 geometric',

)

'link 4 geometric',

'link 3 Freudenstein',

'link 4 Freudenstein' )

plot ( th2 deg,w3,'ro', th2 deg,w4,'go', th2 deg,th3d, 'b-', th2 deg,th4d, "k-'

)

xlabel ( '"Theta 2 [deg]' )

ylabel ( 'Angular velocity [rad/sec]' )

legend( 'link 3 complex numbers', 'link 4 complex numbers',
'link 3 geometric', 'link 4 geometric' )

title( 'Four bar rl1=90, r2=30, r3=60, r4=45"')

hold on

plot ( th2 deg,th3d f, 'm+',
legend (
'link 3 geometric',

'link 3 complex numbers',

th2 deg, th4d f,'c+'

'link 4 geometric',

)

'link 4 complex numbers',

'link 3 Freudenstein',

'link 4 Freudenstein' )

figure( 3 )
clf
plot( th2 deg,a3,'ro', th2 deg,a4,'go’,
xlabel ( 'Theta 2 [deg]' )
ylabel ( 'Angular acceleration [rad/sec/sec]'
title( 'Four bar rl1=90, r2=30, r3=60, r4=45"'
hold on

plot ( th2 deg,th3dd f, 'm+', th2 deg,th4dd f,'c+'

)
)

th2 deg, th3dd, 'b-"',

)

th2_deg, thd4dd, 'k-' )
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legend( 'link 3 complex numbers', 'link 4 complex numbers',
'link 3 geometric', 'link 4 geometric',
'link 3 Freudenstein', 'link 4 Freudenstein' )

figure( 4 )
clf
plot ( th2 deg,g3,'ro', th2 deg,g4,'go', th2 deg,th3ddd,'b', th2 deg,thd4ddd, 'k' )
xlabel ( 'Theta 2 [deg]' )
ylabel ( 'Angular jerk [rad/sec/sec/sec]' )
legend( 'link 3 complex numbers', 'link 4 complex numbers',
'link 3 geometric', 'link 4 geometric' )
title( 'Four bar rl1=90, r2=30, r3=60, rd4=45' )

)

% check by finite differences

figure( 5 )
clf
dt = (5 * d2r ) / w2;
g3 fd = ( [ NaN ; diff(a3) ] + [ diff(a3) ; NaN ] ) /2 /dt;
g4 fd = ( [ NaN ; diff(ad) ] + [ diff(ad) ; NaN ] ) /2 /dt;
plot ( th2 deg,g3,'ro', th2 deg,g4,'go', th2 deg,g3 fd,'b', th2 deg,g4 fd, 'k' )

xlabel ( 'Theta 2 [deg]' )

ylabel ( 'Angular jerk [rad/sec/sec/sec]' )

legend( 'link 3 complex numbers', 'link 4 complex numbers',
'link 3 finite difference', 'link 4 finite difference' )

title( 'Four bar rl1=90, r2=30, r3=60, r4=45"')

o

s bottom - fourbar kin.m
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