Notes 08 11

Two-Dimensional Inverse Dynamics
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System of multiple bodies
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Virtual work

M8}~ {Q}u. =0} o
AT ne _ M %0
o (- Q) )-0 i ]

{Q}ALL = {Q}APPLIED + {Q}CONSTRAINT

10" 1Q}consrramr =0 for kinematic consistency [d) la}=

{q}T([M]{q} {Q}APPLIED subject to lCI) J
" o Zﬁ

Virtual work for one revolute

{0 {Q}consrramr =2 0
fa}= {{q:}} o) {{df),-j}}
iy = ~{Fons oy

Qo ey = {([B I {; i)}g? }REV} il = {([B ,]{SJ{ ;PJ)};E; J}iEv}

6 Qe oy +10,71Qun oy =2 0
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3 e, + @B ) o ey + 1) R K + @B I ) R K =2 0
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Lagrange multiplier theorem

general problem b} x}=0 subject to [AJix} = {0}

{bf {x}+{.}"[Alix}=0  using Lagrange multipliers £} for any arbitrary {x}

virwal work — {af' (Mt} - (Qlupmo)=0  sublectto  |@,fa}={0]

W=lah =M Qe [Al=[ey]

(MIG} Q) aeorien) {0} + ) [, Jla} =0 for arbitrary size but kinematically consistent )
g Wé (ool H
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[CDq]T{X} each row in {3} is multiplied times corresponding column in [dbq]r

each row in {)} corresponds to matching row in l(DqJ and {®}

Lagrange multipliers ngj g %’?Ef 4; O/V E

[M ]{Q}-l- [q)q ]T {7”} = {Q}APPLIED
[M ]{Q} = {Q}APPLIED - [q)q]T{k} 5

< &
[M]{q} {Q}ALL = {Q}APPLIED + {Q}CONSTRAINTS ; E

{Q}CONSTRAINTS = _[q)q ]T {7“}

Z {Qon Z}ALL Z {Qon Z}CONSTRAINTS
{Q}ALL = Z {Qon3}A,_,_ {Q}CONSTRAINTS = Z {Q0"3}CONSTRAINTS
z {Qon4 ALL Z {Q0n4 CONSTRAINTS
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Equations of motion (EOM) ;

TR < R (V) R o/ = L 1 @, 9
q ncxng Ma

ng = number of generalized coordinates
nk = number of kinematic constraints %‘f
nd = number of driver constraints

r@l number of constraints (nc = nk + nd) Zﬁé

vl
Inverse dénlamlcs kinematically driven )/Lg A %g/
solve kinematics ~ {i}= [CDq}l{y} lq)qJ must have full rank 50)1? U%i/ C(;'?

———r

compute constraint forces  {A}= ([q;q]Tyl({Q}APPLIED —[MgY) - Spﬁ/é 0%1, {ﬁ g
(@)= {{CD}KINEMATIC} o= {{X}K,NEMATIC}

{Q) }DRIVER DRIVER &V @gVQ Y 4@ W
o | w §g35 1rere
Inverse dynamics — simultaneous EOM matrix ol W
s o coresf
[CD ]T {Q}APPLIED and [CDq ]{q} = {V} VW A ﬁ?
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Statics

{ay={o}
[M ]{Q}-i- [q)q ]T {7”} = {Q}APPLIED
{7"} = ([q)q ]T )_l{Q}APPLIED

Lagrange multipliers for specific constraints

T
Yonomonn =0 Lo
{FO” i }CONSTRAINT [ ri lconsTRAINT ") CONSTRAINT

(T0" i )CONSTRAINT - (([Bi ]{Si }I " )T [(Df i EONSTRAINT - [q)¢i EONSTRAINT){)\'}CONSTRNNT

U ) At
{FO”J}CONSTRAINT [ " j JcONSTRAINT V" JCONSTRAINT

(Ton j)CONSTRAINT = (([BJ' ]{SJ }I " )T [q)f i LTONSTRAlNT - [CD¢ i ]:;ONSTRAINT) {k}CONSTRAINT

Revolute

{@}eey = {rj }P {1 ={0,,} Note: Haug uses {r,}" - {rj }P

checkbodyi  [@, [ =[] o, F., =-BJs}" ok

check body j [(Drj]P =[t.] [(I)cbj]l;gv = [Bj]{sj}' i OK

REV



Notes 08 11

Double revolute

CDREV_REV = {dij }T ij

for {dij}= {r,-} ~{n)

L =constant length
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{Fon i }REV_REV = Z{dij }}\’REV_REV at {ri }P

—

( O”i)CONSTRAINT -
{Fon j }REV_REV = —Z{d ij }}\‘REV_REV at {rj }P

" -
( 0N JJCONSTRAINT

Parallel vectors (planar parallel-1)

{a; } parallel to {a, |

D pprarie {a' }T [R ]T {aj } =0

for fa, =00 —-{r)" and  fa}={ -1 f
{Fon i }PARALLEL - {OM}
(Ton i )PARA,_LEL = (norm{ai })(norm{aj})}\‘PARALLEL

{FO”j}PARALLEL - {02X1}

(Ton j )pARAL,_EL = _(norm{ai })(norm{aj}) MparaLLEL

Pin-in-slot (planar parallel-2)

70f9
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{a, } parallel to {d; |

CDPIN_SLOT:{aI}T[ ] { }
for { } {} riP and {ai}:{ri}Q_{ri}P

and { } {d} {,J} from above

Foi b sior =Rl en sior— atdrf
(Tani s raanr = (n0rmfa; normidy A or
oo scor = IRIa o sior— atfrf
(o b sior =0

Relative angle driver

Dpnere =0, -0, —C-f(t)=0 C =constant
{FO“ i }ANGLE 2><1
(T°n i )ANGLE ANGLE
{F‘m i }ANGLE 2><l
(Ton j )ANGLE A ancLe

Gear pair (chain/sprockets, belt/pulleys)

Doepr =9, — Ko, —C=0 K =constant, C=constant
external gears K = —p, / p;, internal gears K = +p; / p;

{Fon [ }GEAR = {02x1}

=K 7\‘GEAR

Tai)
( on 1 /CONSTRAINT

{Fon j}GEAR = {OZXl}
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(TO“ j)CONSTRAINT =~ hoear

Gear pair on rotating link k

Diear on k = ((I) d)k) ((1)i —(I)k)—C:O K =constant,C=constant from above

{ onli }GEAR 2X1
Tori) =K
( oni JCONSTRAINT M GEAR

{Fon j }GEAR le
(

T

onj )CONSTRAINT GEAR

{Fon k }GEAR 2X1

(TO )CONSTRAINT (1 K)}”GEAR



