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Differential-Algebraic Equations (DAE) for Anthropomorphic Manipulator

I‘2=AG2
d, = AB

3 = BG3
d; =BC

lp
Two solid rigid bars with revolute joints A and B 0 { Gﬁ,/ﬂ
Tool center point (TCP) at C (endpoint) y&/
Centroids Gz and G3 2 }'D(ﬂ ]}Y\lg
Masses m, and m, 9{’ . JH
Centroidal mass moments of inertia J, and J, 7a

T, ... 1s torque of ground on bar 2 about revolute A measured CCW positive
T,,.; 1s torque of bar 2 on bar 3 about revolute B measured CCW positive
Gravity g acts along negative y axis

nL =3 nJ1=2 m=3(nL-1)—2nJ1 =2
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Lagrangian method (from Notes 09 02)

2on3

la}= {92} la}= {62} Q}= {i‘ o 2} Note: 03 measured relative to 0,

Jy=m.al+]J,

J,=J,+m,a; +m,d} +J, +2m.d,a, cosO,
C=J; +m,d,a,cos0,

D =m,d,a,sin0,

G, = (m2a2 er3d2)gcos62

G; =mja,gcos(0, +0;)

inverse dynamics

T, [J. c} 0, N ~ D@2 —2D6,0, +{G2+G3}
T,] |C 1,]|6,] |+D@? G,

know driver motion at any time t - find {q} {q} {q}

T

,on3 rom Lagrangian equations

compute driver torques T,

lon2

X

- x y v . .
compute joint forces F,_,~ F., F.; F.,; fromNewtonianequations

may arbitrarily choose any other time t

forward dynamics

0, _[JA c}l {TZ} ~ D62 -2D8,0, {G2+G3}
6, lc 1, T,] |+Dé? G,

know current state {q}and {q} at current t

compute {q} from Lagrangian equations

X y X y . .
compute F F.. FE.: F.; fromNewtonianequations

on2

must integrate {q} to get new {q} and {q} at the next time step
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Newtonian method (from free body diagrams)

X x _ ..
Fony “Foonsy =myX,
y y _ .
FlonZ 'F20n3 -m,g=m,y,

{Sz}A X{FIOHZ} '{sz}B X{F20n3} + T2 Thons = Jsz')z

X
E oy =myX,

F s’ -myg=m;y, V(TL QQ)?”L&{

{Ss}Bx{onn3}+Tzon3JG3d;3 \/@ A IVLJ/
ad =

inverse dynamics 4‘9/6
v sl ol wadri Y0¥
0 0 -1 0

+1 0 . B
0 +1 0 0 -1 0 EOMY )‘n@
Y X Y X lon2 m2
S (R RN (00 N[O 1 N | o B e
0 0 0+l 0 0llE, " m,x,
0 0 0 0 +1 0 ||E,,; m,y, -|‘-‘m3g
0 0 0 -({83}B)Y +({s3}B)X 1| Tzons Jasds (

. Kwa’ss Xa(é‘é

know driver motion at any time)t - find positions, velocities and accelerations W
— éf}t#/

compute joint forces {FlonzX E...). Eus Bos T T20n3}T

lon2 2on3 2on3

may arbitrarily choose any other time t

forward dynamics
know current positions and velocities at current t

very cumbersome to compute joint forces and accelerations simultaneously

must integrate accelerations to get new positions and velocities at the next time step
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A B (LT {1

8__ s 95_. "
l{;rzil {"72 D %)ﬂ\\h’f (‘cﬁ;

inverse dynam — W f
o {[ ] [ } {{q} {{Q}X} @)= ii:é% )=
pe | L] o1l ) Ol

compute {G} and {1} simultaneously E @6’ '1 ZM

may arbitrarily choose any other time t zﬂ

forward dynamics 2! ¢ «\%_‘5

ST RN T

q =
A}
10x10 10x1 10

know current state {q}and {q} at current t, find v} {Qlexr [GD qJ

compute {G} and {1} simultaneously

must integrate {'q to get new {q} and {q} at the next time step

al, )_}wm&ﬁ
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Inverse Dynamics — jai%t interpolated)motion
(independent position controllers on each joint)

o, = (¢27END - ¢27$TART )/ At
0= ¢3 - ¢2
Wy = (eEND - eSTART)/ At

{'Y}REva
{Y} = {Y }RSVB {Q }EXT = 0
o Lo | gl e

{F}Al on A2 ¢p - é"S—J—- ;I/'

{}\,} — {F}BZ on B3

(. . Mﬁ—éd}{’

T2 on3

Inverse Dynamics — straight-line TCP interpolated motion
(interpolated position controllers on each joint)

J {q)}REV_A
{@}: {(D}REviB

X3~ Xes start — Veoi x ©

Ves x = (XC37END — X3 START )/ At

Ves y = (yC3iEND ~ Y3 sTART )/ At

Y3~ Yes start ~ Ves y b

{Q }EXT =

{Flatonaz
Bl S e

EFF_Cy
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qu)} —(!)2 {r }C ={r2 cos, + 1, cos(d)2 +6)}
6=b-¢, i i
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Forward Dynamics — proximal link kinematically driven, distal link pendulum
(position controller only on proximal joint)

(@
{(D} = {(D}REva A
O, =0, cenrer — Asin(2nf't)
22
0

{02"1} {Y}RE\QA - 1(1)12g
[Q)q] {V} - {OZXI} {Y} = {Y}REVJS {Q}EXT - 0
e 2nf Acos(2nft) —4n’f*Asin(2nf )
2 5| &%) e

{F}Al on A2 L ‘/[
{}‘} = {F}BZ on B3

Tl on2

Forward Dynamics — computed torque control
(torque controllers on each joint)

o={o | e P

0
ol o e k- TI:Tg
—m,g

T20n3




