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Two-Dimensional Constraints 
 
General 
 
{ } { }0=Φ  
 
 
{ } { }0=Φ  
{ } [ ]{ } { } { }0q tq =Φ+Φ=Φ 

  
 
[ ]{ } { } { } { }tq q Φ−=νν=Φ   
 
 
{ } { }0=Φ  
{ } [ ]{ } [ ]{ }( ) { } [ ]{ } { } { }0q2qqq tttqqqq =Φ+Φ+Φ+Φ≡Φ 

  

 
[ ]{ } { } { } [ ]{ }( ) { } [ ]{ } { }tttqqqq q2qqq Φ−Φ−Φ−≡γγ=Φ   

 
 
{ } { }0=Φ  
 
[ ]{ } { }η=Φ qq   
{ } [ ]{ }( ) { } [ ]{ }( ) { }( ) { } [ ]{ } [ ]{ }( ) { } [ ]{ } { }tttttqqtqtqqqqqq q3qq3q3qqqqq3 Φ−Φ−Φ−Φ−Φ−Φ−≡η   

 
 
{ } { }0=Φ  
 
[ ]{ } { }σ=Φ qq



  

{ } [ ]{ }( ) { } [ ]{ }( ) { } [ ]{ }( ) { }( ) { } [ ]{ }( ) { }( ) { } { }

[ ]{ } [ ]{ }( ) { } [ ]{ }( ) { }( ) { } [ ]{ } [ ]{ }( ) { }
[ ]{ } { }tttttttq

qttqttqqqtqqtqtq

qqqqqqqqqqq

q4

qq6q6qqq4qq12q4

qqqqqqq6qq3qq4

Φ−Φ−

Φ−Φ−Φ−Φ−Φ−






 Φ−Φ−Φ−Φ−≡σ







 

 
  



 Notes_04_04 2 of 9 
 

Scleronomic constraints 
 
independent of time such as mechanical joints 
 
{ } [ ]{ }( ) { }qq

qq Φ−≡γ  

 
{ } { } [ ]{ }( ) { }qq

qq  Φ−γ≡η  

 
{ } { } [ ]{ }( ) { }qq

qq  Φ−η≡σ  

 
 
Revolute 
 
{ } { } { } { }1x2

P
i

P
jREV 0rr =−=Φ  Note:  Haug uses { } { }P

j
P

i rr −  
 
[ ] [ ] [ ]{ }[ ]P

ii2REVqi 'sBI−=Φ  

[ ] [ ] [ ]{ }[ ]P
jj2REVqj 'sBI=Φ  

 
{ } { }1x2REV 0=ν  
 
{ } [ ]{ } [ ]{ } P

ii
2

i
P

jj
2

jREV 'sA'sA φ−φ=γ   
 
{ } [ ]{ } [ ]{ } [ ]{ } [ ]{ } P

iiii
P

ii
3

i
P

jjjj
P

jj
3

jREV 'sA3'sB'sA3'sB φφ−φ−φφ+φ=η   
 
{ } [ ]{ } ( )[ ]{ }

[ ]{ } ( )[ ]{ } P
ii

4
i

2
iii

P
iii

2
i

P
jj

4
j

2
jjj

P
jjj

2
jREV

'sA34'sB6

'sA34'sB6

φ−φ+φφ−φφ−

φ−φ+φφ+φφ=σ





 

 

 
 

     
2x1

i TREV PT
i i iREV

0
κ =

s ' A λ

         


 

 

 
 

   
2x1

Tj PTREV
j j jREV

0
κ =

s ' A λ

             


 

 
 
Double revolute 
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{ } { }
{ } { } { }
{ } { } { }
{ } { } { }
{ } { } { }P

i
P

jij

P
i

P
jij

P
i

P
jij

P
i

P
jij

2
ij

T
ijREV_REV

rrdand

rrdand

rrdand

rrdfor

lengthttanconsL0Ldd













−=

−=

−=

−=

==−=Φ

 

 
[ ] { } [ ]

REVqi
T

ijREV_REVqi d2 Φ=Φ  

[ ] { } [ ]
REVqj

T
ijREV_REVqj d2 Φ=Φ  

 
0REV_REV =ν  

 
{ } { } { } { }ij

T
ijREV

T
ijREV_REV dd2d2 −γ=γ  

 
{ } { } { } { }ij

T
ijREV

T
ijREV_REV dd6d2 −η=η  

 
{ } { } { } { } { } { }ij

T
ijij

T
ijREV

T
ijREV_REV dd6dd8d2  −−σ=σ  

 

 
 

          
ij

i REV_REVREV_REV T TPT
i i ij i ij i

d
κ =-2λ

s ' B d - A d

         



 

 

 

 
 

      
ij

j REV_REV T TREV_REV PT
j j ij j ij j

d
κ =2λ

s ' B d - A d

                     



 

 

 
 
Parallel vectors (planar parallel-1) 
 
 
{ } { }

{ } [ ] { }
{ } { } { } { } { } { }P

j
Q

jj
P

i
Q

ii

j
TT

iPARALLEL

ji

rraandrrafor

0aRa

atoparallela

−=−=

==Φ
 

 
[ ] { } { } { }[ ]j

T
i2x1PARALLELqi aa0 −=Φ           { } { } { } { }=×±= jij

T
i anormanormaa constant 
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[ ] { } { } { }[ ]j
T

i2x1PARALLELqj aa0 +=Φ  

 
0PARALLEL =ν  

 
0PARALLEL =γ  

 
0PARALLEL =η  

 
0PARALLEL =σ  

 
{ } { }1x3PARALLELi 0=κ  
 
{ } { }1x3PARALLELj 0=κ  

 
 
Pin-in-slot (planar parallel-2) 
 
{ } { }

{ } [ ] { }
{ } { } { } { } { } { }
{ } { } { } abovefromdddand

rraandrrdfor

0dRa

dtoparallela

ijijij

P
i

Q
ii

P
i

P
jij

ij
TT

iSLOT_PIN

iji



−=−=

==Φ   

 
[ ] { } [ ] [ ] { } { } { }[ ]ij

T
i2x1REVqi

TT
iSLOT_PINqi da0Ra −Φ=Φ  

[ ] { } [ ] [ ]
REVqj

TT
iSLOT_PINqj Ra Φ=Φ  

 
0SLOT_PIN =ν  

 
{ } { } [ ] { } { }( )( )REVij

2
i

T
iji

T
iSLOT_PIN dRd2a γ+φ+φ=γ   

 
{ } { } { } { } [ ] { } { } { }( )( )REVijiiij

2
i

T
ij

3
iijiiji

T
iSLOT_PIN d3d3Rdd3d3a η+φφ+φ+φ−φ+φ=η   

 

{ }
{ } { } ( ){ } { }

[ ] { } { } ( ){ } { }( )













σ+φ−φ+φφ+φφ+φ+

φφ−φ−φ+φ+φ
=σ

REVij
4

i
2

iiiijiiij
2

i
T

iji
2

iij
3

iiijiijiT
iSLOT_PIN

d34d12d6R

d6d4d6d4
a





 

 

{ } { }
{ } { }











−
φ

=κ
i

T
ij

ii
SLOT_PINSLOT_PINi ad

a
λ




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 
 

    
i j

Tj PIN PTPIN
j j i j i

a
κ =λ

s ' B a

               



 

 

 
 
Relative angle driver 
 

ttanconsC0)t(fCijANGLE ==−−φ−φ=Φ  
 
[ ] [ ]100

ANGLEqi −=Φ  

[ ] [ ]100
ANGLEji =Φ  

 
tANGLE f=ν  

 
ttANGLE f=γ  

 
tttANGLE f=η  

 
ttttANGLE f=σ  

 
{ } { }1x3ANGLEi 0=κ  
 
{ } { }1x3ANGLEj 0=κ  

 
 
Gear pair driver (chain/sprockets, belt/pulleys) 
 

jiji

ijGEAR

/Kgearsernalint,/Kgearsexternal
ttanconsC,ttanconsK0CK

ρρ+=ρρ−=

===−φ−φ=Φ
 

 
[ ] [ ]K00

GEARqi −=Φ  

[ ] [ ]100
GEARqj =Φ  

 
0GEAR =ν  

 
0GEAR =γ  

 
0GEAR =η  

 
0GEAR =σ  
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Gear pair on rotating link k 
 

( ) ( ) abovefromttanconsC,ttanconsK0CK kikjK_ON_GEAR ===−φ−φ−φ−φ=Φ  
 
[ ] [ ]K00

K_ON_GEARqi −=Φ  

[ ] [ ]100
K_ON_GEARqj =Φ  

[ ] ( )[ ]1K00
K_ON_GEARqk −=Φ  

 
0K_ON_GEAR =ν  

 
0K_ON_GEAR =γ  

 
0K_ON_GEAR =η  

 
0K_ON_GEAR =σ  

 
 
Relative coordinate driver (translation, rotation, gears, pure rolling) 
 

ttanconsC.ttanconsK0)t(fCKqq ijRCD ===−−−=Φ  
 
[ ] [ ] iiRCDqi xq00K =−=Φ  

[ ] [ ] iiRCDqi yq0K0 =−=Φ  

[ ] [ ] iiRCDqi qK00 φ=−=Φ  

 
[ ] [ ] jjRCDqj xq001 ==Φ  

[ ] [ ] jjRCDqj yq010 ==Φ  

[ ] [ ] jjRCDqj q100 φ==Φ  

 
tRCD f=ν  

 
ttRCD f=γ  

 
tttRCD f=η  

 
ttttRCD f=σ  

 



 Notes_04_04 7 of 9 
 

 
Planar parallel-2 distance driver (see pin-in-slot) 
 

{ } { } { } lengthttanconsaL0)t(fL/da iij
T

iDD2PP ===−=Φ   
 
[ ] { } [ ] { } { } [ ] { }[ ]( ) L/dRa0a ij

TT
i2x1REVqi

T
iDD2PPqi +Φ=Φ  

[ ] { } [ ] L/a
REVqj

T
iDD2PPqj Φ=Φ  

 
tDD2PP f=ν  

 
{ } [ ] { } { } { }( ) ttREVij

2
iij

T
i

T
iDD2PP fL/ddR2a +γ+φ+φ−=γ   

 
{ } [ ] { } { } { }( ) { } { } { }( ) tttREVijiiij

2
iij

3
iijiiji

TT
iDD2PP fL/d3d3dd3d3Ra +η+φφ+φ+φ−φ+φ−=η   

 

{ }
[ ] { } { } ( ){ } { }( )

{ } { } ( ){ } { } tttt

REVij
4

i
2

iiiijiiij
2

i

iji
2

iij
3

iiijiiji
T

T
iDD2PP fL/

d34d12d6

d6d4d6d4R
a +














σ+φ−φ+φφ+φφ+φ+

φφ−φ−φ+φ+φ−
=σ





 

 
 
Pure rolling along planar parallel-2 distance 
 

{ } { } ( )
{ } ttanconsC,radiusrolling,lengthttanconsaL

0CL/da

i

ijij
T

iROLL

==ρ==

=−φ−φρ−=Φ
  

 
[ ] { } [ ] { } { } [ ] { }[ ]( ) L/LdRa0a ij

TT
i2x1REVqi

T
iROLLqi ρ++Φ=Φ  

[ ] { } [ ] { }[ ]( ) L/L0a 2x1REVqj
T

iROLLqj ρ−Φ=Φ  

 
0ROLL =ν  

 
0ffor ttDD2PPROLL =γ=γ  

 
0ffor tttDD2PPROLL =η=η  

 
0ffor ttttDD2PPROLL =σ=σ  

 
 
Planar relative distance driver (see double revolute) 
 

{ } { } ( )( ) ( ) 0tf0tfdd 2
ij

T
ijPRDD >=−=Φ  
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[ ] [ ]

REV_REVqiPRDDqi Φ=Φ  

[ ] [ ]
REV_REVqjPRDDqj Φ=Φ  

 
tPRDD ff2=ν  

 
tt

2
tREV_REVPRDD ff2f2 ++γ=γ  

 
ttttttREV_REVPRDD ff2ff6 ++η=η  

 
tttttttt

2
ttREV_REVPRDD ff2ff8f6 +++σ=σ  
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Acceleration Right-hand Side for Revolute 
 
{ } [ ]{ }( ) { } [ ] { } { }tttqqq q2qq Φ−Φ−Φ−≡γ   

 
{ } { } { } { }1x2

P
i

P
jREV 0rr =−=Φ  

 

{ } { } { } { }







φ

=







φ

=
i

i
i

i

i
i

r
q

r
q





  

 
[ ] [ ] [ ]{ }[ ]P

ii2REVqi 'sBI−=Φ  
 

[ ]{ } [ ] [ ]{ }[ ] { } { } [ ]{ } P
iiii

i

iP
ii2iqi 'sBr

r
'sBIq φ−−=








φ

−=Φ 







  

 
[ ]{ }( ) [ ] [ ]{ }[ ] [ ] [ ]iii

P
iii2x2qiiqi AB'sA0q −=φ=Φ φ



  

 

[ ]{ }( ) { } [ ] [ ]{ }[ ] { } [ ]{ } P
ii

2
i

i

iP
iii2x2iqiiqi 'sA

r
'sA0qq φ=








φ

φ=Φ 







  

 
 
[ ] [ ] [ ]{ }[ ]P

ii2REVqi 'sBI=Φ  
 
 
[ ] [ ] [ ] { } { }1x2itqi3x2tqi 0q0 =Φ=Φ   
 
{ } { } { } { }1x2tt1x2t 00 =Φ=Φ  
 
 
{ } [ ]{ }( ) { } [ ] { } { }tttqqq q2qq Φ−Φ−Φ−≡γ   

 
{ } [ ]{ } P

ii
2

iREV 'sAφ−=γ            for body i 
 
{ } [ ]{ } P

jj
2

jREV 'sAφ=γ            for body j 
 
{ } [ ]{ } [ ]{ } P

ii
2

i
P

jj
2

jREV 'sA'sA φ−φ=γ   
 


