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System of multiple bodies
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Virtual work

Virtual work 0 _ B
—r [M ]{Q}— {Q}ALL = {0} EM ]Z% ? 5& EAM’ & V 96519"’;%
4{;1} ([I\;l?]jQ}— {Q}ALL) =0 {&;3 W F D)L.z:zé /

{Q}ALL = {Q}APPLIED + {Q}CONSTRAINT }@H— 3%

S;k— 10} 1Q}constrant =0 for kinematic consistency [(D la}= /
1) MJdj- APPLIED =0 bj (D,,
a}" ((MJia} E} )_- subject to |

Virtual work for one revolute

}T {Q}CONSTRAINT =7 0

)= {{d:}} ;)= {g"j}}

{For‘l i };EV = _{Fon i }EEV

Qe ey = {([B. s {}F g )}T; ?; | }EEV} Qi = {([B s ,{ ;PJ)};E; j }EEV}

fel

{{i'.}}T{qB.]{s.{ an;)};?; }} {{ }} {qB 1{3{} P’>}2?“ }} :
O ot + 83607 ) o+ b o+ G816} 7 ks =2 0



(

Notes 08 11 40f9
et o 0 |
Lagrange multiplier theorej\[%aj T( [M] L{%DZ rf@i%) ::0

general problem {b}T {X} =0 subject to [Alix} = {0} o
3=

S shi=

virtual work {Q}T ([M ]{Q}_ {Q}APPLIED) =0 subject to l(Dq J{q} = {O} E /—(

=7
{X} = {Q} {b} = [M]{q}_ {Q}APPLIED [A] = l(DQJfQ—/ &é 5@38

((MKd} - {Q}sepricn ) 0} + )T [CDq Jlal=0  for arbitrary size but kinematically consistent 4}

(M6}~ Qb aprrreo + [ @, ] 1) {a} =0 o f@c_—'){/ w‘/m@d
, : J13 7 \fp7; e
)+ [0 )= Q) wieo 2oL and AV 5’/

! cha/gzs
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Equations of motion (EOM)

ng = number of generalized coordinates

nk = number of kinematic constraints

nd = number of driver constraints

nc = total number of constraints (nc = nk + nd)

Inverse dynamics — kinematically driven 5@2

solve kinematics ~ {i}= [(Dq}l{y} lq)qJ must have full rank nc =nq
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Inverse dynamics — simultaneous EOM matrix
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Lagrange multipliers for specific constraints
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Double revolute

NSk Dy ey = (010, -2 =0 L = constant length /
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Parallel vectors (planar parallel-1)
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{a, } parallel to {d; |
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for { } {} riP and {ai}:{ri}Q_{ri}P

and { } {d} {,J} from above
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Relative angle driver

Dpnere =0, -0, —C-f(t)=0 C =constant
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Gear pair (chain/sprockets, belt/pulleys)

Doepr =9, — Ko, —C=0 K =constant, C=constant
external gears K = —p, / p;, internal gears K = +p; / p;
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Gear pair on rotating link k

Diear on k = ((I) d)k) ((1)i —(I)k)—C:O K =constant,C=constant from above
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