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Differential-Algebraic Equations (DAE) for Anthropomorphic Manipulator

I‘2=AG2
d, = AB

3 = BG3
d; =BC

Two solid rigid bars with revolute joints A and B
Tool center point (TCP) at C (endpoint)
Centroids G2 and G3

Masses m, and m,

Centroidal mass moments of inertia J, and J,

T, ... 1s torque of ground on bar 2 about revolute A measured CCW positive
T,,.; 1s torque of bar 2 on bar 3 about revolute B measured CCW positive
Gravity g acts along negative y axis

nL =3 nJ1=2 m=3(nL-1)—2nJ1 =2
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Lagrangian method (from Notes 09 02)

2on3

la}= {92} la}= {82} Q}= {;‘ o 2} Note: 03 measured relative to 0,

Jy=m.al+]J,

J,=J,+m,a; +m,d} +J, +2m.d,a, cosO,
C=J; +m,d,a,cos0,

D =m,d,a,sin0,

G, = (m2a2 er3d2)gcos62

G; =mja,gcos(0, +0;)

inverse dynamics

HER c} 0, N ~ D@2 —2D6,0, +{G2+G3
C J,J|8,) |+D62 G,

know driver motion at any time t - find {q} {q} {q}

T2
T,

|

from Lagrangian equations

T

compute driver torques T, s on3

lon2

X

- x y v . .
compute joint forces F,_,~ F., F.; F.,; fromNewtonianequations

may arbitrarily choose any other time t

forward dynamics

0, _[JA c}l {TZ} ~ D62 -2D8,0, {G2+G3}
6, lc 1, T,] |+Dé? G,

know current state {q}and {q} at current t

compute {q} from Lagrangian equations

X y X y . .
compute F F.. FE.: F.; fromNewtonianequations

on2

must integrate {q} to get new {q} and {q} at the next time step
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Newtonian method (from free body diagrams)

F

lon2
y y o
-F, 5 -mg=m,y,

*-F

. .
hon3 — MHX,

F

lon2

{Sz}A X{FIOHZ} '{sz}B X{F20n3} s - Thons = Jsz')z
F .y =mX,
F., -mg=my,

{53} X{F20n3}+T20n3JG3¢3 WV]

inverse dynamics 4 6{* ﬂ“%;p "

+1 0 0 -1 0 0 )
0 +1 0 0 -1 0 Flonzy) .I.nzxz
e m,¥, +m,g
LS S N S I U T oy
0 0 0 +1 0 0 ,ﬁ‘x« m,%,
0 0 0 0 +1 O<\-E?_Qn__3y/ m,§, +m,g
0 0 0 '({53}B)Y +({S3}B)X J6390;

y

compute joint forces {FlonzX F... BEu.: FE

may arbitrarily choose any other time t

forward dynamics

know current positions and velocities at current t

very cumbersome to compute joint forces and accelerations simultaneously

must integrate accelerations to get new positions and velocities at the next time step
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DAE dynamics

X _
(A e

Y,
=1

X3

g e

s =0 7L

——

inverse dynamics

know driver motion at any time t, find {q} {q} {y} {Qlur [CD qJ

compute {j} and {1} simultaneously

may arbitrarily choose any other time t

forward dynamics

) - [l i

10x10 10x1

know current state {q}and {a} at current t, find i} Qe [q) J

q

compute {j} and {1} simultaneously

must integrate {q} to get new {q} and {q} at the next time step

4 0f7



Notes 08 13 50f7

Inverse Dynamics — joint interpolated motion
(independent position controllers on each joint)

o |

G, — ¢27START —O,t

0- eSTART - wet

o, = (¢27END - ¢27$TART )/ At
0= ¢3 - 4)2
Wy = (eEND - eSTART)/ At

0
{'Y}REva —m,g
[22] {V} {Y}— {Y}RSVB {Q}EXTZ g
0 —m,g
0
[ ]r %FiAlonAZ
M] o, [ [1d)] _ [1Qfex _ Flsons
ol 0 et e
12x12 12x1 12x1 T, .

Inverse Dynamics — straight-line TCP interpolated motion
(interpolated position controllers on each joint)

Ves x = (XC37END — X3 START )/ At

Xe3 7 Xc3_start T _( )/At
_ _ t Ves vy =\Ves enp ~ Ye3 sTarT
Ycs = Yes start T Vo3 y

o S M-

12x12 12x1 12x1
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0=0,-¢, { }C _n cos, + 1, cos(d)2+9)
0= (I')3 - d)z bio= r,sing, +1, sin(d)2 + 6)

{f }C 3 [— 1,8ing, —1, sin((l)2 + 9) -1, sin(d)2 + O)Hq)z}

1, cos §, 1, cos(d)2 + 6) I cos((I)2 + 6) 0

{Tlonz} _ _{_ r,sing, — 1, Sin(‘bz + 9) - L Sin(d’z + G)T{FEFF_CX}
1, COS O, cos((l)2 + 6) I, cos((l)2 + 9) Frr o
———) -_—

Forward Dynamics — double pendulum
(no actuators)

o[ ]

{q)}REV_B
0
—m,g
b)) - e
—m,g
0
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Forward Dynamics — proximal link kinematically driven, distal link pendulum

(position controller only on proximal joint)
et G5
{CD}REV_A 72
{(D} = {(D}REva
o, — ¢27CENTER -A sin(2nf t) 7(3
——

Tl on2
—_—

g Flaonno
o %) mkmm 5,

Forward Dynamics — computed torque control
(torque controllers on each joint)

ol {{CD}REVA} - Ton3

{Q) }REV _B




