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Three-Dimensional Kinematics 
 
Position 
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x x a a a x
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z z a a a z
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Velocity 
 
             P P PP

i i i i i i i ir = r + A s ' r = r + ω × s   


      
 

          
i x i z i y

P P
i i y i i z i x i i i i

i z i y i x

ω 0 -ω ω
ω = ω ω = ω 0 -ω ω × s = ω s

ω -ω ω 0

                         

   

 
                   P P P P

i i i i i i i i i i i ir = r + ω s = r + ω A s ' = r + A ω ' s '       
 

     i i i i iA = ω A = A ω '   


   
 
 
          P T PP P

i i i i i is = A s ' s ' = A s  
 
          T

i i i i i iω = A ω ' ω '= A ω  
 
             T T

i i i i i i i iω = A ω ' A ω '= A ω A     
 
 
Acceleration 
 
     P P

i i i ir = r + A s '   


   
 
                    P P P P P

i i i i i i i i i i i i i i i ir = r + ω A s ' + ω A s ' = r + ω A s ' + ω ω A s '               
  

        
 
            P P

i i i i i i i i ir = r + β A s ' β = ω + ω ω   


      
 

       i i i i i i iA = ω + ω ω A = β A         
 

    
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                        P P P P P

i i i i i i i i i i i i i i i ir = r + A ω ' s ' + A ω ' s ' = r + A ω ' ω ' s ' + A ω ' s '               
  

        
 
              P P

i i i i i i i i ir = r + A β ' s ' β '= ω '+ ω ' ω '   


      
 

         i i i i i i iA = A ω '+ ω ' ω ' = A β '         
 

    

 
          T

i i i i i iω = A ω ' ω ' = A ω     
 

       T T
i i i i i i i iω = A ω ' A ω '= A ω A                     
   

     
 
 
Jerk 
 
     P P

i i i ir = r + A s '   


   
 
               P P

i i i i i i i i i i i ir = r + ω +2 ω ω + ω ω + ω ω ω A s '               
  

           

 
         i i i i i i i iH = 2 ω ω + ω ω + ω ω ω         

 

                      NOT angular momentum 
 
           Ti i i i i i i iH A H '+ ω ' ω '- ω ' ω ' A          

 

     

 
        P P

i i i i i ir = r + ω + H A s '   


    

 
          i i i i i i i i i iA = ω +2 ω ω + ω ω + ω ω ω A                     

   

         

 
 
                  P P

i i i i i i i i i i i ir = r + A ω '+ ω ' ω '+2 ω ' ω '+ ω ' ω ' ω ' s '               
  

           

 
 i i i i i i i iH ' = 2[ω ]'[ω ]'+[ω ]'[ω ]'+[ω ]'[ω ]'[ω ]' 

                      NOT angular momentum 
 
           T

i i i i i i i iH '= A H - ω ω + ω ω A         
 

     
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         P P

i i i i i ir = r + A ω '+ H ' s '   


    

 
            i i i i i i i i i iA = A ω '+ ω ' ω '+2 ω ' ω '+ ω ' ω ' ω '                     

   

         

 
                    T

i i i i i i i i i iω = A ω ' ω '+ ω ' ω ' = A ω ω ω        
 

                T T
i i i i i i i i i i i i i i i iω = A ω '- ω ' ω '+ ω ' ω ' A ω ' A ω + ω ω ω ω A                                              
       

             

 
 
Snap 
 

     
P P

i i i ir = r + A s ' 
  


  

   

 

   
   

          

    

  

i i i i i i i

P P
i i i i i i i i i i i i i

i i i i

ω +3 ω ω +3 ω ω + ω ω

r = r + +3 ω ω ω +2 ω ω ω + ω ω ω A s '

+ ω ω ω ω

                                                       

    

      

    

          

   

 

 
                     i i i i i i i i i i i i i i i i i i i iW =3 ω ω +3 ω ω + ω ω +3 ω ω ω +2 ω ω ω + ω ω ω + ω ω ω ω                                       

      

                    
 
                   Ti i i i i i i i i i i i i iW = A W ' 2 ω ' ω '-2 ω ' ω '+2 ω ' ω ' ω ' 2 ω ' ω ' ω ' A                      

   

           

 

        
P P

i i i i i ir = r + ω + W A s '   
  

    

 
 

   

   

           

       

 

i i i i i i i

P P
i i i i i i i i i i i i

i i i i

ω '+ ω ' ω '+3 ω ' ω '+3 ω ' ω '

r = A + ω ' ω ' ω '+2 ω ' ω ' ω '+3 ω ' ω ' ω ' s '

+ ω ' ω ' ω ' ω '

                                                       

    

      

   

         

   

 

 
                 

       
i i i i i i i i i i i i i i i i

i i i i

W ' = ω ' ω '+3 ω ' ω '+3 ω ' ω '+ ω ' ω ' ω '+2 ω ' ω ' ω '+3 ω ' ω ' ω '

+ ω ' ω ' ω ' ω '

                                       
      

              

   

 

 
                 T

i i i i i i i i i i i i i iW '= A W 2 ω ω +2 ω ω -2 ω ω ω 2 ω ω ω A                      
   

           
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         
P P

i i i i i ir = r + A ω '+ W ' s '   
  

    

 
 
                i i i i i i i i iω = A ω '+2 ω ' ω '+ ω '+ ω ' ω ' ω '   



        

 
              T

i i i i i i i i iω ' = A ω -2 ω ω - ω - ω ω ω   


        

 

 
   

           
 

i i i i i T
i i i

i i i i i i i i i

ω ' -2 ω ' ω ' +2 ω ' ω '
ω = A A

+ ω ' ω ' ω ' -2 ω ' ω ' ω ' + ω ' ω ' ω '

                                          

  

    





  

        

 

 

 
   

         
 

i i i i iT
i i i

i i i i i i i i i

ω +2 ω ω -2 ω ω
ω ' = A A

+ ω ω ω -2 ω ω ω + ω ω ω

                                          

  

    





  

        

 

 
 
2D partial derivatives 
 
{ } { } [ ]{ } P

iii
P

i 'sArr +=  
 
by inspection     { }( ) [ ] { }( ) [ ]{ } P

iii
P

i2ir
P

i 'sBrIr == φ  
 
{ } { } [ ]{ } P

iiii
P

i 'sBrr φ+= 

  
 
{ } [ ]( ){ } [ ]{ }( ) ( )t0'sBrIr i

P
iii2

P
i +φ+= 

  
 
chain rule     { } { }( ) { } { }( ) { }( )tP

iii
P

iiir
P

i
P

i rrrrr +φ+= φ


  
 
compare to terms in chain rule     { }( ) [ ] { }( ) [ ]{ } { }( ) 0r'sBrIr t

P
i

P
iii

P
i2ir

P
i === φ  

 
3D partial derivatives 
 
{ } { } [ ]{ } P

iii
P

i 'sArr +=  
 
{ } { } [ ][ ] { } P

iiii
P

i 's'~Arr ω+=   
 
{ } { } [ ] { } { }( ) { } [ ] { } { }( )''sAr's'Arr i

P
iii

P
iiii

P
i ω×−=×ω+=   
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{ } { } [ ][ ] { }''s~Arr i
P

iii
P

i ω−=   
 
{ } [ ]{ }iii pG2' =ω  
 
{ } { } [ ][ ] [ ]{ }ii

P
iii

P
i pG's~A2rr  −=  

 
{ } [ ]( ){ } [ ][ ] [ ]( ){ } ( )t0pG's~A2rIr ii

P
iii3

P
i +−+=   

 
chain rule     { } { }( ) { } { }( ) { } { }( )tP

iiip
P

iiir
P

i
P

i rprrrr ++=   
 
compare to terms in chain rule     { }( ) [ ] { }( ) [ ][ ] [ ] { }( ) 0rG's~A2rIr t

P
ii

P
iiip

P
i3ir

P
i =−==  

 
partial derivative wrt Euler parameters     { }( ) [ ][ ] [ ]iP

iiip
P

i G's~A2r −=  
 
{ } { } [ ][ ] { }''s~Arr i

P
iii

P
i ω−=   

 
{ } [ ]( ){ } [ ][ ]( ){ } ( )t0''s~ArIr i

P
iii3

P
i +ω−+=   

 
 
chain rule     { } { }( ) { } { }( ) { } { }( )tP

iii'
P

iiir
P

i
P

i r'rrrr +ω+= π
  

 
compare to terms in chain rule     { }( ) [ ] { }( ) [ ][ ] { }( ) 0r's~ArIr t

P
i

P
iii'

P
i3ir

P
i =−== π  

 
partial derivative wrt 'π  directions     { }( ) [ ][ ] P

iii'
P

i 's~Ar −=π  

 
[ ] [ ][ ]ii'ip G*2* π=                [ ] [ ][ ]Tiip2

1
i' G** =π  

 


