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Life-extending Control of Mechanical Structures: 
Experimental Verification of the Concept* 

S. TANGIRALA,? M. HOLMES,? A. RAY? and M. CARPINOt 

Optimal feedforward and robust feedback control provides structural durability 
and desired performance of operating machinery. Experimental results are 
presented to demonstrate life extension of a mechanical structure with no 

significant loss of dynamic performance. 
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Abstract-The concept of life-extending control is built upon 
the two disciplines of Systems Science and Mechanics of Mater- 
ials, and its goal is to achieve an optimized trade-off between 
dynamic performance and structural durability of the plant 
under control. Experimental and simulation results reported in 
recent publications show that a life extending control system can 
substantially reduce the structural damage accumulated in criti- 
cal components with no significant loss of plant performance. 
This enhancement of structural durability is accomplished via 
nonlinear optimization to generate a sequence of open-loop 
commands that maneuver the plant from a known initial state, 
along a prescribed trajectory, close to the final desired-state 
subject to constraints on the damage rate and accumulation in 
critical components. This paper presents a methodology for 
analytical development of a robust feedforward-feedback con- 
trol policy for life extension and high performance of mechanical 
structures. The concept of life-extending control is experi- 
mentally verified in a laboratory testbed which is a two-degree- 
of-freedom (2DOF) mechanical system excited by a computer- 
controlled shaker table. Test results demonstrate that the fatigue 
life of test specimens can be substantially extended with no 
appreciable degradation in the dynamic performance of the 
mechanical system. 0 1998 Elsevier Science Ltd. All rights 
reserved. 

1. INTRODUCTION 

A major objective in control of complex mechanical 
systems such as electric power plants, transporta- 
tion systems, advanced aircraft, and spacecraft is 
to achieve the mission objectives with increased 
reliability, availability, component durability, and 
maintainability. Therefore, performance, cost of 
maintenance and operation, and service life should 
be taken into consideration during the design pro- 
cess. In view of high-performance requirements and 
availability of improved materials that may have 
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significantly different damage characteristics rela- 
tive to conventional materials, the lack of appropri- 
ate knowledge about the properties of these mate- 
rials will lead to either of the following: (i) less than 
achievable performance due to overly conservative 
design; or (ii) over straining of the mechanical struc- 
tures leading to unexpected failures and drastic 
reduction in service life. From this perspective, 
Ray et al. (1994a-c) have proposed a methodology 
to achieve an optimized trade-off between the sys- 
tem performance and structural durability of the 
plant under control. This concept, referred to as 
life-extending control (also known as damage 
mitigating control), is built upon the two disciplines 
of Systems Science and Mechanics of Materials 
where the decision and control policies are syn- 
thesized based on state-variable model(s) of struc- 
tural damage in conjunction with the plant dy- 
namic model. 

Life-extending control is most effective in en- 
hancing the structural durability of a plant com- 
ponent when that component contains degrees of 
freedom which are not directly controlled by the 
plant inputs. An example is damage reduction in 
turbine blades during the upthrust transient 
motion of a rocket engine where the oxidant flow 
into a preburner is controlled to meet the engine 
performance requirements (Ray et al., 1994b, c). 
Here the torque in the turbopump, which is depen- 
dent on preburner gas temperature and pressure as 
well as on the main thrust chamber pressure, is only 
indirectly affected by the oxidant flow. Since the 
turbine blade vibrations are not directly controlled, 
these blades are subjected to thermomechanical 
fatigue damage even during normal operation. In 
contrast to conventional control system synthesis 
which only involves optimization of the system 
performance, the goal here is to achieve the speci- 
fied performance of the engine while extending its 
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service life. Simulation experiments showed a sub- 
stantial reduction in the accumulated damage for 
an insignificant degradation in the rocket engine 
performance. 

Tangirala et al. (1995) have experimentally verifi- 
ed the life-extending control concept on a labora- 
tory tested by synthesizing optimal feedforward 
control policies to achieve a trade-off between ser- 
vice life and performance. Test results demonstrate: 
(i) extended fatigue life by up to three and a half 
times without significant performance degradation; 
and (ii) close agreement between the analytical pre- 
diction of damage and experimental observations. 
This paper extends the work reported there to 
include a robust life-extending feedback controller 
that improves the performance of the dynamic sys- 
tem while simultaneously reducing the accumu- 
lated damage in the test specimen. 

The major tasks in the synthesis of a life-extend- 
ing control system are: (i) dynamic modeling of the 
mechanical system to be controlled; (ii) formula- 
tion of a damage model for each of the identified 
critical components; (iii) synthesis of an open-loop 
control policy to achieve structural durability and 
high performance by minimizing a cost functional 
that represents performance specifications subject 
to damage constraints; and (iv) synthesis of a ro- 
bust feedback controller that mitigates damage 
while satisfying the performance specifications. The 
paper is organized in a similar manner. 

2. DESCRIPTION OF THE LABORATORY TESTBED 

A laboratory testbed has been constructed to 
experimentally verify the life-extending control 
concept and to establish its feasibility. The testbed 
consists of a simple two degree-of-freedom (DOF) 
mass-beam system excited by the vibratory motion 
of a shaker table as shown in Fig. 1. One DOF is 

directly controlled by the shaker table whereas the 
other DOF is not controlled, but is observable via 

position measurements of the vibrating masses. The 
test specimen, subjected to fatigue, is representative 
of a plant component suffering mechanical damage. 
The construction of the testbed facilitates easy re- 
configuration into more complex multi-input- 
multi-output systems with additional degrees 
of freedom. The testbed is logically separated 
into two subsystems: (i) the plant subsystem con- 
sisting of the mechanical structure including the 
test specimen to be damaged, actuators, and sen- 
sors; and (ii) the control and communications sub- 
system consisting of computers, data acquisition 
and processing, and communications hardware. 

Here, the intent is to simplify the experimental 
investigation and facility as much as possible 
without compromising the key characteristics 
of the fundamental problem of damage sensing so 
that the underlying phenomena of damage can be 
clearly observed and interpreted from unambigu- 
ous experimental results. It is recognized that the 
physics of fatigue damage at room temperature in 
laboratory air are, in most cases significantly differ- 
ent from those at elevated temperatures of the plant 
environment. Nevertheless, the research work re- 
ported in this paper is a crucial step toward achiev- 
ing the final goal of realizing life extending systems 
in actual plant operating environments (e.g. power 
plants). 

The plant subsystem 

The discussion here focuses on the basic testbed 
configuration in Fig. 1 where the mechanical sys- 
tem consists of two discrete masses supported on 
cantilever beams. The second mass is connected to 
a shaker table which acts as the actuator for the 
system through a flexible pivot. The flexible pivot 
rigidly links the translating mass in the actuator to 
the mass on the beam in the direction of motion. 

Fig. 1. Mechanical structure of the laboratory tested. 
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The translational positions of the masses are mea- 
sured using linear variable differential transformer 
(LVDT) sensors which are located at the midpoints 
of the masses M1 and Mz. In the current configura- 
tion, the geometric parameters of the mechanical 
system are as follows: 

Masses: Ml = 6.95 lbm (3.153 kg); Mz = 
2.70 lb m (1.225 kg). 

Beam I: Material: Steel; Length L, = 11.84 in 
(301 mm); Height Hi = 0.437 in (11.1 mm); 
Width W 1 = 0.870 in (22.1 mm); Young’s modulus 
El = 30 x lo6 psi (2.068 x 10’ kNme2). 

Beam 2: Material: 2024-T3 Aluminum alloy; 
Length L2 = 8.5 in (216 mm); 

Height Hz = 0.122 in (3.1 mm); Width Wz = 
0.437 in (11.1 mm); 

Young’s modulus Ez = 10.5 x lo6 psi (7.24 x 
lo7 kN me2). 

The failure site 
Since the objective of this testbed is to investigate 

the influence of different control policies on specific 
modes of fatigue failure in a dynamic setting, 
a structurally weakened element which is represen- 
tative of a critical plant component is introduced to 
ensure the occurrence of an observable failure. In 
the two mass configuration, two parallel failure 
sites are introduced by drilling a 0.312 in (7.92 mm) 
hole located 2.66 in (67.56 mm) from the center of 
mass Ml as shown in Fig. 2. As the specimen is 
subjected to cyclic stresses, fatigue cracks initiate 
on the upper and lower surfaces of the beam and 
propagate through the thickness towards the neu- 
tral axis. 

Modelling of the mechanical structure 
A structural model of the mechanical system 

described above is formulated using a cubic inter- 
polation polynomial to approximate the lateral (y- 
direction) displacement of the beams and a linear 
approximation for the lateral displacement of the 
masses. The major assumptions in the model for- 
mulation include: 

l Lumped representation of the beam masses; 
l Beam subjected to pure bending (i.e. negligible 

torsional effects); 
l No deformation of the masses Ml and M2. 

The assumption that the masses, Ml and MZ, es- 
sentially behave as rigid bodies is justifed by their 
relatively high stiffness. The actuator is assumed to 
force a point mass, M2, at the tip of beam 2 as seen 
in Fig. 1 whereas the mass Ml is distributed in 
the longitudinal direction. The validity of the 
other assumption, i.e. negligible torsional effects is 
demonstrated by the close agreement between 
model predictions and experimental data. 

Based on the above assumptions, lateral dis- 
placements of the beams 1 and 2, and the rigid 
distributed mass Ml are represented as functions of 
the longitudinal distance, x, as 

X3 
YiCx) = Cli 6 + C2i 5 + C3iX + C4i; 

i = 1,2 for the beams 1 and 2, 

y3(x) = Cgx + C6 for the mass Ml. 

(1) 

The ten constants in equations (1) are evaluated by 
applying standard displacement, force, moment, 
and slope boundary and compatibility conditions 
(Crandall et al., 1978) and using the physical dimen- 
sions listed above to yield the following dynamic 
equations of motion (details are given in Tangirala, 
1996): 

Ai& + B& + CiJ, = 0, 

A& + B2y, + C,y, = F, 
(2) 

where Ai = 0.018, B1 = 221.0, Ci = - 7.1541, 
Az = 0.007, B2 = - 7.1541, Cz = 23.379; y1 repre- 
sents the lateral position of the center of mass, Ml 
in inches, J2 represents the lateral position of the 
point mass, M2 in inches; and F represents the force 
applied by the actuator to the point mass, M2. The 
positions J1 and yz correspond to the locations of 
the position sensors on the experimental testbed. 

Ml 

+ 0.437 in 

t 

C- 2.66in 

Failure Sites 

Fig. 2. Top view of the failure site on the beam specimen. 
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An eigenvalue analysis of this two-degree-of-free- 

dom system indicates that the natural undamped 
frequencies of the first and second modes of vibra- 
tion are 9.14 and 17.67 Hz, respectively. The stres- 

ses at the failure sites on beam 2 shown in Fig. 2 are 
given by (Crandall et al., 1978) 

(T FS = 
_ F (Lz - Q)h 

L,,z ’ 
(3) 

where h is the distance from the neutral axis of 
beam 2, L2 is the length of beam 2, x2 is the distance 
of the center of the hole in beam 2 from mass Mr, 
F = F - M2F2 is the effective force (accounting for 
inertial effects) applied to mass Mz, and IYY2 is the 
area moment of inertia of beam 2. Substituting for 
F from equation (2) and using physical dimensions, 
equation (3) is rewritten as 

oFS = 1.99 x 105j1 - 9.4 x 104y, psi (4) 

at the top and bottom surfaces of beam 2 (i.e. at 
h = H,/2). Equation (4) accounts for the increased 
local stress at the critical point due to the reduction 
in the area moment of inertia caused by the hole 
drilled in the specimen as seen in Fig. 2. The model 

in equations (2) represents the dynamics of the 
mass-beam system where the damping terms are 
assumed to be insignificant. The stresses computed 
via equation (4) show close agreement with experi- 
mentally measured stresses. The displacement sen- 
sors are modeled as pure gains (i.e. having negli- 
gible lag). The dynamics of the shaker table and the 
signal amplifier unit are mildly nonlinear and are 
influenced by the loading effects of the mass-beam 
system. The problem of determining the dynamic 
relationship between the applied voltage and the 
force generated in the actuator system was circum- 
vented by using system identification techniques. 
Time-domain frequency-sweep excitation (Ljung, 
1987) and experimentally measured data were used 
to identify a sixth-order voltage (actuator signal)- 
to-voltage (position sensors signal) transfer func- 
tion. This data and the corresponding model out- 
puts are shown in Fig. 3 and the resulting linear 
plant model is 

r 

g= 

- 240.0 13.0 250.0 - 17.0 

250.0 - 2.8 250.0 0.71 

(b) Experiment 

L _o,6o ~_. ~~ ;- 

Time (set) 

0.4 , (d) Model 

” 

Ti$(sec) 
IV 

Time (set) 

Fig. 3. Experimental and model response to frequency sweep 
input. 

This experimentally identified model is used to rep- 
resent the dynamics of the plant, and equation (4) 
models the time-dependent stress at the failure site. 

Modeling of the fatigue damage process 
Based on the work reported by Ray et al. (1994a), 

the fatigue damage model is formulated in the con- 
tinuous-time setting. The model is first derived 
based on linear damage accumulation using a com- 
bination of Coffin-Manson and Basquin relation- 
ships (Bannantine et al., 1990). Then, this linear 
damage model is modified following the damage 
curve approach (Bolotin, 1989) to account for de- 
pendence of the damage rate on the current state of 

40.0 - 23.0 

- 1.6 0.89 

- 250.0 - 13.0 240.0 14.0 - 33.0 20.0 

- 11.0 21.0 - 9.9 - 840.0 1200.0 - 370.0 

1.0 - 1.6 0.56 - 210.0 - 97.0 300.0 

6.7 - 14.0 7.6 170.0 - 820.0 650.0 L 

100000 0 

y= i I 0 0 0 1 0 0 x+ 11 0 u. 

x+ 

- 1.3 

- 1.3 

- 1.1 

- 250.0 

13.0 

40.0 

u (5) 



Life-extending control of mechanical structures 7 

damage accumulation. Essential features of this fa- Therefore, the linear damage is modified oia a non- 
tigue damage model are presented in this section. linear damage rule as follows: 

Converting the strain amplitudes into stress am- 
plitudes from the cyclic stress-strain curve, the 
rates of both elastic damage 6, and plastic damage 
6, (Suresh, 1991) are computed through differenti- 
ation as 

where D and 6 are the current states of nonlinear 
and linear damage accumulation, respectively, and 
ga is the stress amplitude. D E (0, l] describes the 
damage state for the duration of the component 
fatigue life. D is close to 0 for a virgin material and 
approaches 1 when failure is imminent. In any 
physical component, D is always greater than 0 be- 
cause there is inevitably some initial damage due to 
material imperfections and machining marks. 
Equation (8) generates the following incremental 
change in damage accumulation and hence the 
damage rate: 

otherwise, 

(6) 

G=) for cr > cr, 

L 0 otherwise, 

where the current stress Q and the stress rate Ga/dt 
are obtained from the structural model; (T, is the 
reference stress obtained using the rainflow method 
(Rychlik, 1993); c,,, = (0 + 0,)/2 is the mean stress; 
and o;, E;, b, c, K’, n’ are fatigue parameters under 
cyclic operations (Bannantine et al., 1990; Boller 
and Seeger, 1987). Table 1 lists the fatigue param- 
eters of 2024-T3 Aluminum alloy which is the ma- 
terial of the specimen used in this experimental 
study. The damage rate db/dt is obtained as the 
weighted average of the elastic and plastic damage 
rates such that 

(7) 

where the weighting function, w, is selected as the 
ratio of the elastic strain amplitude and total strain 
amplitude. 

Equations (6) and (7) are then used to obtain the 
damage rate at any instant. Since mechanical struc- 
tures are generally subjected to loads of varying 
amplitude, equation (6) which is based on the linear 
rule of damage accumulation will lead to erroneous 
results due to the sequence effect (Suresh, 1991). 

Table 1. Fatigue parameters for 2024T3 aluminum alloy 

Strength coefficent, K’ 

Strain hardening exponent, n’ 

Modulus of elasticty, E 

Fatigue strength exponent, u; 

Fatigue ductility coefficient, a; 

Fatigue strength exponent, b 

Fatigue ductility exponent, c 

81 x lo3 psi 
(5.585 x 10’ kNme2) 

0.039 

10.5 x lo6 psi 
(7.24 x 10’ kNm_‘) 

114 x lo3 psi 
(7.860 x lo5 kNm_‘) 

0.197 

- 0.082 

- 0.644 

AD = Y(D(~-')'~) A6 + 

(9) 

It follows from a crack propagation model such as 
the Pairs model (Paris and Erdogan, 1963) that the 
crack growth rate is dependent not only on the 
stress amplitude but also on the current crack 
length. Since the characteristics of y in equation (9) 
may strongly depend on the type of the material, 
availability of pertinent experimental data for 
the correct material is essential for life-extending 
control. An approach to evaluate y at selected dis- 
crete levels of stress amplitude by interpolation 
based on the experimental data is given in Ray et al. 
(1994a). 

3. OPEN-LOOP CONTROL SYNTHESIS 

The open-loop control policy is generated via 
nonlinear programming which consists of optimiz- 
ing a cost functional subject to specified constraints 
(Tangirala et al., 1995; Tangirala, 1996). These con- 
straints are both physically motivated, such as ac- 
tuator limits, and based on damage rate and accu- 
mulation in the critical components. For the opti- 
mization, the inputs are applied to the plant model 
described above; the outputs of the plant model are 
used by the structural model in equation (4) to 
determine the local stresses experienced by the ma- 
terial at the failure site on beam 2. These stresses 
and the corresponding stress rates are inputs to the 
damage model in equations (6)-(9) which computes 
the instantaneous accumulation and rate of fatigue 
damage developed at the failure site in Fig. 2. The 
configuration for generation of optimum feedfor- 
ward input sequence is shown in Fig. 4. If the plant 
model is completely controllable, then there exists 
a control sequence that can maneuver the plant 
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Fig. 4. Generation of optimal feedforward input sequence via 
nonlinear optimization. 

from any arbitrary initial state to any specified final 
state. However, this does not guarantee that a solu- 
tion exists for every constrained optimization prob- 
lem. Whenever the admissible control inputs are 
restricted to a feasible set, certain final states may 
not be accessible without violating some of the 
constraints. In this work, a general purpose of non- 
linear programming software package NPSOL 
(Gill et al., 1991) has been used to solve the open- 
loop constrained optimization problem. The details 

are reported by Ray et al. (1994b, c). 

Cost functional and constraints 

The nonlinear optimization is realized uiu min- 
imization of a cost functional, which includes per- 
formance specifications, subject to physical and 
damage constraints. The optimization yields an 
optimal control sequence, {uk>, that maneuvers the 
plant from a known initial condition to a specified 
final state, without violating any of the constraints. 
The quadratic cost functional is chosen to be the 
weighted TZ norm of the error in selected plant 

outputs and the control inputs. The cost functional 
is of the form 

JhJ = 2 (Cyk+l - ~k”‘Yil~Qd~t+1 - YE’II 
k=O 

+ [uk - U~m]TR&lk - U;‘“]), (10) 

where N is the total number of discretized steps 
which represent the period from the initial time to 
to the final time tf of the maneuver; {yy”} is the 
desired nominal trajectory of the regulated output 
y; {uknomJ is the input sequence that results in the 
best possible performance without taking damage 
into consideration; the penalty matrices, Qk and Rk 
are symmetric positive definite with compatible 
dimensions. The minimization is carried out subject 
to constraints. Constraints on the control input 
sequence, {uk], represent actuator saturation 
and hard limits on the actuator stroke. Addition- 
ally, pre-assigned limits are imposed on the 
damage rate at each sample instant to ensure 
structural durability. These conditions take the 
following form: 

Natural bounds: - a i uk 4 CI for 

k = 1, . . . ,N - 1, (11) 

Damage rate COnStraintS: bk 5 bk for 

k = 1, . .N. (12) 

where x is the actuator limit, pk is the specified 
tolerance for damage rate and lj)k = Ij(t)l,=,t. Con- 
straints are not applied to the accumulated damage 
Dk since the actual damage accrued in any given 
cycle is very small small (leading to precision 
problems) and varies nonlinearly with specimen 
fatigue. Reducing the damage rate in a cycle of 
operation results in the reduction of the damage 
accumulated during that cycle, leading to an in- 

crease in the service life of the system. Due to the 
optimization, this increase in life can be achieved 
with only a marginal loss of performance. The 
weight on the control inputs is included to avoid 
large fluctuations of the input signal as this could 
lead to chatter and damage in the actuator. The 
relative weights on the two parts of the cost func- 
tional and the damage rate constraint function are 
selected by the design engineer to emphasize perfor- 
mance. transient plant behavior, damage dynamics 
or control effort as required. It should be noted, 
however, that increasing the damage rate con- 

straint has a direct impact on the system perfor- 
mance. So, a judicious selection of the constraints 
and weights can result in, within limits, different 
levels of damage mitigation with an associated loss 
of performance. 

Problem .formation 

The problem is to generate, for the mass-beam 
structure shown in Fig. 1, an optimal control law 
that will make a trade-off between the conflicting 
requirements of performance and damage mitiga- 
tion over the time interval [to, tf]. This optimiza- 
tion problem is represented in the discrete-time 
seting to find an optimal control sequence { uk) that 
will maneuver the plant from a known initial condi- 
tion to a prescribed final state subject to: 

l The dynamic system in equations (5); 
l The actuator limits in equation (11); and 
l The constraints on the damage rate in equa- 

tion (12). 

In the mechanical system of Fig. 1, the voltage 
input to the shaker table directly controls the posi- 
tion of the mass M2. The frequency of operation of 
the shaker table is 5.81 Hz (i.e. a full cycle period of 
172 ms), which is one-third of the second natural 
frequency of the testbed, 17.45 Hz (which is slightly 
different from that predicted by the model). Note 
that the third harmonic of this frequency excites 
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mass Ml, which is not directly controlled by the 
shaker table, to resonance. The optimization is 
carried out over one half-cycle of motion with the 
displacement of M2 chosen as the regulated output. 
The nominal output profile is determined by the 
closest approximation to a half-square wave that 
the displacement trajectory of Mz can achieve on 
the actual dynamic system over one-half cycle of 
operation. The input sequence that generates this 
nominal output profile constitutes the uncon- 
strained (nominal) input to the system. Resonance 
of M 1 causes fatigue damage at the failure site on 
the test specimen shown in Fig. 2. This is a direct 
consequence of the high local stresses at the failure 
site caused by the large displacement of Ml relative 
to MZ. This configuration is, therefore, representa- 
tive of a real physical situation where the specifica- 
tion of performance requirements in one subsystem 
of a dynamic system may lead to fatigue damage in 
other subsystems. 

The sampling rate is selected as 4.3 ms, which is 
achievable on the Pentium-based control computer 
of the experimental facility. The sampling rate 
results in a total of 20 discrete time steps to 
maneuver the mass M2 from an initial position of 
- 0.2 in (5.08 mm) to a final position of + 0.2 in 

(+5.08 mm) over one half of the period of vibration. 
Simulation results show that the maximum damage 
rate experienced at the failure site due to this ma- 
neuver is approximately 27 x lop6 s-i based on an 
assumed initial damage of 0.005. Three damage rate 
constraints of 5.0 x lo-‘, 1.0 x lo-’ and 0.5 x lo-’ 
are therefore chosen for the optimization task. It 
should be noted, however, that the initial damage 
of the specimen is a random variable (Ray and 
Tangirala, 1996) which depends on several factors 
like the machining quality, the heat treatment, size 
of the the notch, etc. The level of initial damage 
used in the optimization has a significant effect on 
the damage rate and accumulation due to nonlin- 
earities in the damage dynamics. Further, the y- 
parameters in equations (8) and (9) at different 
levels of damage need to be obtained for various 
stress amplitudes based on experimental fatigue 
crack growth data and linear damage prediction 
data generated by equations (6) and (7). Since 
experimental data for short crack growth of 2024- 
T3 aluminum is not available, the y-parameters 
in the nonlinear damage model for 2024-T3 
aluminum are evaluated in the appropriate stress 
range after adjusting those for 4340 steel that 
were reported by Ray et al. (1994a). Although 
the predicted damage may not be accurate in the 
absolute sense due to possibly inexact y-parameters 
and incorrect initial conditions, the profile of 
damage dynamics generated by this model shows 
the right trend. Therefore, this damage informa- 
tion is considered to be sufficient for comparison 

of the results of unconstrained and constrained 
optimization. 

Remark. Stress at the failure site [equation (4)] and 
hence, the accumulated damage and damage rates 
[equations (8) and (9)] are functions of the 
two plant outputs jjl and jjZ. Therefore, the stresses 
(or equivalently, a function of y1 and j2) can 
be used as constraints in the optimization instead 
of the damage; however, if the stresses are used, 
two constraints, either maximum stress and stress 
ratio, or maximum and minimum stress need to be 
specified. 

4. FEEDBACK CONTROLLER SYNTHESIS 

This section presents the synthesis of the sam- 
pled-data feedback control system (Bamieh and 
Pearson, 1992) based on a continuous-time plant 
model. The main objective of the feedback portion 
of the feedforward/feedback control law is to com- 
pensate for modelling uncertainties and additional 
disturbances and thereby enhance robust stability 
and performance of the dynamic system. The goal 
of the feedback control synthesis procedure is to 
achieve this objective without sacrificing the fatigue 
life of the test specimen which is a representation of 
a critical plant component. The linear feedback 
controller should minimize the tracking error of the 
position of mass M2 in Fig. 1 without increasing 
the resonant vibration of mass Ml. This is accom- 
plished by appropriate selection of the (frequency- 
dependent) weighting functions used for synthesis 
of the feedback control law. This section presents 
the synthesis of two controllers: (i) a life-extending 
controller that considers damage and performance; 
and (ii) a non-life-extending controller that con- 
siders performance alone, i.e. a pure performance 
controller. 

The setup used for feedback controller synthesis 
is shown in Fig. 5. The linear model used for this 
purpose is the one that is obtained via system 
identification in equation (5). The only plant output 
of interest here is the position, JZ, of the center of 
the mass M2. The performance objective is to have 

Fig. 5. Controller synthesis block diagram. 
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jZ follow a tracking signal which, in this case, is 
chosen to be the sequence {yv} of unconstrained 
outputs. The rationale for choosing the uncon- 
strained output sequence as the tracking signal 
with the constrained input sequence as the feedfor- 
ward control signal is to increase system perfor- 
mance relative to that resulting from the con- 
strained input. If this performance enhancement 
can be achieved with a controller that restricts 
the magnitude of the third harmonic component 
in the feedback signal, then there will be no 
significant change in the service life relative to 
the open-loop constrained case. The magnitude 
plot of the Fourier transform of (yr) peaks 
at a frequency of 5.8 Hz and abruptly rolls-off 
thereafter. Therefore, to model the frequency con- 
tents of {yr}, the (frequency-dependent) distur- 
bance weighting function (Packard et al., 1993) is 
chosen to be 

(13) 

which has a low-frequency gain of 1, and a break 
frequency of 100 rad s- ’ which is larger than the 
peak frequency of {yf}, 5.8 Hz (36.44 rad SC’). To 
satisfy the performance requirements, the error sig- 
nal, j2 - yEf, is scaled by the performance weight 
W,(s) during the controller synthesis. For the de- 
sign of the life-extending controller, a performance 
weight W,(s) that is constant at all frequencies with 
a gain of 12 is found to yield the best results; 

however, for the non-life-extending controller, 

W,(s) = so (14) 

results in acceptable performance. 
The weight on the control effort, W&S), serves 

a dual purpose. For the non-life extending control- 
ler synthesis, it is used to prevent actuator satura- 
tion by penalizing the feedback signal at all fre- 
quencies. For the life-extending controller, WC&) 
is also used to mitigate damage by penalizing 
the feedback signal at harmful frequencies. In 
general, for a complex mechanical system, harmful 
frequencies are identified via a spectral analysis of 
the constrained and unconstrained input sequences 
obtained from the open-loop control policy syn- 
thesis described above. In this experimental testbed, 
the fast Fourier transform (FFT) responses of the 
unconstrained and constrained feedforward input 
sequences in Fig. 14 clearly demonstrate the fact 
that the third harmonic is the harmful frequency. 
To prevent the feedback signal from having large 
magnitudes at the resonance frequency, Wcont(s) 
should have a large gain at the frequency 17.4 Hz 
(109.33 rad s- ‘). Figure 6 exhibits the magnitude 
plots of W&S) as well as the other weights used in 
the analysis and synthesis for the life extending con- 
troller and the non-life-extending controller. 

The design goal here is to find a stabilizing dis- 
crete-time controller such that the induced Lz- 
norm of the transfer matrix from w to [zi zZ]’ is 

Frequency @ad/w) 

IO’ t._._.!._.~.l.~.LI~..~._._.~ 
b) Weighting Functions for Non Life Extending Controller 

- - - . *- -- 
WP 

.-._._.-.-._._____,_,_,_ 
‘-__ 

‘S ._ _ 

10’ 102 103 
Frequency (radkec) 

Fig. 6. Controller synthesis and analysis weighting functions. 
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minimized. Recently, several publications have ap- 
peared in the control literature which address the 
problem of optimal Lz-induced controller syn- 
thesis. Bamieh and Pearson (1992) proposed a solu- 
tion to the problem of optimal Lz-induced norm 
synethsis for sampled-data systems, which has, sub- 
sequently, been incorporated into the function 
sdhfsyn in the MATILAB P-Analysis and Synthesis 
toolbox. This approach makes use of a lifting tech- 
nique which takes intersample behavior into ac- 
count in the controller synthesis procedure. The 
sampled-data problem is recast in terms of an 
equivalent discrete-time H, synthesis problem. 
Since there exists no isometric isomorphism be- 
tween the time-domain /,-space and the frequency- 
domain H,-space, the combination of time domain 
and frequency-domain optimization allows ample 
flexibility in making the trade-off between dynamic 
performance and structural durability. 

The non-life-extending controller is comprised 
of 10 states, while the life-extending controller 
has 13 states because additional states are neces- 
sary to realize the control input weighting function. 
Figure 8 shows the frequency responses of the 
transfer functions from uff to ufb, PK/( 1 - PK), and 
from yref to ufb, K/(1 - PK), of the closed-loop 
system in Fig. 7 with the life-extending controller. 
Each of these transfer functions has a notch at 
-110 rad s-i which is responsible for damage 

mitigation. Note that although U“ is not included 
in the feedback controller synthesis, the transfer 
function PK/(l - PK) contains a notch at 
N 110 rad s- 1 because of the notch in K/( 1 - PK). 

Figure 9 shows the configuration used for the anal- 
ysis of stability robustness. The dynamics con- 
tained within the dotted box represents a set of 
plants, P, parametrized by A(s), which represents 
any stable transfer function that satisfies the bound 
11 A 11 m I 1. It is assumed that the actual plant, Pact, 
is contained in P, i.e. P,,, = (1 + WdelA)Plin, for 
some 11 A j)oo I 1, where PLin is the linear plant 
model. The selection of Wdel is based on a compari- 
son between the Bode plot of the linear model and 
a Bode plot created from experiments performed 
on the actual system. The magnitude of Wdel at 
each frequency is chosen to be 

I Wdd( b-4 = 
p,,t( j4 - ph(jO) 

ph(j4 ’ 
(14) 

e(k) 
L , 

Fig. 7. Generalized closed-loop system. 

Frequency (dscc) 

Fig. 8. Closed-loop system frequency response. 
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Fig. 9. Robust stability block diagram. 

Using this data, a stable Wdel can be created. Anal- 
ysis of the robust stability of sampled data systems 
has been explored in a paper by Sivashankar and 
Khargonekar (1993). A sampled-data system is ro- 
bustly stable if 

II Tzsws IlL2-ind < 1, (15) 

where T,+,s is the closed-loop input-output oper- 
ator between w, and z,. The robust stability 
measures for the life-extending and nonextending 
controllers are 0.962 and 0.997, respectively. 

5. EXPERIMENTAL RESULTS AND DISCUSSION 

The constrained optimization yields an input 
sequence for each of the three damage rate con- 
straints defined above. The corresponding output 
profiles of mass Mz from simulation of the plant 
model are shown in Figs lo-12 (along with the 
unconstrained output) with increasing constraint 
level, respectively. The damage rates developed 
over one-half cycle for each of the three cases are 
shown in Fig. 13 where the effects of the constraints 
are clearly evident. Figure 10 shows that the loss of 
performance, as defined by the deviation from the 
unconstrained output profile, is quite small for a 
substantial decrease in the damage rate. Figures 
11-13 clearly demonstrate the effects of increasing 
the damage constraint on the performance. This 
leads to the conclusion that based on the age and 
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Fig. IO. Positron of M2 with open-loop constrained input 
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Fig. 11. Position of Mz with open-loop constrained input 
(medium constraint). 
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Fig. 12. Position of M, with open-loop constrained input 
(maximum constraint). 

condition of a component, an appropriate input 
sequence can be chosen that will ensure safe perfor- 
mance albeit at a degraded level. Fig. 14(a)-(d) 
shows the fast Fourier transforms (FFT) of the 
constrained and unconstrained input sequences. 
The FFT of each of the constrained sequences 
shows a marked reduction in the magnitude of the 
third-haromonic component at -17.5 Hz relative 
to the unconstrained waveform. As mentioned 
earlier, this third harmonic excites resonance of the 
mass, M,, and is the major factor causing fatigue 
damage at the failure site. Life extension of the 
mechanical structure by attenuation of the input 
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I? ! ; 
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i \ 
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Fig. 13. Damage rates for unconstrained and constrained cases. 
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Fig. 14. FFTs of constrained and unconstrained inputs 

excitation, via a fixed-parameter band-stop filter 
for example is not a solution because the loss of 
dynamic performance may not be acceptable. 
Therefore, the magnitude of the third-harmonic 
component (which is the cause of damage in this 
case) is substantially reduced by optimization of the 
feedforward control policy while some of the other 
(apparently harmless) higher harmonics are moder- 
ately increased to minimize the loss of performance. 

Figure 15 compares the performance of the ex- 
perimental closed-loop system with the life-extend- 
ing controller with the constrained (minimum 
constraint) and unconstrained open-loop perfor- 
mance. The improvement in performance is evident 
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Fig. 15. Open-loop and closed-loop constrained outputs. Fig. 16. Life-extending and non-life-extending controller out- 
puts. 

from the increased speed of response and the better 
“steady-state” performance. The resulting output 
trajectory of mass Mz is closer to the reference 
signal and attains the prescribed final position fas- 
ter. The FFT of the closed-loop input sequence, 
shown in Fig. 14(e), reveal that this enhanced per- 
formance is achieved with a reduction in the magni- 
tude of the third-harmonic component in u relative 
to uff (Fig. 7), which causes less damage to the test 
specimen. The primary objective of the feedback 
controller design is to guarantee robust stability 
and enhance performance of the experimental test- 
bed with a small change in the accumulated dam- 
age. The third-harmonic content of u may be slightly 
increased or decreased depending on the relative 
magnitude and phase of the third-harmonic com- 
ponents of uff and ufb. The FFTs of aff and ufb for 
the closed-loop experiments show that the third- 
harmonic components have power spectral densi- 
ties of 72.7706 and 12.0514, respectively. The phase 
difference between the third-harmonic components 
of uff and ufb is 103.2126”. Elementary computa- 
tions reveal that, for these signals, a phase differ- 
ence in the range of (94.75”, 265.25”) will result in 
a smaller third-harmonic component of u relative 
to that of uff. Therefore, in this particular case, 
a reduction in damage is achieved. However, this 
damage reduction via feedback compensation may 
not be achievable in general. Since the design of the 
controller can be considered as a frequency domain 
optimization problem, this result clearly demon- 
strates the usefulness of a mixed frequency and 
time-domain design approach. Figure 16 shows the 
performance of the closed-loop system with the 
non-life-extending controller. A moderate increase 
in performance relative to the life-extending con- 
troller is achieved. However, Fig. 14(f) shows that 
this performance enhancement is achieved at the 
cost of more damage accumulation as a result of the 
increase in the magnitude of the third-harmonic 
component in the input sequence. 

Table 2 lists the mean time to failure for 
several experiments using the unconstrained and 
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Table 2. Summary of experimental results 

Test condition Average time Measure of 
of failure performance 

(s) loss 

Open-loop unconstrained 465 0.0 
Open-loop constrained 1138 0.5172 
Closed-loop constrained 1559 0.4647 

constrained open-loop inputs and also the con- 
strained input with the life-extending feedback con- 
troller. These experiments were conducted using 
identical specimens that were machined from the 
same stock of 2024-T3 Aluminum. The loss in per- 
formance is measured using the Cl-norm of the error 
signal which is the difference between the closed- 
loop trajectory of the position the mass M2 and the 
desired trajectory (i.e. the output signal under the 
unconstrained feedforward control). Based on the 
ensemble of experimental data, the mean value of 
specimen life is found to be -465 s for the uncon- 
strained case, -1338 s for the constrained case, 
and N 1559 s under feedforward-feedback control. 
These results show an increase in life by a factor of 
2.88 between the unconstrained and constrained 
cases with a loss in performance of 0.5172, and an 
increase in life by a factor of 3.35 between the 
unconstrained and closed-loop cases with a loss in 
performance of 0.4647. The feedforward-feedback 
control yields stability robustness, improved per- 
formance, and longer fatigue life as compared to the 
feedforward control based on constrained opti- 
mization. The non-life-extending feedback control- 
ler results in a loss of performance of 0.4566 which 
is the best performance index using the constrained 
input. 

6. SUMMARY AND CONCLUSIONS 

This paper presents an extension and experi- 
mental verification of the work reported in a 
recent two-part paper (Ray et al., 1994a, b) which 
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introduced the concept of life-extending control 
built upon the two disciplines of Systems Science 
and Mechanics of Materials. The theme of life ex- 
tending control of mechanical systems can be sum- 
marized as follows: 

Enhanced structural durability and high perfor- 
mance can be obtained if feedforward control 
commands are designed incorporating opera- 
tional information and damage characteristics. 
Further improvement is possible utilizing a feed- 
back controller that adds robustness and distur- 
bance rejection while shaping the input com- 
mand at the same time identifying and minimiz- 
ing the magnitude of harmful components in the 
input commands. Following this approach, the 
functional life of critical components can be ex- 
tended resulting in increased safety, reliability 
and availability and lower maintenance costs 
under diverse operating conditions. 

A testbed has been constructed to experimentally 
verify the concept of robust life extending control 
of mechanical systems. The plant dynamics are 
modeled in the state-variable setting via system 
identification and a feedforward-feedback struc- 
ture is selected for the control system. The feedfor- 
ward control sequence is formulated based on the 
plant-dynamic model via constrained optimization 
of both performance and structural durability in 
the time domain. A robustly stable sampled-data 
feedback controller which is synthesized in the fre- 
quency domain is superimposed on the feedforward 
controller. This combination of time-domain and 
frequency-domain optimization allows ample flexi- 
bility in making the trade-off between dynamic 
performance and structural durability. The feedfor- 
ward-feedback control yields stability robustness, 
improved performance, and longer fatigue life as 
compared to the feedforward control based on con- 
strained optimization. 

Experimental results demonstrate an increase in 
the life of test specimens by a factor of -3.5 with 
little loss in performance. Experimental data 
shows evidence of random fatigue (Ray et al., 1995). 
This suggests restructuring the governing equa- 
tions of damage dynamics in the stochastic setting, 
and formulating the control law via stochastic 
optimization. 

The concept of life extending control of mechan- 
ical systems can be applied to a wide spectrum of 
engineering applications such as reusable rocket 
engines for space propulsion, rotating and fixed 
wing aircraft, fossil and nuclear plants for electric 

power generation, automotive and truck engine/ 
transmission systems, and large rolling mills. In 
each of these systems, damage-mitigating control 
can enhance safety and productivity accompanied 
by reduced life cycle cost. 
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