Equation Sheet for ME 320

Print out for homework, quizzes, exams, and future reference. Author: John M. Cimbala, Penn State University. Latest revision, 27 March 2025
Notation for this equation sheet: V = volume, V' = velocity, v = y-component of velocity, v= kinematic viscosity
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m
General and conversions: |g =9.807—|,
s

rotation | 1ft 1609.3 m [ [1000L[|s*> N[| IN 1 kN
1kN-m| |l kW -s 1 Btu 1 kg 1 ton 1 tonne (metric ton) lg I m
1kJ [| 1kJI []1.055056 kJ||2.205 lbm [ [2000 Ibm | 1000 kg "(10° pg [ [10° pm [

T(K)=T(°C)+273.15| V.. Zgﬂ'(Rp ) Z%E(Dp )l

Molecular weights and moles: |m =nM |, |M . =28.97 g/mol =18.02 g/mol|, Avagadro’s number: |6.02214x10%|.

Standard ambient temperature and pressure (SATP): |A,, =101.325 kPa =760 mm Hg T, =25°C=298.15 K‘
Air at SATP: | p =1.184 kg/m’* | [1=0.06704 um |, | £ =1.849x107 kg/(ms)|
Water at SATP: (p, ... =997.0 kg/m’, u... =0.891x10" kg/ (m s) . Mercury at SATP:

> water

=13534 kg/m’|.

P, mercury

3/2
T T,+T.
Air atany T: |P=pR, T| Sutherland: |u = 4, (— =2 |where Typ=298.15K, Ts= 1104 K, u =1.849x10" ﬁ

IL,) T+IT m-s
Ideal gas: | PV = nR,T = mRT| r=2 R =8314— | |r _02870) _287.0-™ |[u=ar
' ‘ ’ M| P T ol K[| ™ kg-K st K e
c
h=cT||c,—c,=R||k=-L|]c, =i, c =R—k, S,—8 =c¢ lnE—Rlnizcvln£+Rln&,
v ¢, k=107 k-1 s P T 0,
J kJ m’ J kJ m’
Al :-k=1.40, ¢, =717.5——=0.7175—-+=717.5 L |c, =1004.5——=1.0045———=1004.5
ir: [F=140) kg-K kg-K S K[|7 kg-K kg-K s K
y? 1 P ou oh Tds = du + Pdv
Thermodynamics of gases: e=u+—+/gf, v=—||h=u+Pvo=u+—||c, :[_j ,C, Z(—j A A
2 Yo, P oT ), oT )| |Tds = dh—vdP
A oP . ) P 4
speed of sound =|c¢ = 0 for any fluid. For an ideal gas, |c =\ kRT —|, Mach number =|Ma =—|.
Pls |sometimesy r_ L
k k i
Density: P=§ . Specific gravity: SG=pL where | At = Piro =1000f; OF Pyandard aryai =1-29m—%. [ sometimes o
ref
. . w - 1
Properties related to density: Specific weight |7, VA P& |; compressibility |Ap = p| —AP — BAT || where = volume
K

) _ 1(op Ap 1 ) . o
expansion coefficient | = ——| = | ® ———|where | =—|for an ideal gas, and x = coefficient of compressibility
p\oT ), PAT T

1 oP AP
K=—= p( J ~ 22 where for an ideal gas.
T

a o Ap
. . . e Vy du
Simple shear flow and viscosity: For flow sandwiched between two infinite flat plates, | ( y) = ol Foru=u(y),|7=u ol
y
. O-S O-S . O-S
Surface tension: Af:iroplet = anide - R)utside =2— > Af?yubble = anide - R)utside =4— . Caplllary tube: h= COS¢ .
R R PER
Gage, vacuum, and vapor pressure: (£, .. = By e = Bin b [ Pocuum = Pum — Busontep | B = 2-339 kPa for water at 7 =20°C|.




= dP F, A4
Hydrostatics: [VP = pg |, |[—=—pg| | Pusw = Pooe T £€|Az]|, |AP = pgh|. Useful applications: Hydraulic jack: |—==—%|,
Hydrostatics P} |——==P} | P, = Pane + 8|} [AP = pgi] pp \ Jack: |77 ==
barometer: | P, = py,gh|, manometer: use (£, = P, + pg|AZ| successively all the way around the manometer.
. [vcx €
Forces on submerged, plane surfaces: Using gage pressures, |FF = F.A=F,  A|where |y, = y. +—
Yea
Forces on submerged, curved plates: Using gage pressures and projected areas, | I, = F, |, [F, = F, tW | |F, =\ F, L+ E,
: (191} : _ . . \/Sub pbody
Buoyancy: (with “/” for fluid) buoyant force: |F, = p, gV, |, weight: |V = p, . gV, .|, partially submerged: | === —|
total pf
Rigid body acceleration: |VP = pG p(g 5) . Use modified gravity vector G in place of g everywhere.
D 0 (¢ _ DV oV ~
Material derivative: General case: (V V) ; acceleration: (@ =——=——+ |4
Dot Dt ot
Fluid flow patterns: Streamline for two-dimensional flow: —j =—|; timeline: .
along streamline u
O . ow ov)|- 1(ou ow)- ov 0
Kinematics: Rate of translation: |/ =ui +vj + wk |, angular velocity: |® = o _ov +_(_u__w] j+= Mg A
2\opy oz 2\ 0z Ox Ox Oy
o= - -~ (lou, @ o o(ru
vorticity: | & =<7 = 2 _); (ia_Wj N T A P +[_r_&jé€ JAfolm) _ou ),
oy Oz 0z Ox ox r o0 oz or r{  or 00
. . ou ov ow . . 1 DV ou 8v 8w
linear strain rate: |¢  =—, & =—, &, =——|, volumetric strain rate:| ———=¢_+¢ +¢&_ =—
Ox Oy 0z V Dt Ox 8y oz
2 o) I
Ox 8y 8x 2\ 0z
g ) Xz
. s 1(ov  ou ov 1( ov
strain rate tensor: |&, =/ &, &, €, |=| =| —t+t— = = =
' P 2\ ox oy oy 2\ 0z
0T (6w ou) Lfow ov ow
ox oz 8y az 0z
B bdV bV -iidA V.=V
Reynolds transport theorem: 7 = chv yo, I ICS pbV -ndA|where |V, =
Note: Q and V are — - : :
YVolume and mass flow rate: | m, =| p\V-n)ldA.| |V, =| (V-i)d4.||Q=V =VA_ | |m=pQ=pV|
interchangeable 5 I 4 ( )d . '[ Av( )d 9 pO=p
Conservation of mass: —mCV Zm Zm For steady flow, Zm = zm . For incompressible flow, ZV ZV .
in out in out out
. . V2 V2
Conservation of energy: SSSF form: | O,iin + Witat netin [h +a o + gZ] - Zm[h +a 7 + gzj (a is the kinetic
energy correction factor).
P V2 2
Head form of energy equation: |——+ o, ——+2z, + Pnp. e = ——+2, + Ayyie . + 1y |, where 1 = inlet, 2 = outlet, and
pg 28 P&
umj Wum sha’ W i
the useful (“u”") pump head and extracted (“e”) turbine head are | A, , = M and | Aypine o = —turbine shafl |
mg nturbinemg




PV P
Grade lines: Energy Grade Line =|EGL = —+—+ z|, Hydraulic Grade Line =\ HGL =—+z |,
pg 28 Pg
: .|\ B 7 BV p v :
Beloved Bernoulli equation: (— +—+z =——+—+2z,| or |—+—+z = constant along a streamline|.
Pg 28 pg 28 pg 28

Momentum equation, fixed CV:

Z F = Z FvgraVily + Z F_;)ressure

(Bis the momentum flux correction factor). For a moving CV, replace V with

Angular momentum equation,

out

+Zﬁviscous +ZF:)ther :% J. deV+ZﬂmV—ZﬂmV
Ccv in

V.=V Vg

r

in the last two terms above.

fixed CV:

term on the right side is zero and

ZM Z%C‘[,(fXV)pdV+OZM:(FXMV)_

> (Fxm?)

mn

. For steady case, the first

out in

ZM=Z(F><MI7)—Z(F><MI7) :

Dimensional analysis: A nondimensional parameter is called a . Dynamic similarity between model () and prototype

I1 I, ,, =11, ,, thenIT, =TI

0 o Lm 1.p| Method of repeating

variables and Buckingham Pi theorem: For n = number of variables, k£ = number of IIs, and j = reduction, | k=n—j|.

(p): For| I, = fnc(I1,, I1,, ..., I1,)| if 0, =11, ,I1, , =
VD VD 44

Pipe flows: |[Re = /= , hydraulic diameter: | D, =—
H 4 p

perimeter. Mass flow rate: . Entrance length:

, where A, = cross-sectional area of the duct, p = wetted

L L
laminar: E" ~0.050Re turbulent: Bh ~1.359Re"*|

L. 87, £ du .
Darcy friction factor: | /' = 72 =fnc RG,B . Wall shear stress: |7, = ,ud— . Irreversible head losses:
y wall
. LV? . y?

hL,total = ZhL,major + ZhL,minor U ma_]Ol' head IOSS: hL,major = fBE , minor head lOSS: hL,minor = KL g .

. . 64
o Fully developed laminar pipe flow, , f= Re|

e

o Fully developed turbulent pipe flow, , Churchill equation:

1/12

/=8[(8/Re)” +(4+B)" | | where

parameters 4 and B are

A= {—2.457 . ln{( !
R

€

0.9 16
J +o.27i}}
D

37530
Re

16
and Bz( j

(or Moody chart with less accuracy).

Piping networks: Series:

/ L Viz
V =constant A, ., = Zﬁ ngJr ;KL

V.2
_ 2; (index i for each segment, j for each minor loss).
L 2g

Parallel: |conserve V at each junction; use separate energy equation for each branch | Solve all equations simultaneously.
) P V? P : .
Turbomachinery: Net head=\H =h,,,  =|—+—+z| —|—+—-—+z | | Brake horsepower =W, . =bhp|,
pg 28 ), \pg 28 ),
Water horsepower = Wpump,u =mgH = pV gH
Pump and turbine performance parameters:
. . / . gH . bhp
C, = Capacity coefficient =——|, |C;, = Head coefficient =——|, |C,, = Power coefficient =———|,
oD o D paw’D
W... Vg C,C _ bh bh C :
Mo = o = PYET _ Z07H _ function of Cy, | Muurpine = = P _ 2P __*r _ function of C,|.
bhp bhp P Wturbine,e pVgH CQ CH
Pump selection: To match a pump (available head) to a piping system (required head), match | H .. = H quirea |




=)

. 3 2 2 3 5
. . ) Vs _ay( Dy Hy [ ay Dy bhp, o, [ o, Dy
Pump and turbine affinity laws: | —=—| — | [ |[—=| — | | — — = | =/
vV, o,\D H o, ) \ D, bhp, p.l\@, )\ D,

A A

op = ~ = = . .
Continuity equation: a—’? +V. ( pV) =0|. If incompressible, , which we expand for two coordinate systems:

10(ru 10 0
8_u+@+8_w =0}, Cylindrical coordinates, —u+—ﬁ+& =0|
ox Oy Oz r_Oor r ol oz

1
2-D Stream function: Cartesian (x-y plane): |u = v L v = _v ; Cylindrical planar (»-8plane): |u, = 1ow LU, = oy .
oy ox r 06 or

Cartesian coordinates,

D7 [V o oens] o
Navier-Stokes equation: (incompressible, Newtonian fluid) | p—— = p{— + (V . V) V} =-VP+pg+ V'V |

Cartesian coordinates (x, y, 7), (4, v, w):
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x-component: |0 —tU——+V_—+W—
oy oz
ov ov  Ov ov oP o’v o'v %
y-component: | 0| —~tU—_—+V_—+W— |=———+pg + U —+—+—||
X »

ow ow  Oow ow oP o'w O'w 0w , o0 08 0
PE. + + . Also,|V™ =

: t:|p| —+u—+v—+w— |=—— + = —t—
zeomponent || o T e Yoy ez ) @ o o o o o o[
I}’.ﬁ:ui_i_vi_i_wg’ é/x:a_w_@’ é’ :a_u_%’ é’Z:@_a_u

ox Oy 0z oy oz[|”' 0z ox Ox 0Oy

Cylindrical coordinates (r, 6, z), (u,, ug, u;):

au’ +u %4_14_‘9%4_” %_ﬁ —_a_P+ 4L Vzu _&_i%
A& e 6 e AT e ’

r-component:

1%} 1% 1%} 0 1 oP 2 Ou,
H-component: p(ﬁw%t Do Lo Mo Ly, ﬁ+u’u9j:———+pg9+y(vzuﬂ —u—§+_ij’
r

o0 "or r o0 oz r r 00
The #-component of the Navier-Stokes equation with an alternate form of the viscous term:
p(% o O Oy a_j 1 ap (12[ %}L@% Lo, _u_e+3%]

+ =—— +pg, + r
o ar  roe ez r ro0 BT e ar ) 00 T a2 2 72 o8

>

. 8uz+u 8uz+u0 6u2+u Ou, 6P+ N (Vzu) Also. |V 1 8(r6]+ 1 0 +62
-component: —_—t—— =—— . Also, =——|r— |+t —+—|
Zeomponent \P\ o T o T o0 ez ) e tor MU rorl or) rrog o
= = 0 u, 0 0 10u, oOu ou, Ou 10 1 Ou
V-V=uy —+-2—+u — e =—>r-—= =——(ru, ) ———=|.
AT (T T | R rar( o) r 08
Incompressible Navier-Stokes equation in nondimensional form: (with L, f, V, P,— P., as appropriate scaling parameters)
s =xn (=20 == =0 O 1 * 1 = %y Tk -
[St]aV* +(V -V )V =—[Eu]V P J{_z}g J{—}V V|, where Stzﬁ, Eu=P0 fw | Fr= r , Rezp—VL.
ot Fr Re |4 yo. 4 \eL Y7

= = F,
Creeping flow: (for Re << 1) |VP ~ uVV |, sphere drag: | F,, =3zuVL|, drag coefficient: |C, ..one = —=|
( )[VP = V27| sphere drag g S

C=1+ Kn{2.514 + O.8Oexp(—Eﬂ .
Kn

A
Cunningham correction factor: (for spheres) |[Kn=—/||4 = £ Z_
D, 0.499 '\ 8pP

= > 2
p% =p a—V+(I7o§)I7} = —§P+pg A i+V—+ z = constant along a streamline|.

Euler Eq. (inviscid regions of flow):
Pg 28




— “Most Beloved
. 1 . 2_ o T 2 P v ] Bernoulli
Potential (irrotational) flow: | =V xV =0|—> |V =V¢| > |V ¢=0| & | —+— + gz = constant everywhere|.

o 2 Equation”
o 1o( o 1 o’¢ 0
Cartesian coordinates: |Vg=— ¢ —¢ ¢ =0|. Cylindrical coordinates: |V’ = ——(r—¢j f o9 =0|.
o’ 8y oz° ror\' or) r’ 00> oz’
If flow is also 2-D, then |V’ = 0| as well. Superposition of both ¢ and w (and velocity vectors) is valid for potential flow.
g : 8 op O 0 0 ov 0
2-D Potential flow: V2¢=% %—0, Vi = 0 1/2/ + 0 1/2/ =0, u=—¢=—v/, v:—¢=——l//, ¢, - _H_j
0 oy’ ox~ Oy ox Oy oy ox ox Oy
1o( 0 1 & 1o 0 1 ¢
In cylindrical coordinates, the above equations are | V¢ = ——( —¢j +— (Ij =0|,|V’y = ——(r—l//j = l/; =0|,
ror\ or) r° 00 ror\ or r- 00
0
W20 _1ov][ 1o _oy|[, _1o(m) 1o |
or r 00 r 00 or r_or r 06
pUx  Ux . . . .
Boundary layers: |Re. =——=—/| where x is along the body. U(x) is the outer flow (just outside the boundary layer).
U v
. .. |Ou 6v ou Ou dU  o’u dU 1 oP oP
Steady flow continuity: |— =0/, x-momentum: [y—+v—=U—+v—|, ———/|, y-momentum: |—=0|.
ox 8y ox Oy dx Oy dx p Ox oy
Flat plate boundary layer:
5 4911|8172 [|6 0.664 2 0.664 1.33
If laminar (Re, <5x10°),|—= L |—= L|—= , Cfx:szz—, C,=C,=
” \/Rex x Re [ [x 4Re, ©opU Re, Re,
5 038 |8 0048 ||& 0.037 0.059 074
If turbulent and smooth (Re, >5x10°),|—= A h|— = 75 b |G ® 5 ) C/.=CD=&?/5
x (Re,) x (Re,)" [|* (Re,) (Re,) ' Re
. . F, F, . . .
Drag and lift on bodies: (C, =—>—|,|C; = >—1, where 4 = projected frontal area or planform area. Cp includes skin
2PV A 3PV 4

friction and pressure drag. Bodies without ground effect, | 7, =1 pV>C, 4| and required power = W=F Vo

Vehicles in ground effect, | F), .., = t,V + 73 PV2C,A|where fhoning = coefficient of rolling resistance, and W is the

vehicle weight. The required power to the wheels = |\W = F, DotV = Meoning WV +% pViC, 4|,

-7.94
24 2-6(?3] 041 1(263R10) 0-25@?)
C z—+ : + DX + for Re < 10°||Re =

D 1.52 -8.00
1 L L 1+(Rij ‘Ll
2.63x10° 10

For a smooth sphere: Morrison:

4 C
Terminal settling speed: |V, = \/E Py P C_ ,where iteration is required to solve for V; since this equation is implicit.
yo,
Compressible flow: & SEETEs | y sometimes instead of k
instead of ¢ V oP res
Mach number Ma and speed of sound ¢: | Ma=—| |c= (—j | Ideal gas: |k =—| |c =VKRT |.
% c 0 ), c,
M sometimes instead of Ma | 1 Tk - T
1 -1 k-1 1| |P k-1 1| |a
Adiabatic, isentropic, 1-D duct flow: |-> =1+——Ma’|, Po [+ 5 M2 || |20 = 1+ M2 || [P 22| |,
T 2 Yo, 2 P a T
L £ 1/2 GRT
o _Exlllo (D)™ h [l ) ! , |2 (HEMaz )
T 2 [|p T P T a T A4 Ma|lk+1 2
—(k+1) (k+1)

-1 2(k-1 * 1 A0
Mass flow rate: General case: |m = F,AMa k (1+ k Mazj - , Choked case: |[m=m__ =FA L (k+ j - -




(k=DMa’+2||p _1+kMa’ 2kMa’—k+l1||p, ¥, _ (k+1)Ma’
Normal shock: (1 to 2) |7, =T;,|, [Ma, = L 2= L ! = !
( ) ? \/2kMaf—k+1 B 1+kMa,’ k+1 oV, 2+4(k-1)Ma/

1

k+1

T, 2+(k-1)Ma,’ || B,

T, _2+(k-1)Ma’|[R, Ma, [1+(k—1)Ma22 /2}2@—1)

Ma, | 1+(k—-1)Ma,* /2

Oblique shock: (1 to 2) Use above shock equations except use normal components of Mach number, Ma,, and May,.

200‘[/5'(Ma12 sin® S —1)

tan@ =

Ma*[ k +cos(2/3) | +2

Ma,, =Ma, sin B|,[Ma, , =Ma, sin( 8 — )|, 6 = turning angle, S = shock angle. Must

iterate to solve for Ma;.

Moody Chart: (Note: It is easier and more accurate to use the Churchill equation instead of reading off this chart, but this
may be useful as a first guess in an iteration and/or for quick analyses.)

0.1 T T T T T
0.09 4 Laminar Transitional Turbulent
_Sﬁ_ flow 7 flow T flow -
0.08 — e e Fully rough turbulent flow (f levels off )
H—s 1
0.07 = - 0.05
~ T 0.04
0.06 ‘\ R — [ I [ |
0.05 \ ——
\1\ St S= 0.02
“ o] 1."‘ —
- oos B T\\QQ\\\:‘:‘& SR . : == 0.015
g e PRSI~ T=T T : : e 001
E . % . \t‘\‘;\ ‘-"L-..;_H ._._________\‘_ . . . ' Umg
s : AN Em==Nl > .
€ 003 N I T N 0.006
:5 N - - ] — 0.004
& ZY NS . i i EEiihe
g 0.025 *3 SR = = — — 3
¥ 23 =
a ] \i SRR — N i 1 . 1 0.002
L =N S | 1 | {
002} ' NS S 0.001
Material Tt Rnug::& - B N“\ H::- -+ ~ - H%E
. L\\‘\.,l"“\n.““'"“M..L _HH_'_-_-_'_“_"—-“
0.015 | Glass, plastic 0 0 | %Q::..._f"“ﬁ..._‘_ e I ] | 0.0004
| Conaete 0.003-0.03 0.9-9 EANSNE —— k] 0.0002
Wood stave 0.0016 0.5 Smooth pipes Mo TH 41 I | W
Rubber, smoothed 0000033 0.01 | elD =pan ‘Q*‘qg“‘:h‘"“"‘-—m—.‘,_ﬁ o
Copper or hrass tubing 0000005 00015 1 ) ‘\":\\"‘H-._,‘_- T = =T : 1 0.0001
| Castiron 0.00085 0.26 T a ~
0.01 | Galvanized iron 0.0005 0.15 ~ T T 0.00005
0 Wrought iron 0.00015 0.046 e /D =0.000005 1T
0.009 | Stainless steel 0000007 002 TR | I
: | Commercial steel 0.00015 0.045 /D = 000000 LN
0.008 11 1 EREEEEET 1 L1 | Ll M [T 0.00001
102 20107 3 4 56 8 04 2000% 3 4 56 8 qp5 2010 3 4 56 8 6 201093 4 56 8 g7 20003 456 808
Reynolds number, Re
FIGURE A-12

2

LV
The Moody chart for the friction factor for fully developed flow in circular pipes for use in the head loss relation A, = f——— Friction factors in the

turbulent flow are evaluated from the Colebrook equation]—v,_ = —2log,, (
N

gD 2.5 ) D 2g

H-'-Rc:ﬁ

Relative roughness, &/D
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