M E 320 Professor John M. Cimbala Lecture 10

Today, we will:
. Discuss the Reynolds Transport Theorem (RTT)
. Show how the RTT applies to the conservation laws
. Begin Chapter 5 — Conservation Laws

D. The Reynolds Transport Theorem (RTT) (Section 4-6)
1. Introduction and derivation

The Reynolds Transport Theorem (RTT) (Section 4-6)

Recall from Thermodynamics:

e A system [also called a closed system] is a quantity of matter of fixed identity. No mass
can cross a system boundary.

e A control volume [also called an open system] is a region in space chosen for study.
Mass can cross a control surface (the surface of the control volume).

e The fundamental conservation laws (conservation of mass, energy, and momentum)
apply directly to systems.

e However, in most fluid mechanics problems, control volume analysis is preferred
over system analysis (for the same reason that the Eulerian description is usually
preferred over the Lagrangian description).

e Therefore, we need to transform the conservation laws from a system to a control
volume. This is accomplished with the Reynolds transport theorem (RTT).

There is a direct analogy between the transformation from Lagrangian to Eulerian descriptions (for
differential analysis using infinitesimally small fluid elements) and the transformation from systems
to control volumes (for integral analysis using large, finite flow fields):
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In both cases, the fundamental laws of physics (conservation laws) are known in the analysis
on the left (Lagrangian or system), and must be transformed so as to be useful in the analysis
on the right (Eulerian or control volume).




Another way to think about the RTT is that it is a link between the system approach and the
control volume approach:

See text for detailed derivation of the RTT. Here are some highlights:

For fixed (non-moving and non-deforming) control volumes,
RTT fixed CV:

Alternate RTT, fixed CV:
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Let B represent any extensive property (like mass, energy, or momentum).
Let b be the corresponding intensive property, i.e., b = B/m (property B per unit mass).
Our goal is to find a relationship between Bgys or by (property of the system, for which
we know the conservation laws) and Bcy or bey (property of the control volume, which
we prefer to use in our analysis).
The results are shown below in various forms:
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Since the control volume is fixed, the order of integration or differentiation does not
matter, i.e. %j... Is the same as j%... . Thus, the two circled quantities above are
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equivalent for a fixed control volume.




For nonfixed (moving and/or deforming) control volumes,
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Note that we replace V by V. in this version of the RTT for a moving
and/or deforming control volume.

Where Error! Objects cannot be created from editing field codes. IS the relative velocity, i.e., the velocity
of the fluid relative to the control surface (which may be moving or deforming),

Relative velocity: 1 =V - 1--:’(-5 (4-43)
We can also switch the order of the time derivative and the integral in the first term on the

right, but only if we use the absolute (rather than the relative) velocity in the second term on
the right, i.e.,
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Comparing Egs. 4-45 and 4-42, we see that they are identical. Thus, the most general form of

the RTT that applies to both fixed and non-fixed control volumes is
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Even though this equation is most general, it is often easier in practice to use Eq. 4-44 for

moving and/or deforming (non-fixed) control volumes because the algebra is easier.

Alternate RTT, nonfixed CV: f
(dl

Simplifications:
e For steady flow, the volume integral drops out. In terms of relative velocity,
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e For control volumes where there are well-defined inlets and outlets, the control
surface integral can be simplified, avoiding cumbersome integrations,

Approximate RTT for well-defined inlets and outlets:

dB.. ]
EE { ) , A I
! N T pbdV + ?- PavelaveVi avgA = 2, PavelavgVrave A (4-48)
at at |(1\ out - ] -l' | ’ n - ‘ ’
for each outlet

for each inlet

Note that the above equation is approximate, and may not always be accurate.




