
M E 320   Professor John M. Cimbala Lecture 31  
 

Today, we will: 
 

• Do some example problems – Exact solutions of the Navier-Stokes equation 
 

Example: Exact solution for Couette flow 
Given: Steady, incompressible, fully developed laminar flow in the x-y plane between two 

infinite parallel plates. The top plate is moving and the bottom one is stationary. 
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Assumptions and approximations: 

1. The flow is steady [∂/∂t of anything = 0]. 
2. The flow is two-dimensional in the x-y plane [∂/∂z of anything = 0, w = 0]. 
3. Gravity effects are negligible or ignored. 
4. The flow is fully developed [∂/∂x of any velocity = 0; velocity does not change with x]. 
5. Pressure is constant everywhere. 

 

To do: Calculate the velocity field. 
 

Solution: [to be done in class] 
  





 
 
 



Example: Oil flowing down a ramp 
Given: Steady, incompressible, fully developed laminar flow in the x-y plane: oil flowing by 

gravity down an infinitely long ramp, as sketched. Note that the coordinate system is 
rotated for convenience to align with the direction of flow. 
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Assumptions and approximations: 

1. The flow is steady [∂/∂t of anything = 0]. 
2. The flow is two-dimensional in the x-y plane [∂/∂z of anything = 0, w = 0]. 
3. Gravity acts downward as shown. 
4. The flow is fully developed [∂/∂x of any velocity = 0; velocity does not change with x]. 
5. The pressure on the oil surface (adjacent to the air) is atmospheric pressure. 
6. The viscous effects of the air are negligible compared to those of the oil. 

 

To do: Choose the most appropriate boundary conditions. 
 

Solution:  
At the wall, the no-slip condition demands that at y = 0, u = 0 and v = 0. 
At the top surface of the oil (adjacent to the air), we specify that at P = Patm. 
Also at the top surface of the oil (adjacent to the air), we need a BC for u. 
 
 

 
 
 



Example – Laminar Pipe Flow; an Exact Solution of the Navier-Stokes Equation 
(Example 9-18, Çengel and Cimbala) 

 

Note: This is a classic problem in fluid mechanics.  
 

   
 

 

 

Fully developed flow 

It is good practice to number the assumptions. 



 
 
 

 

This is a tremendous simplification, and allows us to solve the problem analytically! 

When terms drop out, I like to 
show why, as I do here (for 
clarity), using the numbered 
assumptions for brevity.  



 

 
 
 

 
 
 Notice that there are two constants of integration, since we had to integrate twice. 

Equation 8 is the solution we are looking for, except we need to determine the two 
constants of integration C1 and C2. We do this by applying boundary conditions. 

We have simplified the equations as much as possible. Now we need to solve them. 



 
 
 

 
 
 
 
 

Answer 

 du/dr = 0 at r = 0  Notice: We apply this BC to Eq. (7) 

The final expression for u is a paraboloid, same as previously for laminar pipe flow. 



 
 
 
 
 



 
 
 
 
 


