Equation Sheet for M E 521, using notation of Kundu, Cohen, and Dowling Ed. 6

Prepared by Professor J. M. Cimbala, Penn State University, Latest revision: 05 December 2017
Tensor transformation rules for rotation: , where ¢;; = angle between the old (i) and new (j) axes. Then, for tensor
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Dot product: |a - b= (a,él. ) . (bjéj ) = a,.bj (5, -éj ) = aibjé',-j Cross product: |d X b= £!./.kaibjék or (Ei l;) exab, b.

Gauss (G), Stokes (S), and Leibniz (L) theorems:

G: J.a—FdV=<j3FdAl. s:|[(Vxii)-dd=a-ds =T |L:| = J’ F(3,0)dV = j AU av + gSF(x )i, - dA
v X 4 Y c LV Vi) A1)

aF(x )

DF 6F oF . . . . .
Material derivative: — +u, —| (following a fluid particle) where F is some variable
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Strain rate tensor: S,.j = %(ui’ s tu j’,.) for any fluid. Principal strain rates (eigenvalues) found from det‘S,.j - /154./‘ =0
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Reynolds transport theorem: |— J. FdV = J' —dV + CﬁF u dA; | where F can be any quantity per unit volume
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Conservation of mass: |0 = j (Zp dv + quu dA, P + i(pui) =0
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Linear momentum equation:

For any fluid: I %(pui )av + d}puiu‘jdA‘, = J. pg.dV + @ﬂ/d/lj
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Differential form: —( yuz ) + —( puu; ) =pg; + or|p——=pg; + (this equation is called Cauchy’s equation)
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Constitutive equation (relation between stress and strain), with 7; defined as the deviatoric stress tensor: Tu =— pé,.j +17;

For Newtonian fluid: |T; = —pd, +2uS; + 45,0, | and the famous Navier-Stokes equation results:
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For incompressible flow: |, =2uS, ||T; =—pd, +2uS; p(a—t’+ u; a—’J =P pg +U——
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Useful equations for incompressible flow in Cartesian coordinates (x, y, z), (&, v, w):
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Useful equations for incompressible flow in cylindrical coordinates (r,6, z), (ur, ug, uz):
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Mechanical energy equation:
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Differential form:
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where the rate of viscous dissipation of

kinetic energy per unit volume is

[Note: Kundu’s textbook uses
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where deviatoric stress tensor = T,

=T, + po,

as the rate of kinetic energy dissipation per unit mass.]

First law (heat equation): Note that in the text, e (rather than the usual u) is the internal energy per unit mass.
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Exam 1 material ends here.

The T-ds equations of thermodynamics: |T ds =de+ pd l)‘ |T ds = dh — vdp | where T = temperature, p = pressure, e = specific

internal energy, / = specific enthalpy, s = specific entropy, and v =1/ p = specific volume

Bernoulli equations: [These are the most common ones; there are many more forms not listed here.]

For incompressible, steady, irrotational flow:

For incompressible, steady, inviscid flow:

Boussinesq Approximation: | 0

momentum equation is

£Jr%V2 + gz = constant | where [V* =u u; = |L?|2
LN 1y? + gz =constant alonga streamline
For steady, compressible, inviscid, irrotational, isentropic flow: | h + %Vz + gz = constant | where |h = e+ P
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Interaction of vortices: Velocity induced by one vortex on its neighbors: [#, = 2— where |I" = circulation qu i - ds
r pa
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Vorticity equation for incompressible Newtonian flow: k= ; —k py—*
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function (stagnation point, corner flows, etc.): |w = Az"| Lift per unit span due to a bound vortex on a closed 2-D body:
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Zhukhovsky transformation: |z = { +—| transforms circle of radius b in {-plane into line of length 4b in z-plane
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Induced drag (on a finite wing): | D, = J.% P V2dA| where V2 =v*+ w? in plane A somewhere far downstream of the wing
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One-dimensional diffusion equation: 5 = v6—2 vorticity diffusion from a wall goes like |0 ~ /v ¢
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Stokes first problem (impulsively started plate): |— =v—||7 = L F (77) =—yields | ———=—— =c¢| with solution
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Viscous decay (diffusion) of a line vortex: —>=v— —M u,=——att=0|u, (r,t) =—o [ 1-e*"
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Exam 2 material ends here.

2-D stagnation point flow similarity solution:

1= yyB/v

t//szF(y)

u=BxF'(y)

v=—BF(y)

f(n)=F(y)y/B/v

yields

[+ =0

Stokes flow (creeping flow): V.i=0

For a sphere,

2-D (r,6) incompressible vorticity equation in z-direction:

Two-D incompressible laminar boundary layers:

Vp = uV%ii

D =6ruUa =3muUD,

(neglecting the gravity term) | Drag ~ uUL | for 3-D body of length L.
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Blasius flat plate boundary layer (U = constant, dp/dx = 0): (u =Uf"'(n)||n =y, |— || f" +cff " = 0|, where we pick ¢ = %5.
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where |Re = =—| Local skin friction coefficient at some x location: |C, = - > = . Drag coefficient per unit
H v 2 pU \Re,
. . D 1.33
depth of the plate on one side of the plate only at some x location: |C,, = - = .
spUx Re,
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Falkner-Skan wedge flow boundary layer similarity solution: |U (x )= Bx" ||u = U = ields
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