
LESSON 03B: REYNOLDS TRANSPORT THEOREM J. M. Cimbala 
 

In this lesson, we will:  
 

• Derive the Reynolds Transport Theorem (RTT) by application of Leibniz Theorem 
• Discuss material volumes and how the RTT is a link between Lagrangian and 

Eulerian descriptions 
 

Derivation of the Reynolds Transport Theorem 
 

Start with the 3-D Leibniz Theorem for function or property ϕ, a function of x  and t,   
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For the special case of a material volume (a volume that moves with the fluid), Au u=   
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But, at this instant in time, since the control volume is the material volume (they are 
coincident), we can set the volume as the control volume and the area as the control surface, 
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Summary of the Reynolds Transport Theorem 
We applied Leibniz Theorem to the special case in which V(t) is a material volume – a 
volume that moves with the fluid. As the fluid moves and distorts in the flow field, the 
material volume moves and distorts with it since, by definition, the material volume always 
contains the same physical mass of fluid. It follows that area A also moves with the local 
fluid velocity. Thus, Au u=   where u  is the fluid velocity, a function of space and time in the 
Eulerian description. To stress that V(t) is a material volume, D/Dt is used instead of d/dt for 
time derivatives following material volumes.  
The Reynolds Transport Theorem (RTT) for a moving control volume is thus 
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the fluid, CV(t) is the control volume, and CS(t) is the control surface. In this general form 
of the Reynolds Transport Theorem, the control volume can be moving and distorting in any 
arbitrary fashion.  
 

This is equivalent to relative
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 is relative velocity, the fluid velocity relative to the control surface. 
 

A simplification of the general Reynolds Transport Theorem is possible if the control volume 
is fixed in space. In such a case, the relative velocity of the fluid is identical to its absolute 
velocity. So, the Reynolds Transport Theorem for a fixed control volume is 
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differentiation does not matter, 
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Usefulness of the Reynolds Transport Theorem 
The Reynolds Transport Theorem, in any of its forms above, contains a material volume on 
the left-hand side (LHS) and control volumes and control surfaces on the right-hand side 
(RHS). Thus, the LHS is in the Lagrangian or system frame of reference, while the RHS is 
in the Eulerian or control volume frame of reference.  
The usefulness of the Reynolds Transport Theorem is that it bridges the gap between the 
Lagrangian and Eulerian descriptions or frames of reference.  
It thus enables us to transform conservation laws (which apply directly to Lagrangian 
material volumes) into Eulerian forms, which are usually more desirable in fluid mechanics. 
 
 
 
  



The Right-Most Term in the Reynolds Transport Theorem 
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Terms in the Reynolds Transport Theorem 
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Moving and/or Deforming Control Volume 
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Reynolds Transport Theorem in Tensor Notation 
 

Start with the RTT in vector notation for property ϕ, a function of x  and t, 
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In tensor notation ϕ = ϕ(xj,t), and the RTT becomes 
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