LESSON 04G: COMPRESSIBLE BERNOULLI EQUATION J. M. Cimbala

In this lesson, we will:

e Derive the general compressible Bernoulli equation for inviscid regions of flow
e Simplify this compressible Bernoulli equation for irrotational flow and for barotropic
flow

Derivation of the Compressible Bernoulli Equation for Inviscid Regions of Flow

Start with the Euler equation (inviscid form of the Navier-Stokes equation),
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Simplifications of the Compressible Inviscid Bernoulli Equation (C,n ""I'INUE.D>
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Summary: Various Forms of the Bernoulli Equation

Note: The fluid is assumed to be Newtonian, and gravity is assumed to act in the negative z
direction [positive z is “up”]. All forms of the Bernoulli equation shown below are
derived from the Navier-Stokes equation, along with some useful vector identities,
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1. Incompressible Flow: Start with the incompressible N-S equation:
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a. Incompressible, Unsteady, and Irrotational (can be viscous):

%+£+%uiui+gZ:F(z‘) or %+£+%V2+gZ=F(f)
o p o p

where |V =uu, = |ﬁ |2 = magnitude of the velocity vector squared, ¢ is the velocity

potential defined by |u = V| or u; = ¢, (¢ 1is definable only if the flow is irrotational),

and F is a function of time, but not of space.

b. Incompressible, Steady, and Irrotational (can be viscous): [This is the “Beloved
Bernoulli Equation.”]

P + %Vz + gz = constant everywhere

c. Incompressible, Steady, and Inviscid (can be rotational): [This is the
“Second-Most Beloved Bernoulli Equation.”]

L %Vz + gz = constant along a streamline

2. Compressible, Inviscid Flow: Start with the compressible Euler equation:
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a. Compressible, Inviscid, Steady, Isentropic, and Irrotational:

h+1V?+ gz = constant everywhere

where /4 is the specific enthalpy \h=e+ p/ p|. [Note that this equation can also be

obtained from the energy equation (first law of thermodynamics) when the same
assumptions are made. ]




b. Compressible but Barotropic, and Inviscid:
Note: Barotropic means that density is a function of pressure only, i.e., |p = p( p) :

1) Barotropic, Inviscid, and Steady (can be Rotational):
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'[—p +1)? + gz = constant along a streamline

2) Barotropic, Inviscid, Steady, and Irrotational:

d,
J‘ ab +%V2 + gz = constant everywhere
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3) Barotropic, Inviscid, Unsteady, and Irrotational:

o¢ dp 2 _
5+J.7+%V +gz=F(¢t)

where velocity potential ¢ can be defined even if the flow is compressible, as long
as it is irrotational.






