M E 522 Spring 2008 Professor John M. Cimbala Lecture 26 03/21/2008
Today, we will:

Discuss Reynolds decomposition and the appearance of the Reynolds stress
Discuss the Reynolds stress tensor

If time, begin to discuss the turbulence closure problem
Do Candy Questions for Candy Friday
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2. Reynolds Decomposition — See handout (also on next page —)




Reynolds Decomposition

Author: John M. Cimbala, Penn State University
Latest revision: 11 March 2008

1. Introduction
o Start with the Boussinesq equations (Navier-Stokes equations for buoyant flows) for zotal flow variables (g ):

i oi, i) 1ap ) o%i, P 2F
% _ oy, || % q i, = ——a—p—géis[l—a(T L,)]+v——=|(2), and a, jaT_ OT |3
ox, ot ax Ox ,0x, ot ox,  Ox;0x;

e This represents 5 equations and 5 unknowns (i, p, T ), functions of (x;, 7). Note that these equations are exact
(within the limits of the Boussinesq approximation of nearly incompressible flow, of course).

2. Procedure
e Step 1. Substitute Reynolds decomposition into (1), (2), and (3): This generates instantaneous
equations, (1i), (2i), and (3i).
e Step 2. Take the ensemble average of the instantaneous equations: This generates the Reynolds averaged
equations, or the equations for the mean flow, (1m), (2m), and (3m).

Summary of rules for ensemble averaging (considering two generic flow variables, §=0+q¢q and p=P+p):
Ensemble average of a total flow quantity equals the mean flow quantity

(Z;_(;Q q C,0 A constant (C;) is not affected by an ensemble average

qg=0 Ensemble average of a fluctuating quantity is identically zero (by definition)

0=0 Ensemble average of a mean quantity does not change that mean quantity

E oP Ensemble average of a total flow quantity times a mean quantity is the product of the

two mean quantities (P is already ensemble averaged, so it doesn’t change further)
@ -Cg=C,-0=0 Ensemble average of a constant (C;) times a fluctuating quantity is identically zero

E =gP=0-P=0 Ensemble average of a fluctuating quantity times a mean quantity is identically zero

Gp=0P+qp Ensemble average of the product of two total flow quantities yields two terms
G+ p :5+§ =Q+P The order (sequence) of addition or ensemble average does not matter

oG 90§ 00 The order (sequence) of spatial derivation or ensemble average does not matter.
o or  or Note: Same thing holds with time derivatives.

1

_I - I: " The order (sequence) of spatial integration or ensemble average does not matter.
9% =) Note: Same thing holds with fime integration.

e Step 3. Subtract the mean flow equations from the instantaneous equations to generate the equations for the
turbulent fluctuations, (1f), (2f), and (3f).

Example
Consider the continuity equation, Equation (1). Let’s work through the three steps above:
o(U, +u, , :
e Step 1. ( ’+u’):aU’+%=0,or CCA au =0/ (1i)
ox, ox, Ox, 8x Ox
Equation (1i) is the instantaneous continuity equation
_ _ _ ou;
. Step2. oU, 0 _0U, oy _0U, 0y 3U, ¢ =0 (1m)
Ox, Ox, Ox, Ox ax X, ax 8x
Equation (1m) is the mean continuity equation, or the Reynolds averaged continuity equation.
. - Ou,
e Step 3. Subtracting (1m) from (1i) yields al =0 (1f)
xi

Equation (1f) is the continuity equation for the turbulent fluctuations.

Note: All three equations above are still exact, since we haven’t made any further simplifications, like linearization,
etc. The same procedure must be done on the momentum and energy equations, (2) and (3) respectively.

[.fte Hw -K?}




3 Gompraen o Liminr & Tobdlet Mot Al g,

CQ \.(’Mlv‘:lf F‘o
e § v \r“\ h\ 1\‘(».1\.[1} G (,/
% \\'d vlent ['low _——

——

LG\’ vﬂ s P’Q ,:rl = \lMInu 'ﬁou fo\v.‘\v;\ (I’N 'ﬁ\u‘\ﬂhfmjs

\«-L\' Ud , P T < WA 'F\‘v‘ ,/olwh&\ L./ h\c \\Aflv\u:\‘

Tud»v\d— . .
ﬂ&mh SRR

(\iﬂ\t& “( “3)(‘\%“ ‘kJN\




gt/ymﬂj Sy Tenjor = «/00 m %

Ve ol % oy ) e pb & Ak (CYRENEE VY
Qir - F actally  Cavmey &on Ahe advechve Towy e LHf

& T\Aflv\fn\ (:low W _fﬂt W\f'ﬂ\] \hm;nlx Gow Ml« aﬂel ‘F’whﬁ\‘%‘/\

/

J
f\'\t,;,\ F)c\,o l&% QC\( MQMWM Wﬁ);\) hl:) &\’/&Mu M

U(, 3 U‘-C P 1 P,Q o

1+ \ ’n\ﬁn{j\n 1< {eyno\)‘[ JQ*‘FJJ ‘\'\‘/n,lof ‘\’Lﬂ’ "}\Afhlhbe
sy e mun flow

R

J{)t—u‘\f}l\y' ’ﬂm‘, ’&x(/l'\hnjt_{ Mavie, Ny \OJ\M ‘h\c M\A\MHJ
(Gn\ e man Fow

R Lo  Gn "M'MM\ i (e Nt o\»{;‘gﬂle/ moanohwn

—_

Viegly i & mitrnjapc Reyy (Mm«\j I the maledw \MB

KW“‘\\J fy v Micofiape - (/"\w\ry e w wbder ffuid)

Eﬂtg . S w v —_—
J - ‘:“ ° ”m N o
—y lo o e ’\‘u /Q,C “oT

= twbolet het flux vechr




L\- SoMe Oammen*; ALou’f Yhe R‘&""“f 'r‘)“?//

T ]

G. T¥ & Y-tompenuit Yeasor
D\t»jom.\ c‘,m‘,,.,\wb
- W) are narmel Sdey/er
-'(Ou Ww = «ﬁ =53
e W @ ofF*)wawl/ 4re \[}lg_;:

Tty

———

The \“_ﬂi = fum of gl ’/”u m

e
e a) %ltk’«\%‘li‘mi -

\o- ™w v f‘ymmlﬁ‘(‘tl

W = Vo ohe.

J

L) C lnéqy\)w.)f (,bmpwo,\‘\-,; o The {av'“’\)f J)‘ij

C. J\é,\ of he normi “M(onm'\?

W Ve oW e dwy =0

-—

"\\ ¢ NQfm (.\ Kf/fno \L{ J‘“”/j [\ PMM\? /YAl ﬂ\ Uffyj

(pe L

<0

A, 5[""“"\ e — '\IOMP\L Nbulemee (m et lnrcdn{v.\

ey perfedly, dndom fuldee — U 5 Voo ast corfdid)

S @_\/ — UuW =T vw =0 & Voot WLV\M%\*




2 O oﬁ

’gﬁk
g Vo Yool
fowly = Q

'3‘{)!\‘ \T AP
O ey
o o/ o & need &
L— (\V\Q‘OMWL“V‘)
k= V(@) 1R - E- Yy

e. 5\9}\ of e shew J%j)c/

EJ FI\\AJ W 4 mea.  Veloudy 503\0,.56 (.GL/, W«Vﬂ/'\)djj hamo gunsy

I/L“/ ﬁow\
~ U
J 3
3
/‘K/h\ Pm‘w'c maveS Up (G“;M\\z)

v V>0

(‘)'A\blt \J N Mv\/:ry ./I‘W )n'\&» &7 JVM\ML:U‘/ 2 U.AO

P
—

. uV < 0 ’\ve\bﬁl‘\)

Eﬁ.@gno\b fl\LN' /‘h’ﬂ/j /loow \r @vfﬁ. &f /8 @DV‘C M Jl\ﬁj




£ N ohdn

Jame oy debre ,Zv‘) = //00 u;\l"/ [T ' L\&
—_— W\ n
N o\ —fo W The  Regymlds sy

{\s r -0 '(:'lwu

\
(A L éﬁ’f z\’l’\(_ ?0 — — UL“J - ﬁvym\l} \/&"(/

LS Jﬂf )ﬂ\f_ @ Ve ./lj:r\ \.

T #3\A Yo, oft o\iy WH oW

Ve 5 A vobhen  we ol we w Yhy wuge  —|4§7 Wik e majonty
of AVl booky ¢
ﬁfdﬁdtj

R(’,ym\)j «Yln»,/j Tenor = *’]Q. H,

Yntmihe ({ﬁgmu} Sy Tw,r = \LLU", Q\\a&t‘ we Anyprl e
D hpr T dopt ke
Ny bt ¥ o e mut
Lo mamn mﬂ»’«}




