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Probabilistic finite state machines have recently emerged as a viable tool for modelling
and analysis of complex non-linear dynamical systems. This paper rigorously establishes
such models as finite encodings of probability measure spaces defined over symbol strings.
The well known Nerode equivalence relation is generalized in the probabilistic setting
and pertinent results on existence and uniqueness of minimal representations of probabilistic
finite state machines are presented. The binary operations of probabilistic synchronous
composition and projective composition, which have applications in symbolic model-based
supervisory control and in symbolic pattern recognition problems, are introduced. The results
are elucidated with numerical examples and are validated on experimental data for statistical
pattern classification in a laboratory environment.

1. Introduction and motivation

Probabilistic finite state machines have recently emerged
as a modelling paradigm for constructing causal models
of complex dynamics. The general inapplicability of
classical identification algorithms in complex non-linear
systems has led to development of several techniques
for construction of probabilistic representations of
dynamical evolution from observed system behaviour.
The essential feature of a majority of such reported
approaches is partial or complete departure from the
classical continuous-domain modelling towards a formal
language theoretic and hence symbolic paradigm
(Ray 2004, Shalizi and Shalizi 2004). The continuous
range of a sufficiently long observed data set is
discretized and tagged with labels to obtain a symbolic
sequence (Ray 2004), which is subsequently used to
compute a language-theoretic finite state probabilistic
predictor via recursive model update algorithms.
Symbolization essentially discretizes the continuous
state space and gives rise to probabilistic dynamics
from the underlying deterministic process, as illustrated

in figure 1.
Among various reported symbolic reconstruction
algorithms, causal-state  splitting  reconstruction
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(CSSR) (Shalizi and Shalizi 2004) computes optimal
representations (e.g., e-machines) and is reported to
yield the minimal representation consistent with accu-
rate prediction. In contrast, the D-Markov construction
(Ray 2004) produces a sub-optimal model, but it has
a significant computational advantage and has been
shown to be better suited for online detection of small
parametric anomalies in dynamic behaviour of physical
processes (Rajagopalan and Ray 2006).

This paper addresses the issue of structural manipula-
tion of such inferred probabilistic models of system
dynamics. The ability to transform and manipulate the
automaton structure is critical for design of supervisory
control algorithms for symbolic models and real-time
pattern recognition from symbol sequences. Specific
issues are delineated in the sequel.

1.1 Applications of symbolic model-based control

The natural setting for developing control algorithms
for symbolic models is that of probabilistic languages.
The notion of probabilistic languages in the context
of studying qualitative stochastic behaviour of discre-
te-event systems first appeared in Garg (1992a, b), where
the concept of p-languages (‘p’ implying probabilistic)
is introduced and an algebra is developed to
model probabilistic languages based on concurrency.
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Figure 1. Emergence of probabilistic dynamics from the
underlying deterministic system due to discretization as
symbolic states ¢, ¢, ¢3; and o, T are symbolic events.
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Figure 2. Symbolic model and control specification.

A multitude of control algorithms for p-language-
theoretic models have been reported. Earlier approaches
Lawford and Wonham (1993) and Kumar and Garg
(2001) attempt a direct generalization of Ramadge and
Wonham’s supervisory control theory (Ramadge and
Wonham 1987) for deterministic languages and proves
to be somewhat cumbersome in practice. A significantly
simpler approach is suggested in Ray (2005),
Chattopadhyay (2006) and Chattopadhyay and Ray
(2007), where supervisory control laws are synthesized
by elementwise maximization of a language measure
vector (Ray 2005, Chattopadhyay and Ray 2006) to
ensure that the generated event strings cause the
supervised plant to visit the ‘“good” states while
attempting to avoid the “bad” states optimally in a
probabilistic sense. The notion of “good” and ““bad” is
induced by specifying scalar weights on the model states,
with relatively more negative weights indicating less
desirable states. Unlike the previous approaches,
the measure-theoretic approach does not require a
“specification automaton’; however, a specification
weight is assigned to each state of the finite state
machine. (Note: These states are different from the
states obtained via symbolic reconstruction of observed
physical data.)

Figure 2 illustrates the wunderlying concept.
The symbolic model shown on the left which has
three states ¢, ¢», g3, while the control objective is
specified by weights +1 and —1 on states ¢4, gp of the
two-state automaton on the right.

Recalling that every finite state automaton induces
a right invariant partition on the set of all possible
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Figure 3. Imposing control specification by probabilistic
synchronous composition of automata.

finite length strings, the above situation is illustrated by
figures 3(a) and (b). The operation of probabilistic
synchronous composition, defined later in this paper,
resolves the problem by considering the product
partition in figure 3(c). Then, the given model
is ztransformed into the one shown in figure 3(d),
on which the optimization algorithm reported in
Chattopadhyay and Ray (2007) can be directly applied
to yield the optimal supervision policy.

1.2 Applications of symbolic pattern recognition

As mentioned earlier, the symbolic reconstruction
algorithms (Ray 2004, Shalizi and Shalizi 2004) generate
probabilistic finite state models from observed time
series. However, in a pattern classification problem, one
may be only interested in a given class of possible future
evolutions. For example, as illustrated in figure 4, while
the systems Gi,G»,...,G, yield different symbolic
models Aj, A>,...,Ar, we may be only interested in
matching a given template, i.e., knowing how similar the
systems are as far as strings with even number of 0Os is
concerned (note: g4 = {strings with even number of 0s}).

The operation of projective composition, defined in
this paper, allows transformation of each model A;
to the structure of the template while preserving the
distribution over the strings of interest, and is of critical
importance in symbolic pattern classification problems.
As shown in the sequel, the model order of the machines
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Figure 4. Symbolic template matching problem.
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A; is not particularly important; hence projective
composition accomplishes model order reduction
within a quantifiable error.

1.3 Organization of the paper

The paper is organized in seven sections including the
present one. Section 2 presents preliminary concepts and
pertinent results that are necessary for subsequent
development. Section 3 introduces the concept of
probabilistic finite state automata as finite encodings
of probability measure spaces. The concept of Nerode
equivalence is generalized to probabilistic automata and
the key results on existence and uniqueness of minimal
representations are established. Section 4 presents
metrics on the space of probability measures on
symbolic strings which is shown to induce pseudometrics
on the space of probabilistic finite state automata.
Along this line, the concept of probabilistic synchronous
composition is introduced and the results are elucidated
with a simple example. Section 5 defines projective
composition and invariance of projected distributions is
established. A numerical example is provided for clarity
of exposition. Section 6 demonstrates applicability of the
developed method to a pattern classification problem
on experimental data. The paper is summarized and
concluded in §7 with recommendations for future
research.

2. Preliminary notions

A deterministic finite state automaton (DFSA) is defined
(Hopcroft et al. 2001) as a quintuple G;=(Q, X%, &, ¢,
0,), where Q is the finite set of states, and ¢; € Q is the
initial state; ¥ is the (finite) alphabet of events. The
Kleene closure of X, denoted as X*, is the set of all
finite-length strings of events including the empty string
¢; the set of all finite-length strings of events excluding
the empty string ¢ is denoted as ¥ and the set of all
strictly infinite-length strings of events is denoted as X“.
A subset of X is called an w-language on the alphabet =
and a subset of X* is called a *-language. If the meaning
is clear from context, we refer to a set of strings simply

as a language. The function §: Q x ¥ — Q represents
the state transition map and §*: Q x ¥* — Q is the
reflexive and transitive closure (Hopcroft er al. 2001)
of § and Q,,CQ is the set of marked (i.e. accepting)
states. For given functions f and g, we denote the
composition as fog.

Definition 1: The classical Nerode equivalence N
(Hopcroft et al. 2001) on ¥* with respect to a given
language L is defined as:

(xNy & (Vue Z*(xuc L)<(uc L))).
(M
A language LCX* is regular if and only if the

corresponding Nerode equivalence is of finite index
(Hopcroft ez al. 2001).

Probabilistic finite state automata (PFSA) considered
in this paper are built upon deterministic finite state
automata (DFSA) with a specified event generating
function. The formal definition is stated next.

Definition 2 (PFSA): A probabilistic finite state
automata (PFSA) is a quintuple P,-é(Q, 2,8, ¢i, )
where the quadruple (0, %,68,¢;) is a DFSA with
unspecified marked states and the mapping
7. Q x ¥ — [0, 1] satisfies the following condition:

VgjeQ, Y dlg,o)=1. ®)

oceXx

Vx,y € T¥,

In the sequel, 7 is denoted as the event generating
function. For a PFSA P,, cardinality of the set of states
is denoted as NUMSTATES(P,).

Definition 3: For every PFSA P;=(0,%,34,q;7),
there is an associated stochastic matrix
I e RNUMSTATES(P)xNUMSTATES(P) .a{led the state tran-
sition probability matrix, which is defined as follows:

[l.= > 740 3)

0:8(¢j, 0)=qx.

We further note that for every stochastic matrix I, there
exists at least one row-vector g such that

NUMSTATES(P;)

Y. &=L
=

“4)

where g is a stable long term distribution over the
PFSA states. If IT is irreducible, then g is unique.
Otherwise, there may exist more than one possible
solution to equation (4), one for each eigenvector
corresponding to unity eigenvalue. However, if the
initial state is specified (as it is in this paper), then g is
always unique. Several efficient algorithms have been
reported in Kemeny and Snell (1960), Harrod and

oIl =, where Vj ;=20 and
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Plemmons (1984) and Stewart (1999) for computation
of p.

Key definitions and results from measure theory that are
used here are recalled.

Definition 4 (o-Algebra): A collection 9t of subsets of
a non-empty set X is said to be a o-algebra (Rudin 1988)
in X if 2M has the following properties:

(1) XeMm

(2) If A€M, then A° € M where A is the complement
of A relative to X, i.e., A°=X\4

(3) IfA=J,2, 4, and if 4, € M for ne N, then 4 € M.

Theorem 1: [fF is any collection of subsets of X, there
exists a smallest o-algebra M in X such that F < M.

Proof: See (Rudin 1988, Theorem 1.10) ]

Definition 5 (Measure): A finite (non-negative)
measure is a countably additive function u, defined on
a o-algebra 9, whose range is [0, K] for some KeR.
Countable additivity means that if {4;} is a disjoint
countable collection of members of 9, then

n (U Ai) =D Ay ()
i=1 i=1

Theorem 2: [f w is a (non-negative) measure on a
o-algebra I, then

(1) u®=0
(2) (Monotonicity) A € B= u(A) < u(B) if A, Be M.
Proof: See (Rudin 1988, Theorem 1.19). |

Definition 6: A probability measure on a non-empty
set with a specified o-algebra 9t is a finite non-negative
measure on M. Although not required by the theory,
a probability measure is defined to have the unit interval
[0, 1] as its range.

Definition 7: A probability measure space is a triple
(X, M, p) where X is the underlying set, 9t is the
o-algebra in X and p is a finite non-negative measure
on M.

3. Properties of probabilistic finite state automata

For any te€ ¥*, the language tX“ has an important
physical interpretation pertaining to systems modeled as
probabilistic language generators (figure 5). A string
7€ X* can be interpreted as a symbol sequence that has
been already generated, and any string in X qualifies
as a possible future evolution. Thus, the language X is
conceptually associated with the current dynamical state
of the modelled system.

Possible
Future

Figure 5. Interpretation of the language X pertaining to
dynamical evolution of a language generator.

Definition 8: Given an alphabet X, the set By 2
2¥ % is defined to be the o-algebra generated by
the set {L:L = 1tX® where t€ ¥*}, i.e., the smallest
o-algebra on the set X which contains the set
{L: L =13 where t€ Z*}.

Remark 1: Cardinality of By is 8, because both 2**
and X have cardinality 8.

The following relations in the probability measure
space (2%, By, p) are consequences of Definition 8.

e p(X¥) = p(ex?) =1
o Vx, ue ¥*, xuX® € xX? and hence p(xux®) < p(Z®)

Notation 1: For brevity, the probability p(zX®) is
denoted as p(7)Vr € T* in the sequel.

Next the notion of probabilistic Nerode equivalence
N, is introduced on T* for representing the measure
space (2, By, p) in the form of a PFSA. In this context,
the following logical formulae are introduced.

Definition 9: For x, ye ¥*,
Ui(x,) 2 (p(x) = 0 A p(y) = 0) (62)

Us(x, ) 2 (p(x) # 0 A p(y) # O)A

L[(POw)  pOyuw)
(V”EE (p(x) - p(y)))' (6b)

Theorem 3 (probabilistic nerode equivalence): Given
an alphabet %, every measure space (X%, By, p) induces a
right-invariant equivalence relation Ny on * defined as

Y,y € =%, (xNy & Ui(x, ) v Us(x, »)). (7

Proof: Reflexivity and symmetry properties of the
relation AV, follow from Definition 9. Let x, y, z€ &*
be distinct and arbitrary strings such that xA\,y
and yN,z. Then, transitivity property of A, follows
from equation (7) and Definition 9. Hence, N, is an
equivalence relation.

To establish right-invariance (Hopcroft et al. 2001)
of NV, it suffices to show that

Vx,y € TF, (xNyy & VYue TF, (xulNyyu)). (8)
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Let x, y, u be arbitrary strings in £* such that x\y.
If p(x) = 0, p(y) = 0 from equation (7). Then, it follows
from the monotonicity property of the measure (see
Theorem 2) that p(xu) = 0, which implies the truth of
U, (xu, yu) and hence the truth of xuN,yu. If p(x) # 0,
then (xAV,y) A (p(x) # 0) implies p(y) # 0. Hence,

plxur) _ plxur) _ p)
paw)  p(x)  plxu)
If p(x) =p(y), then xN,y implies p(xu) = p(yu) and

also Vr e Z*(p(xut) = p(yur)). Similarly, if p(x) # p(y),
then xN,y implies p(xu)# p(yu) and also Vre T*x

(p(xut) # p(yur)). Hence, Vte Z*((p(xu) =pOu)) &
(p(xut) = p(yur))). U

Definition 10 (perfect encoding): Given an alphabet X,
PFSA P, =(0,%,6,q;,7) is defined to be a perfect
encoding of the measure space (X%, Byx,p) if Ve XT
and T = 0103 ...0,

)

r—1
p() =g, o) [ [ 767 (gi 01 ... 00),0501).  (10)
k=1

Remark 2: The implications of Definition 10 are
as follows: The encoding introduced is perfect in the
sense that the measure p can be reconstructed without
error from the specification of P;.

Theorem 4: A PFSA is a perfect encoding if and only if
the corresponding probabilistic Nerode equivalence N is
of finite index.

Proof (Left to Right): Let Q be the finite set of
equivalence classes of the relation A, of the PFSA
P, =(0,%,4,q,, ) that is constructed as follows:

(1) Since N, is an equivalence relation on X*, there
exists a unique ¢; € Q such that e €gq;. The initial
state of P; is set to ¢;.

(2) If xeg; and xo € gy, then §(q;, 0) =qx

(3) 7(g;,0) = (p(x0)/p(x)) Where x € g;.

First we verify that the steps 2 and 3 are consistent
in the sense that § and 7 are well-defined.

Probabilistic nerode equivalence (see Theorem 3)
implies that if x,yeX* then ((xegq) A (xoeq)A
(vy€¢qj)) = (yoeqi). Therefore, the constructed § is
well-defined.  Similarly, since (x,y€q;) = (p(x) =
P() A (p(xo) = p(yo)), the constructed 7 is also
well-defined. Therefore, the steps 2 and 3 are consistent.
For Tt =010y ...0,€ X7, it follows that

R
p(0) = ploy) [ [ 22

L apor...001)

R-1
= 7(qi,o0) [ | 76" (gin 01 .. 01, 0711).
r=1

Hence, the criterion for perfect encoding (see
Definition 10) is satisfied.

Right to Left: Let the PFSA P;=(0,%,8,q;,7)
be a perfect encoding; and let the probabilistic
Nerode equivalence N, be of infinite index. Then,
there exists a set of strings # C ¥*, having the same
cardinality as ¥*, such that each element of J# belongs
to a distinct N-equivalence class. That is, Vh;, hy € #
such that j#k, we have hiN phy. Since p(h;) = p(h) =0
implies 7\ phy, there can exist at most one element
hye A such that p(hy) = 0. That is,
p(hy) # 0 VYhje # — {hy).

For the PFSA P; =(Q, %,8, ¢q;, ), where Q is the
finite set of states, there exists ¢, € Q and h;, hy € # such
that  §*(¢.h) =8*(qihi)=qe. Let 1€X™  and
T =003 ---0,. Since P;ia a perfect encoding, it follows
from Definition 10 that

r—1

p(h.it) = p(hj)ﬁ(qia 61) 1_[ ﬁ((S*(CIh o] Gm)a 0m+l)
m=1

r—1

p() = p(h)(ge. 1) [ | 76" (es 01 -+ 0m), 0.

m=1

Now, it follows that

h; hy.
(p(h) # 0 A p(hy) #0) /\ (};((/2;)) B pé(?z:?)

= [Uz(hj, hi) = thphk

which contradicts the initial assertion that AN iy Vh;,
hi. € # . This completes the proof. O

The construction in the first part of Theorem 4 is stated
in the form of Algorithm 1.

Algorithm 1: Construction of PFSA from the probability
measure space (2, Bx, p)

input: (¢, By, p) such that N, is of finite index

output: P;
1 begin
2 LetQ={q:jed ;Ct N} be the set of equivalence classes of
the relation AVy;
3 Set the initial state of P; as ¢; such that ¢ belongs to the
equivalence class ¢; If x € ¢; and xo € gy, then set 6(g;, 0) = qi;
4 7(g;,0) = p(xo)/p(x) where x € g;;
S end

Corollary 1 (to Theorem 4): 4 PFSA P;,=
(0,%,6,q;,7) induces a probability measure p on the
o-algebra By, and the corresponding probabilistic Nerode
equivalence is of finite index.
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Proof: Let a probability measure p be constructed on
the o-algebra By as follows:

r—1
Vrext, (P(T) = (g0 | [ 76" (gi, 01 - 'Uk),0/¢+1)>-
k=1

It follows from Definition 10 that P; perfectly encodes
the measure p and Theorem 4 implies that the
corresponding N, is of finite index. U

On account of Corollary 1, we can map any given PFSA
to a measure space (X, By, p).

Definition 11: Let £ be the space of all probability
measures on By and .o/ be the space of all possible
PFSA Pi = (Q’ 2985 qi» 7%)

e The map H: .o/ — 2 is defined as H(P;) = p such that

r—1
Veex™, (p(f) = (g, o) | [ 76" (gi, 01 - 'O'k)sUkH))

k=1
where T = 0107 - - - 0. (11)

e The map H_; : # — .o/ is defined as

P; given by Algo.1 if NV, is of finite index

H_i1(p) =
: { Undefined

otherwise.
(12)
Lemma 1: P, is a perfect encoding for H(P;).

Proof: The proof follows from Definition 10 and
Definition 11. O

Next we show that, similar to classical finite state
machines, an arbitrary PFSA can be uniquely mini-
mized. However, the sense in which the minimization
is achieved is somewhat different. To this end, we
introduce the notion of reachable states in a PFSA and
define isomorphism of two PFSA.

Definition 12 (reachable states): Given a PFSA
P, =(0,%.,8,¢q;,m), the set of reachable states
RCH(P;) € Q is defined as:

CNI‘ERCH(P,') = dt = 0 ‘--UREE*
such that (8*(¢;, ) = q)

R—1
A (ﬁ(qf, o) [ [ #6*(gin01 -+ o). 0040) > o>.
r=1

Remark 3: The strict positivity condition in
Definition 12 ensures that every state in the set of
reachable states can actually be attained with a strictly
non-zero probability. In other words, for every state
g; € RCH(P;), there exists at least one string w, initiating
from ¢; and eventually terminating on state ¢;, such that
the generation probability of w is strictly positive.

Definition 13  (Isomorphism): Two PFSA P;,=
(0,%,8,g9;,7) and P, =(Q',%,8,q),,7') are defined to
be isomorphic if there exists a bijective map
n: RCH(P;) - RCH(P}) such that

(g, 0) # 0 = (7 (n(g)). 0) = 7(q. )
I\ (8 (g 01) = n(8(g5. 00))).

Remark 4: The notion of isomorphism stated in
Definition 13 generalizes graph isomorphism to PFSA
by considering only the states that can be reached with
non-zero probability and transitions that have a non-
zero probability of occurrence.

Theorem 5 (Minimization of PFSA): For a PFSA
P, =(0,%.68,q;,7), H.; o H(P;) is the unique minimal
realization of P; in the sense that the following conditions
are satisfied:

(1) The PFSA H_; o H(P;) perfectly encodes the prob-
ability measure H(P;).
(2) For a PFSA P, that perfectly encodes H(P;),

the inequality CArD(RCH(H_; o HI(P)))) <
CaRD(RCH(P})) holds.
(3) The equality, CArD(RCH(H_; o H(P)))) <

CARD(RCH(P})), implies isomorphism of P; and P}
in the sense of Definition 13.

Proof:

(1) The proof follows from the construction in
Theorem 4.

(2) Let P, =(Q',%,8,q,,7') be an arbitrary PFSA that
perfectly encodes the probability measure H(P;). Let
us construct a PFSA P} = (Q' U {q4}. =, 8%, ¢i, 1),
where ¢, is a new state not in Q’, as follows:

Vgie Qo€ X,
qa if 7'(qj01) = 0 (13a)
Mgpo) =1 .
§(qyor) otherwise
Voex, §'(qa0r) = qa (13b)
Vg e Q' Vo e X, 7'(q)01) = 7 (q)00). (13c)

It is seen that PZT, perfectly encodes H(P;) as well, which
follows from Definition 10 and equation (13c). It is
claimed that

CARD(RGH(P))) = CARD(RCH(P,)) (14)

based on the following rationale.

Let ¢; € RCH(P}). Following Definition 12, there exists
a string teX* such that §%(¢s,x)=g¢; and
(g o) [15, #(8"(gr. 01+ 0,),0,41) > 0. It follows
from Equation (13¢) that #'(gs, o) [T5' 7" x
(6™(qs,01---0,),041) >0 and hence we conclude
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using equation (l3a) that 87*(61, ,X) = q; # qq which then
implies  that q € RCH(P ). Hence we  have
CaARD(RCH(P})) <CARD(RCH(P ). By a similar argument,
we have CARD(F%CH(P 1) SCarD(RCH(P;)) and  hence
CARD(RCH(P}) < CARD(RCH(P,)).

Next, we claim

vx,y e Z*((8%(gr %) = 87(g1. 1)) = xNupyy)  (15)

based on the following rationale.
Let x,ye X* s.t. (87(gs, x) = 87(¢s, ). It follows from
equations (13a—c) that

(H(P)(x) =0 AH(P)(») =0) if §7(g:.x) = qa
(H(P:)(x) # 0 AH(P)(») #0) otherwise.
(16)

Now, if (H(P;)(x) =0 AH(P;)(y) =0), then it follows
from equation (6b) that xNp,y. On the other hand, if
(H(P;)(x) # 0 AH(P)(y) # 0), then equation (6a) yields

- . HP)u)  HP)Ow)
VSO ORERS ) HP)G)
(Ql ,01) 1_[ 8‘ (gr,01---00), Ul‘+1) = XNIH](P,-))}-

We define a map ¢ :RcH(H_; o H(P;)) — ROH(PZ) as
follows: Let g# € RcH(H_; o H(P;)) and let &(¢*) be the
equivalence class of the relation ANyyp, represented by
q". Let x = 0y - - - o € e(¢%).

H(P;)(x) > 0 (See Definition 12)

=7 (Ql ,01) l_[ BT (gr,o1-+-07), Gr‘+l) >0

(Since Pi, perfectly encodes H(P;))
= 5™(gs. x) € RoH(P)).
Let ¢(¢") = 8%*(q,,x) Note that z(g%) depends on the
choice of x. Let q],qzeRCH([H] 1 o H(P;)) such that
{(q#f) = {(qf) If xq, xz are the correspondmg strings
chosen to define ¢(q}),¢(q3), we have 5'*(%/ xl)_

8™(qs,x2) which implies x| Nypyx2, ie., ¢} =dqh.
Hence we conclude ¢ is injective which, in turn, implies

CARD(RCH(HL_; o HI(P)))) < CARD(RCH(P;)). (17)
Finally, from equations (14) and (17), it follows that
CarD(RCH(HL_; o HI(P;))) < CArRD(RCH(P;)). (18)

Let P, =(Q',%,8,q;,7') be an arbitrary PFSA that
perfectly encodes H(P;) such that

CArD(RCH(HL_; o HI(P)))) < CarD(RCH(P))). (CD)

Let the PFSA MH_;oH(P;) be denoted as
(0%, %,6%, ¢, 7%). Let é’(q#) denote the equivalence
class of Nyp, that q" represents. We define a map
¢: RoH(H_ o HI(P;)) — 271 as follows:

#a)) = g€ 0'Bresgh st 8@ =g} (19)

We claim

(#aH(Metah) = @))-

(C2)

vaf.af < 0*((af # 4f) =

Let ¢, e¢(qf)ﬂ¢(qf) Hence there exists Ajeé”‘(q/)
Xk € é"(qk) such that

q, = 8"(qi, x;) = 8" (qv, x1) (20)
that
H(P)(u) | H(P)(xk
3Nk = Tu e z*( o P))((’Zj”;) T Pl?)((’jj:;)) e

but, P, perfectly encodes H(P;) implying

H(P;)(xju)
H(P)(x))

HICP:) (k1)
HICP:)(xx)

Vu:mu'GReE*(

R—1
= ﬁ,(qlﬁ’ Jl) l_[ 775/(5/*(6],'/, oy« Jl‘)’ O-I'Jrl>
r=I1

which contradicts equation (21).
Next we claim that

Vg € ReH(H_ o H(P;)) Card(g(q))) = 1 (C3)

Let x1,x, € E(q]#) such that

5/*(Qi3xl) ij/' : ’ /
5/*((],‘, X2) — q;c with qj 7é qp- (22)
Therefore,
CarD((g)) > 1

CArD(¢(q})

—A Z
g € RoH(H_ oH(Py)Y
> CARD(RCH(H_; o HI(P;)))
= CARD(RCH(P;)) > CARD(RCH(HL_; o HI(P;)))

which contradicts C1 thus proving C3.

On account of C2 and C3, let us define a bijective map
¢: RGH(U"] 1o H(P) — Ror(Py) as ¢(q)) = 8" (gi, ),
xXeé (q/ ). Then,

Vo € %, Vg € RoH(H_; o H(P)), x € 6(q})

HP)Gon) _ g @3)

()00 = “py = @40
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$(8* (¢} 01)) = 8" (g7, x0%)
= 88" (qi»0n),00) = 8'(Pg)), o) (24)
which implies that H_; oH(P;) and P, are

isomorphic in the sense of Definition 13. This completes
the proof. ]

Theorem 6: For a PFSA P;,=(8,%,6,E,7m), the
function w:QxX—>Q can be extended to
T: 0OxXX*—> Q0 as

VgieQ, teX’,
oeX, g . - - ~
jT(qja UT) = ﬂ(qj, U)”(Qja 0)77(5(%3 0)7 T).

Proof: Let v=MH(P;). We note that that P; perfectly
encodes p (see Lemma 1). It follows from Theorem 4 that

plxe) _ p(x)
p(x)  p(x)

Vg€ Q,7(q;, €) = 1 where§*(¢i, x) = g;.

Similarly, for a string o7 initiating from state g; where
o€ X, TeX* we have

p(xot) _ p(xo) p(xor)
p(x)  plx)  plxo)

We note that p(xo)/p(x) = 7(g;,0). Also, §*(g,x)=gq;
implies 8(g;, 0) =8%(g;, xo). Therefore, p(xo1)/p(x0) =
7(8(gj, o), t) and hence

7(qj,01) = (26)

7i(gj, o) = 7(qj, 0)7(8(g), 9), 7).
This completes the proof. L]
Theorem 7: For a measure space (X, By, p),
HoH_i(p)=»p 27)
i.e., HoM_, is the identity map from 2 onto itself.

Proof: Let H_ ((p) = P; = (0, %,4,q;, 7). We note P;
perfectly encodes p (See Lemma 3.1). Let H(P,) = p".
We claim

Yx e X%, px) = p'(x).

The result is immediate for |x| =0, i.e., x =¢€. For |x| > 1,
we proceed by the method of induction. For |x|=1,
we note

Vo € X, p'(0) = 71(qi, o) = p(o) (perfect Encoding).

Next let us assume that Vxe X*, s.t. |x|] =reN,
P'(x) =p(x). Since VxeX* with |x]=reN,
it follows that

p'(xo) = p'(x)7(q;, o) where §*(¢i, X) = gi
= p(x)7(gi, 0) = p(x0).
This completes the proof. ]

4. Metrization of the space Z of probability
measures on By,

Metrization of £ is important for differentiating
physical processes modeled as dynamical systems evol-
ving probabilistically on discrete state spaces of finite
cardinality. In this section, we introduce two metric
families, each of which captures a different aspect of
such dynamical behaviour and can be combined to form
physically meaningful and useful metrics for system
analysis and design.

Definition 14: Given two probability measures p;, p,
on the o-algebra By and a parameter se(l, 0],
the function d;: 2 x # — [0, 1] is defined as follows:
|X] ; ;
( 'Pl(«mz) _ pa(xey)

K 1/s
= p(x) Pa(x) )
Vse[l, 00) (28a)

ds(py,P,) = sup

xex*

pi(xoy)  pa(xo;)
pi(x) pa(x)

ds(p1.ps) = sup max . (@8b)

xeyxx 0€EX

Theorem 8: The space 2 of all probability measures
on By is d-metrizable for s €[1, 00].

Proof: Strict positivity and symmetry properties
of a metric follow directly from Definition 14.
Validity of the remaining property of triangular inequal-
ity follows by application of Minkowski inequality
(Rudin 1988). L]

Definition 15: Let M be a right invariant equivalence
relation on X* and the ith equivalence class of M be
denoted as M’, iel, where I is an arbitrary index set.
Let p be a probability measure on the o-algebra By
inducing the probabilistic Nerode equivalence N, on X*
with the jth equivalence class of A, denoted as N7,
jeJ, where J is an index set distinct from Z.
Then, the map Qu: 2 — [0, 1]97@ x [0, 117 s
defined as

Qup)|j =

> pW).

xe M'NN,

Definition 16: Let p,,p, be two probability
measures on the o-algebra By. Then, the function
dr: ?x 2 — [0, 1] is defined as follows:

dr(prp) = | v, () = 2, 00 . 29)
where |®| = /Trace[®@HE] is the Frobenius norm of
the operator ®, and ®" is the Hermitian of ©.

Definition 16 implies that if Z and J are the index
sets corresponding to A, and N, respectively,
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then Qy, (py) €[0, 11 x [0, 11 and Qyr,(p)) €
[0, I]OARD(j) x [0, l]C/\RD(I).

Theorem 9: The function dp is a pseudometric on the
space P of probability measures.

Proof: The Frobenius norm on a probability space
satisfies the metric properties except strict positivity
because of the almost sure property of a probability
measure. O

Theorem 10: For Yae[0,1) and Vse[l,00), the para-
metized function [Ly. 2 adp + (1 — a)dy is a metric on 2.

Proof: Following Theorems 8 and 9, d, is a metric
for se[l,o0] and dr is a pseudometric on 2.
Non-negativity, finiteness, symmetry and sub-additivity
of u, s follow from the respective properties of drand d.
Strict positivity of u,s on a €[0, 1) is established below

Mas(P1,P2) =0 = (1 —a)dy(p,p) = 0= p; = ps.
(30)

O

Remark 5: If two physical processes are modelled as
discrete-event dynamical systems, then the respective
probabilistic language generators can be associated with
probability measures p; and p,. The metric ds(p,, p,) is
related to the production of single symbols as arbitrary
strings and hence captures the difference in short term
dynamic evolution. In contrast, the pseudometric dr is
related to generation of all possible strings and therefore
captures the difference in long term behavior of the
physical processes. The metric wu,s thus captures
the both short-term and long-term behaviour with
respective relative weights of 1 —« and «.

Definition 17: The metric p,s on 2 for a€l0,1),
s €1, 00], induces a function v, on .&7 x .o/ as follows:

VP, Py € o, vos(Pi, Py) = pas(H(P),H(P)).  (31)
Corollary 2 (to Theorem 10): The function v, in

Definition 17 for a €[0, 1) and s € [1, o] is a pseudometric
on of . Specifically, the following condition holds:

vO{,A‘(Pfa [H:LI o [H](Pl)) =0. (32)

Proof: Following Theorem 7,
Vo s(Pi, Hoy o H(PY)) = o s(H(P), HoH_; o H(P;))
= Ha,s(H(Py), (H o H_y) o H(P?))
= Uas(H(P;), H(P)) = 0.
]
Remark 6: Corollary 2 can be physically interpreted

to imply that the metric family v, does not
differentiate between different realizations of the same

probability measure. Thus when comparing two prob-
abilistic finite state machines, we need not concern
ourselves with whether the machines are represented in
their minimal realizations; the distance between two
non-minimal realizations of the same PFSA is always
zero. However this implies that v, only qualifies as a
pseudo-metric on .o7.

4.1 Explicit computation of the pseudometric v
for PFSA

The pseudometric v, s is computed explicitly for pairs of
PFSA over the same alphabet. Before proceeding to the
general case, v, is computed for the special case, where
the pair of PFSA have identical state sets, initial states
and transition maps.

Lemma 2: Given two PFSA P!=(0,%,6,q,7),
P? =(0Q,%,8,qi,7%), and o € X, the steps for computation
of voqs(P}, Plz) are

Set A(gy) = 7' (g7, 0) — (g7, 0)
Then, vo (P}, P}) = max|A(g))| .-
g eQ $

Proof: Let H(P?)(xo)/H(P?)(x) denote a | |-dim-
ensional  vector-valued function, where oeX.
For proof of the lemma, it suffices to show that the
following relation holds:

H(P)(xo) H(P)(xo)\ |
cer ds( HPH() u-u(pg)(x)) = max|| Ag))]

Since P! perfectly encodes H(P!), it follows that
(Vx,y € £, (g1, x) = 8(qi» y)) implies

_HPHo)
H(PH()

where 8(¢;, x)=g;. Similar argument holds for H(P?).
Hence, it follows that for computing vy (P!, P?), only
one string needs to be considered for each state g; € Q.
That is,

H(P})(xox) _

-
HEPHG) @)

H(P))(xor)  H(P)(xor)

vo s(P!, P?) =
0,-( i l) x:8(qi%)=q; IH](PII)(X) H(Pzz)(x) s
= max |7 (go0) — 7(g 00,
x:8(qi»X)=q;

= max| () -

Lemma 3: Let g, 9, be the stable probability distribu-
tions for PFSA P!=(Q,%,8,¢q,7') and P?=
(0, 2,8, q;, ) respectively. Then,

lim vy (P}, P}) = do(g1. )
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Proof: Since P! and P? have the same initial state and
state transition maps,
: @ ifj#k
{]-I](Pl ﬂNH(PZ) - ' .
|}-|](Pl =N, H(P2) — otherwise

where A/ pp) and N wp2) are the jth and kth equivalence
classes (i.e., states g; and ¢) for P!, P?, respectively.
The result follows from Definition 16 dnd Corollary 11
and noting that

T op)=g], ifj=k
(IH](PI )) x:8(qi,X)=q; ’ .
[H] P ) .
Jk 0 otherwise
Theorem 11: Given two PFSA P! = (Q, 2,8, q;, ') and

P? =(Q, %,8, qi, %), the pseudometric v, (P!, P?) can be
computed explicitly for a €[0,1) and s €[1,00] as

Va, V(Pl PZ) =« hm Va, V(Pl Pz) +( _a)VO.S(P}sP%)-
(33)

Proof: The result follows from Theorem 10 and
Corollary 2. ]

The algorithm for computation of the the pseudometric
v is presented below.
To extend the approach presented in Lemma 2 to

Algorithm 2: Computation of v, ((P;, P;)

input: P;, P, s,

output: v, (P;, P})

1 begin

2 Compute P = (Q 3,8,%1) = P ® P

3 Compute Py = (0, %,68,71) = P, ® P;;

4 for j=1to CARD(Q) do

5 AW = | 712(g). 0%) — T21(gj, 00) | 5

6 endfor

7T vo.s(Pi, Py) = max; A();

8 Compute g,,; / * State prob. for Pj; (Def. 2.3)* /
9 Compute g,,; / * State prob. for Py (Def. 2.3) %/
10 Compute d = ||, — 5, ”2’

11 Compute vy (P, P;) = ad + (1 — o)y, s(P;, P});

12 end

arbitrary pairs of PFSA, we need to define the
synchronous composition of a pair of PFSA.

Definition 18: The binary operation of synchronous
composition of PFSA, denoted as ® : Z x # — £, is
defined as follows:

Pi = (Q: 2,8, qi, ﬁ)
=(0.%,8, 4, 7).

Let

Then, Pi® Gy = (Q x Q', %,5%, (¢ ¢;), 7%), where
8®((QJ’ q;c/)v U)

(5(q,, 0).8/(¢} a)), if 8(¢;, o) and
= &'(qy,0) are defined
Undefined otherwise
(34)
724> 41)> 0) = 7y, ) (35)
Remark 7: Synchronous composition for PFSA is not
commutative, i.e., for an arbitrary pair P; and G;,
Pi®Gr #Gr QP (36)
Synchronous composition of PFSA is associative, i.e.,

I 2 p3 | > i p 3
VP, Ph, Phe?, (P ® Ph) ® Py = P} ® (P, ® P}y)

il>

Theorem 11:
same alphabet,

For a pair of PFSA P; and G; over the

H(P) = H(P; ® Gy). (37)
Proof: Let p =H(P;) and p’ = H(P; ® Gy). It suffices
to show that

Vx e X p(x) = p'(x). (C4)

For |x|=0, ie., x=¢, the result is immediate. For
x| =1, we use the method of induction. Since P;
perfectly encodes H(P;),
Vo € X, p(0) = 7(gi, 0)
= 7%((g,4;),0) = '(0).

Hence C4 is true for |x| < 1.
With the induction hypothesis

Vxe X s, x| =reN, p(x) = p'(x) (38)
we proceed with an arbitrary o € ¥ to yield
p(xo) = p(x)71(g;, o) where 8(gi, x) = ¢;
= ' ()7%((g), 4;), 0) where §%*((¢i, ¢;). )
= (g, 4;) = ¥'(x0).
This completes the proof. ]

Theorem 12: Given a pair of PFSA P; P, and an
arbitrary parameter se([l,00], Algorithm 2 computes
l)ot,s(l)i’ P;/) jor CAS [Oa 1)7 RS [I,OO]
Proof: By Theorem 11, Va€]0,1), se[l, o<],

UO[,A‘(Pfa P;/) = Vut,s(Pi by P;/, P:‘/ ® Pl) (39)
Since P;® P, and P, ® P; have the same state sets,
initial states and transition maps (see Definition 18),

correctness of Algorithm 2 follows from Lemmas
2 and 3. ]
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Example 1: The theoretical results of § 4 are illustrated
with a numerical example. The following PFSA are
considered:

Pl =({q1, 4243}, {0, 1}, 8", g1, 7") (40)
P} =({q4.q8).{0.1}. 8%, g.1. 7) (41)

as shown in figures 6 and 7, respectively, and figure 8
illustrates the computed compositions Py ® P; (above)
and P; ® P, (below).
Following Algorithm 2, we have
(1104 —-0.9 0.6—0.1|,7
10.2—-0.9 0.8—0.1]
10.3—0.9 0.7 —0.1J
Ay = . (42)
10.3—-0.7 0.7 —0.3],
0.4 —0.7 0.6—0.3]

L 102-0.7 0.8 —0.3]| ]

As an illustration, we set s =o00. Hence,

A =1[0.5 0.7 06 04 03 0.5 (43)
= W,0(P}. P} ) = max(Ay) =0.7.  (44)

a°
The final state probabilities are computed to be
Ppep =[0.15 0.07 0.09 02 022 027 (45)

Prep =[0.29 029 0.29 0.043 0.043 0.043].
(46)

For ¢« =0.5, we have
U0,5,OC(P;[,P$A> = 0.50’2(50131@132, pp2®p1) +0.5%x0.7
= 0.4599.

The pseudonorm vy (P}, P; ) = 0.7 is interpreted as
follows. There exists a string x € X and an event 0 € X

Figure 6. PFSA P'.

1/0.9 . 0/0.3
117

@) D
A

0/0.1
Figure 7. PFSA P>

such that probability of occurrence of o, given that x has
already occurred, is 70% more in one system compared
to the other. Also, the occurrence probability of any
event, given an arbitrary string has already occurred,
is different by no more than 70% for the two systems.
The composition P}“ ®P§A shown in the upper part
of figure 8 is an encoding of the measure H(P!) and
hence is a non-minimal realization of P}, while
the composition P; ® P, shown in the lower part of
figure 8 encodes H(P?) and therefore is a non-minimal
realization of P2. Although the structures of the
two compositions are identical in a graph-theoretic
sense (i.e. there is a graph isomorphism between the
compositions), they represent very different probability
distributions on By.

5. Model order reduction for PFSA

This section investigates the possibility of encoding
an arbitrary probability distribution on By by a PFSA
with a pre-specified graph structure. As expected, such
encodings will not always be perfect. However, we will
show that the error can be rigorously computed and
hence is useful for very close approximation of large
PFSA models by smaller models.

Definition 19: The binary operation of projective
composition ® : Z x # — 2 is defined as follows:

Pi - (Q) 2989 qi, ﬁ/)
Let { G = (0. 5.8, ¢,.7)
Gi’ ® Pi - (Q/ X Qa Zy 8®9((’I;"9 qi)» ﬁ®)

1/0.2
0/ 0.7
1/0.9
4 @) Ga2,
1/0.9 1/0.9
0/0.1 1/0.7 0/0.1 1/0.7

0/0.3
Figure 8. P'® P? (above) and P> ® P' (below).
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For notational simplicity set Yg; € Q and Vq;, € 0’,
Hepoq) = Y. (H(G)(x)).

x:8%%((¢;- 41). X)
=49

Then, G;®P; = (Q, %, 8, 4, 7°) s.t.
>4, c09qp 4)7°(q)- 4), 0)
> g co9dp. ) '

Theorem 13: For PFSA P, G, Hj over the same
alphabet,

(1) P ®(GJ®H/€) - zéHk
(2) (P ®G )®Hk # P;®(G ®H,) (Non-associative)
3) P; ®G # G; QP; (Non-commutative).

Proof: The results follow from Definition 19. O

ﬁ-®(qjs O-) =

(47)

We justify the nomenclature ‘projective’ composition in
the following theorem.

Theorem 14: For arbitrary PFSA P; and G; over the
same alphabet,

(Gi’épi)épi =G, P (48)

Proof: Let P, = (0, X%,4,q;,n). Definition 19 implies
that (G;®P;) = (0, %,8,¢;, 7% for 7+ computed as
specified in equation (47). It further follows from
Definition 19, that (Gr®P YRP; = (0, 5,8, q;, 7°),
e., (Giré)P,f)éP,- and G; ®P have the same state set,
initial state and state transition maps. Thus, it suffices to
show that

Vg; € 0,05, 7 (g), 0) = 7°(g;, 0)- (49)

Considering the probabilistic synchronous
composition (Gy®P;) ® Pi = (Q x 0, X,8%,(¢i, q:), 7°)
(see Definition 18),

vxe X%, 8% % ((9i ¢1), X) = (q1, qj), for some g€ Q

It follows that, for g # gq;,

Haq) = Y

x:8%" (¢, 41), %)
=(qx, ‘]_/)

(I]-I](G,-rgP,)(x)) —0.  (50)

Finally we conclude Vg;€ 0, 0 € X,

>y e 0 Yk )7 (4. 47). 0)
> a0 9dk: 4))
g, q)7®((q;, 4)), 0)
- (g )
= (4. 47, 0)
= ﬁi(qj, o) (see Definition 18).  (51)

-8
s (qla G) =

This completes the proof. ]

Projective  composition preserves the projected

distribution which is defined next.

Definition 20 (projected distribution): The projected
distribution g € [0, 1]NUMSTATES(P)of an arbitrary PFSA
G, with respect to a given PFSA P; is defined by the
map [JP; : o — [0, [[NUMSTATES() 45 follows:

[[Gi’]]Pi =pe [0’ l]NUMSTATES(P,‘)’

such that if N is the jth equivalence class (i.e. the
Jjth state) of P,

then Y H(Gy)(x) = g;.
xeN
We note [G/]P; is a probability vector, i.e.,

NUMSTATES

Z [GP) =) HGHX) =1.  (52)

xex*

Theorem 15: (Projected Distribution Invariance): For
two arbitrary PFSA P; and G, over the same alphabet,

—
[Gilp, =[G ® Pillp..

Proof: Let P;=(Q,Z%,3, q,,r?) and Gy _(Q 3,4,
q,,n/) It follows that G1r®P = (0,%,6, q;, 7%), where

® is as computed in Definition 19. Using the same
notation as in Definition 19, we have Vo € X,

Y. H(G)(xo)
x:8%(g1, X)=q;

= > 4T (Gjer0)

q, 0

> co s 4)T (G} 0)
= Z Hq)» ) L

4y e Zq;(, co qj, 97
=1 Y 9gp-q) { 7(g1.0). (53)
q,€Q
Since |[Gi']]P, |] = Zx:é*(q;,x)zq/ IH](GI/)(X) = Zq;\v, eQ X
(g}, q), it follows that Yo € X,
Zx:&*(q;, X)=q; H(G,‘/)(XO’)
[G/1Pi|;
= 7:[@(%3 G)
Zx:é*(q,-,x):q/ H(G,‘/)(XO’)
=
0:8(qj, 0)=qt I[Gi/]]Pi ‘j
= ) .o
a:8(qj, 0)=ql
1
HGH(E0) = 7%(qrqe), (54
|[G ]IP |j ' ]
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where ;X such that oeXy = 8(¢,0) =¢, and
7®(gj,q¢) is the jlth element of the stochastic state
transition matrix I1® corresponding to the PFSA
Gy®P;. It follows from (54), that

> HGHEE) = Y 16 |n® (g q0)

q€Q q€Q
= [Gilple = Y [Gilp|7®(q5. qo).
g €Q
(55)
It follows that [G;]p, satisfies the vector equation
[G:1p, = [Gi1p, TT°. (56)

We note that [G:QPi] p, 1s the stable probability
distribution of the PFSA G;®P; and hence, we have

[Gi®Pily, = [G/@P]1,T1°. (57)

In general, a stochastic matrix may have more than one
eigenvector corresponding to unity eigenvalue (Bapat
and Raghavan 1997). However, as per our definition of
PFSA (see Definition 2), the initial state is explicitly
specified. It follows that the right hand side of (53)
assumes that all strings begin from the same state g; € Q.
Hence it follows:

[Gi1p, = [Gi@P1p,. (58)

This completes the proof. O

5.1 Physical significance of projected distribution
invariance

Given a symbolic language theoretic PFSA model for a
physical system of interest, one is often concerned with
only certain class of possible future evolutions. For
example, in the paradigm of deterministic finite state
automata (DFSA) (Ramadge and Wonham 1987), the
control requirements are expressed in the form of a
specification language or a specification automaton. In
that setting, it is critical to determine which state of the
specification automaton the system is currently visiting.
In contrast, for a PFSA, the issue is the probability of
certain class of future evolutions. For example, given
a large order model of a physical system, it might be
necessary to work with a much smaller order PFSA, that
has the same long-term behaviour with respect to a
specified set of event strings. Although projective
composition may incur a representation error in general,
the long-term distribution over the states of the
projected model is preserved as shown in Theorem 14.

The idea is further clarified in the commutative diagram
of figure 9.

Probabilistic synchronous composition is an exact
representation with no loss of statistical information;
but the model order increases due to the product
automaton construction. On the other hand, the
projective composition has the same number of states
as the second argument in (o)é)(o). Both representations
have exactly the same projected distribution with respect
to a fixed second argument, thus making ® an extremely
useful tool for model order reduction. Algorithm 3
computes the projected composition of two arbitrary
PFSA.

Algorithm 3: Computation of Projected Composition
input: P,‘ = (Q, 2, 5, qi, ﬁ), G,‘f = (Q/, Z, 8/, qi, ﬁ/)
output: P,®G;

1 begin

2 Compute P;® Gy = (0 x Q', %,8%, (i, ¢;), 7°);

3 /*See Definition 4.5x%/

4 Compute g; / * State prob. for P;® Gy Def. 2.3 %/
5 Set up matrix T s.t. Ty = o((g), q;));

6 Compute _7;t® =T, )

7 return P, @G, = (Q, 2,8, qr, %)

8 end

5.2 Incurred errov in projective composition

Given any two PFSA Pi and Gy, th_)e incurred error in
projective composition operation P® G; is quantified in
the pseudo-metric defined in §4 as follows:

Vas(Pis Pi®Gy). (59)

Next we establish a sufficient condition for guaranteeing
zero incurred error in projective composition.

Theorem 16: For arbitrary PFSA P; = (0, %,8,q;, )
and Gr=(0.%,8,q4,,7) with corresponding
probabilistic Nerode equivalence relations N and N,
we have

N EN' = v (Gr, G/ & P) = 0.

Proof: N <N’ implies that there exists a possibly
non-injective map f: Q — Q such that

Vxe X", 8 (g, x) = € Q = 8(q;,x) = flg) e Q.
It then follows from Definition 19 that

- q) =0 if flg) # G-
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Denoting Gy ® Pi = (0 x 0, %,8%,(¢91,¢,),7®) and
G,/ SP; = (0, %,8,q;,7®), we have fron Definition 19
that

2y, co N )7 (g)- 4), 0)
Zq;(, eQ ﬂ(Q}c” q/)
= 7°((flg): ). 0) = 7' (flg). 0),

where the last step follows from Definition 18.
The proof is completed by noting

VxeT, H(GHx) =7(q),x) = 7°((Ag): 4:) x)
— 7% (g1 x) = H(G: 8 P)().
O

Example 2: The results of § 5 are illustrated considering
the PFSA models described in Example 1. Given
the PFSA models P}, = ({g1, 92,43}, =,8', q1,7') and
Py = ({44.q5), 2.8.,q4.7°) (see (40) and (41)), we
compute the projected composgions P}]]®P§ 4=
({94,498}, 2. 8%, 4,7 and P, ® P} = ({91, 92, 43},
%8, g1, 7*").  The  synchronous  compositions
P}, ® P2, and P, ® P}, were computed in Example 1
and are shown in figure 8. Denoting the associated
stochastic ~ transition matrices for P, ® P;, and

(gj,0) =

P2, ® P}, as TI'* and TT*' respectively, we note
[0.2000.8 ] [0.9000.17 ---(q1,q4)
00.3.700 00.9.100 | ---(q2,94)
o[ 400060 || 900010 |- (g3, qa)
0.2000.8 |’ 0.7000.3 | -+ (q1.45)
00.3.700 00.7.300 | ---(q2,98)
| .4000.60 | | .7000.30 | - - - (g3, q5).

The stable probability distributionsp'?> and ?' are
computed to be

©'>=[0.1458 0.0695 0.0864 0.2017 0.2186 0.2780]

(60a)
©°' =[0.2917 0.2917 0.2917 0.0417 0.0417 0.0417].
(60b)
®G;
p—2% 5 p.gG,
H
&Gy [,
[,
%
P.&G, ———>p
e Lle,

Figure 9. Commutative diagram relating probabilistic
composition, projective composition and the original projected
distribution.

Using Algorithm 3, we compute the event generating
functions I1'? and IT?' as

0.1250 0.8750
3 0.7197 0.2803 _

n'? , I1?'=10.1250 0.8750
0.1250 0.8750

(61)

We note that the stable distributions for P}ﬂ@)Pé y
and P;,® P, are given by

~ 1 0.6891 03109

—_—
o' =[0.3017 0.6983],

—

! =10.3333 0.3333 0.3333].

(62)

The operations are illustrated in figures 10 and 11 and
invariance of the projected distribution is checked as
follows:

P2+ 2 Q2) + 9"2(3) = 0.3017 = g,)—lz)(l) (63a)

12 12 12 _ _ '15
92(4) + (5 + 9'7(6) = 0.6983 = p'*(2)  (63b)

P2+ 9*(5) =0.333 = 54)—21>(2) (63¢)
©*'(3) + 9°1(6) = 0.333 = 5@_27(3). (63d)

6. An engineering application of pattern recognition

Projective composition is applied to a symbolic pattern
identification problem. Continuous-valued data from a
laser ranging array in a sensor fusion test bed are fed
to a symbolic model reconstruction algorithm (CSSR)

1/0.2803 0/0.6891
_>= .31
®P? D 1 45)
* NG

1/0.9

C).C)
\1/4

0/0.1

Figure 11. P, projectively composed with P};.
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(Shalizi and Shalizi 2004) to yield probabilistic finite
state models over a four-letter alphabet. A maximum
entropy partitioning scheme (Rajagopalan and Ray
2006) is employed to create the symbolic alphabet on
the continuous time series. Figure 12 depicts the results
from four different experimental runs. Two of those
runs in the top two rows of figure 12 correspond to a
human subject moving in the sensor field; the other two
runs in the bottom two rows correspond to a robot
representing an unmanned ground vehicle (UGYV).
The symbolic reconstruction algorithm yields PFSA
having disparate number of states in each of the above
four cases (i.e., two each for the human subject and the
robot), with their graph structures being significantly
different. The resulting patterns (i.e., state probability
vectors) for these PFSA models in each of the four cases
are shown on the left side of figure 12. The models are
then projectively composed with a 64 state D-Markov
machine (Ray 2004) having alphabet size=4 and
depth =3. The resulting pattern vectors are shown on
the right hand column of figure 12. The four rows in
figure 12 demonstrate the applicability of projective
composition to statistical pattern classification; the state
probability vectors of projected models unambiguously
identify the respective patterns of a human subject
and an UGV.

0.4

0.2

0 10

12 3 456 7 8 9 10111213 14

0.4
) III | I
0

0 5 10

15 20 25 30

Figure 12.

(a)

(b)

()

(d)

1. Chattopadhyay and A. Ray

7. Summary, conclusions and future work

This paper presents a rigorous measure-theoretic
approach to probabilistic finite state machines. Key
concepts from classical language theory such as the
Nerode equivalence relation is generalized to the
probabilistic paradigm and the existence and uniqueness
of minimal representations for PFSA is established. Two
binary operations, namely, probabilistic synchronous
composition and projective composition of PFSA are
introduced and their properties are investigated.
Numerical examples have been provided for clarity of
exposition. The applicability of the defined binary
operators has been demonstrated on experimental data
from a laboratory test bed in a pattern identification and
classification problem. This paper lays the framework
for three major directions for future research and the
associated applications.

e Probabilistic non-regular languages: Since projective
composition can be used to obtain smaller order
models with quantifiable error, the possibility of
projectively composing infinite state probabilistic
models with finite state machines must be investi-
gated. The extension of the theory developed in this
paper to non-regular probabilistic languages would
prove invaluable in handling strictly non-Markovian

0.4
02} I

0 1 1 1 1 1

0 10 20 30 40 50 60 70
0.4
02} I

O 1 1 1 1 1

0 10 20 30 40 50 60 70
1 : : : : : :
o.5|| : : ;

0 1 1 1 1 1 1

0 10 20 30 40 50 60 70
1 ,
o.5ﬂ ;

0 om W 1 1 1 1 1

0 10 20 30 40 50 60 70

Experimental validation of projective composition in pattern recognition: (a) and (b) correspond to ranging data for a
human subject in sensor field; (c) and (d) correspond to an UGV.
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models in the symbolic paradigm, especially physical
processes that fail to have the semi-Martingle prop-
erty, e.g., fractional Brownian motion (Decreusefond
and Ustunel 1999). Future work will investigate
language-theoretic non-regularity as the symbolic
analogue to chaotic behavior in the continuous
domain.

e Optimal control: The reported measure-theoretic
approach to optimal supervisor design in PFSA
models will be extended in the light of the develop-
ments reported in this paper to situations where the
control specification is given as weights on the states
of DFSA models disparate from the plant under
consideration. Such a generalization would allow the
fusion of Ramadge and Wonham’s constraint based
supervision approach (Ramadge and Wonham 1987)
with the measure-theoretic approach reported in
Chattopadhyay (2006) and Chattopadhyay and Ray
(2007). This new control synthesis tool would prove
invaluable in the design of event driven controllers in
probabilistic robotics.

e Pattern identification: Preliminary application in
pattern classification has already been demonstrated
in §6. Future research will formalize the approach and
investigate methodologies for optimally choosing the
plant model on which to project the constructed PFSA
to yield maximum algorithmic performance. Future
investigations will explore applicability of the struc-
tural transformations developed in this paper for the
fusion, refinement and computation of bounded order
symbolic models of observed system behavior in
complex dynamical systems.
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