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1. Introduction observed from the underlying physical system, a string of

symbols are generated to construct a finite-state stochastic

Symbolization-based techniques have been developed
for probabilistic analysis of physical signals in terms of
stochastic regular languages as a convenient framework to
achieve a common treatment of heterogeneous models of
dynamical systems [1]. Examples are signal representation
and modeling in dynamical systems [2] and pattern
recognition [3,4]. The key idea here is that, by partitioning
the (possibly pre-processed) time series or image data
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language model.

In the context of symbolic systems, construction of
several probabilistic finite state models has been reported
in the literature [5,6]; examples are probabilistic finite
state automata (PFSA), hidden Markov models (HMM)
[7-9], stochastic regular grammars [10], and Markov
chains [11]. In this paper, PFSA models have been used
to serve as recognizers of stochastic regular languages.
A major advantage of using a PFSA model is that, in
general, it is easier to learn from a dynamical system
[12-14] although PFSA may not be as powerful as other
models like HMM [5]. The definition of PFSA (see
Definition 2.1), adopted in this paper, is slightly different
from that used in [5]. In the sequel, the notion of PFSA is
as stated in Definition 2.1.

Symbolic models are abstract descriptions of continu-
ously varying systems in which symbols represent aggre-
gates of continuous states. During the last one and a half
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Nomenclature
+ addition operation of PFSA [Definition 4.3]
&3] addition of two probability measures on By

[Definition 3.1]
scalar multiplication operation of PFSA over R
[Definition 4.3]

o} scalar multiplication of a probability measure
on By over R [Definition 3.2]

® synchronous composition of PFSA [Definition
2.4]

{-,-> inner product of two probability measures
[Definition 3.4]
{ -,+ >4 inner product of two PFSA [Definition 4.4]

~ equivalence relation in the space of probabil-
ity measures [Definition 3.3]

0 state transition function of PFSA [Definition
2.1]

o extended state transition function of PFSA
[Remark 2.2]

53]

equivalence relation in the space of PFSA
[Definition 4.2]

u normalized finite measure defined on the
g-algebra 2% [Section 3.2]

11 state transition matrix of PFSA [Definition 2.2]

II probability morph matrix of PFSA [Definition
2.1]

i probability morph function of PFSA
[Definition 2.1]

|2 cardinality of the alphabet X [Section 2]

2 the set of all strictly infinite-length strings on
2 [Section 2]

* the set of all finite-length strings on X
[Section 2]

Bs smallest o-algebra on the set {x>“ where x
2*} [Definition 2.5]

Dy space of D-Markov machines with depth d
[Example 7.2]

F inverse of the map H [Definition 4.3]

g quotient space of PFSA over the alphabet X

[Equation (18)]

G the set of all strictly positive PFSA [Definition
2.3]

H isomorphism between the vector spaces

: (G, +,-) and (Qf, ®,0) [Eq. (18)]

H mapping from the space G to the space Qf
[Definition 2.8]

my function mapping from 2> to [0,1] [Definition
6.1]

Np probabilistic Nerode equivalence on (X“,B5,p)
[Definition 2.7]

N, the set of all Nerode equivalence classes on 2*
induced by 9t, [Remark 2.5]

Pg, orthogonal projection from G; = Gonto G, =G
[Example 7.2]

P the set of all strictly positive probability
measures on By [Definition 2.6]

Q quotient space P/ _ [Definition 3.3]

of subspace of Q with a finite number of Nerode

equivalence classes [Definition 4.1]

UG) uniformizer of PFSA G [Definition 6.2]

Xp the set of all equivalent strings of x for a
measure p [Proposition 4.1]

decade, there has been a growing interest in the use of
symbolic models as an analytical tool for signal represen-
tation, modeling, pattern recognition, and decision and
control of interacting dynamical systems (e.g., planning
and navigation of autonomous robots in uncertain envir-
onments, fault detection in aerospace systems, and mili-
tary intelligence, surveillance and reconnaissance).
In these systems, the notion of classic objectives (e.g.,
robust stability and performance) is augmented with
system-level issues and their hardware and software
implementation on remotely located computational plat-
forms that are interconnected over a communication
network. Along this line, several researchers (e.g., [2])
have reported theoretical work that includes stability
analysis and synthesis of both linear and nonlinear
time-delayed control systems that may be subjected to
disturbances.

In general, it would be desirable to be able to treat
PFSA models or stochastic languages as vectors in a
Hilbert space for applications in pattern recognition and
information fusion. For example, in pattern recognition, if
PFSA are used as feature vectors (e.g., [3,15]), then the
lack of a precise mathematical structure on the feature
space (i.e., the space of PFSA in this case) may not allow
direct usage of classical signal processing and machine

learning tools [16]. Similarly, for enhancement of infor-
mation fusion [17] and information source localization [18]
tools that are often computation-intensive, PFSA models
are capable of efficiently compressing the information
derived from sensor time series [19]; but the problem is
how to fuse these heterogeneous sources of compressed
information. An example is to construct a linear combina-
tion of PFSA models with larger weights assigned to more
reliable ones to increase the signal-to-noise ratio if the
sensors are of the same type. For heterogeneous sources,
one may project the PFSA models onto a subspace defined
over a common alphabet for correlation analysis. It is
also useful to perform model order reduction on PFSA
models for higher level fusion, such as situation assess-
ment. Nevertheless mathematical operations on PFSA are
required for such feature level fusion.

The theory of how to algebraically manipulate two PFSA
has not been explored except for a few cases. Ray [20]
introduced the notion of vector space construction for finite
state automata over the finite field GF(2). Barfoot and
D’Leuterio [21] proposed an algebraic construction for
control of stochastic systems, where the algebra is defined
for m x n stochastic matrices, which is only directly applic-
able to PFSA of the same structure (see Definition 4.5).
Recently, Wen and Ray [22] introduced the concept of a
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vector space of PFSA over the real field R, and Adenis et al.
[23] used an algebraic approach to construct an inner-
product space structure over R for a class of PFSA. Appar-
ently, no other prior work exists for rigorously defining a
mathematical structure in the vector space of PFSA.

The major contribution of this paper is the construc-
tion of a mathematical structure in the space of PFSA
using a measure-theoretic approach as a generalization to
the algebraic approach proposed by Adenis et al. [23].
Along this line, a vector space is constructed over R for a
class of stochastic languages, which can be realized as a
set of dynamic models represented by PFSA that are
generated from finite-length symbol sequences derived
from time series of physical signals. A family of inner
products is introduced on this vector space, which is
configurable through a user-selectable measure. A vector
subspace is also constructed by a quotient map on PFSA,
where the algebraic and topological operations in the
vector space are physically interpreted; especially, an
analogy is drawn between the norm induced from the
inner product and the entropy rate in an information-
theoretic setting [24]. Potential applications of this for-
mulation are discussed through examples of model order
reduction. The proposed analytical approach has the
following potential benefits.

1. Development of a mathematical structure for solving
problems of signal representation, modeling and ana-
lysis (e.g., model identification, model order reduction,
and system performance analysis) in the setting of
symbolic dynamics [25].

2. Establishment of a link between the theories of formal
languages [26] and functional analysis [27] to enhance
the tools of solving signal analysis problems in physi-
cal processes.

The paper is organized in eight sections. Section 2
presents the preliminary concepts and notations in the
formal language theory and related previous work. Section
3 uses a measure-theoretic approach to construct the vector
space by defining algebraic operations (e.g., vector addition
and scalar multiplication) and introduces a family of inner
products to provide a topological structure in a general
setting of stochastic languages. Section 4 focuses on sto-
chastic regular languages, where an isometric isomorphism
is defined between the vector space of stochastic regular
languages and the vector space of PFSA. Section 5 presents
physical interpretations of the algebraic operations and their
applications to system modeling via stochastic regular
languages. Section 6 addresses the choice and computation
of the measure p for constructing the inner product. Section
7 presents two numerical examples to illustrate the under-
lying concepts and to demonstrate model order reduction
based on experimental data. The paper is concluded with
recommendations for future work in Section 8.

2. Preliminaries

In the formal language theory [26], an alphabet X is a
(non-empty finite) set of symbols, i.e., the alphabet’s

cardinality |Z| € N, the set of positive integers. A string
x over X is a finite-length sequence of symbols in X. The
length of a string x, denoted by |x|, represents the number
of symbols in x. The Kleene closure of X, denoted by X*, is
the set of all finite-length strings of symbols including the
null string ¢ that has zero length, i.e., |¢| = 0; cardinality of
2* is 8y (countably infinite). The notation X means the
subset of X* without ¢, i.e, 2+ =2X*\{¢}; and X repre-
sents the set of all strictly infinite-length strings over X,
where the cardinality of X“ is uncountable.

2.1. PFSA model for symbolic systems

This subsection introduces basic notations and defini-
tions related to PFSA models that are used in the sequel.

Definition 2.1 (PFSA). A probabilistic finite state auto-
maton (PFSA) is a tuple G =(Q,X,0,q,,7), where

e Qs a (non-empty) finite set, called the set of states;
e X is a (non-empty) finite set, called the input alphabet;
® 0:Q x X —Q is the state transition function;

® (o € Q is the start state;

e 7T:Q x X—[0,1] is the probability morph function and
satisfies the condition Y, >7(q,0)=1 for all g € Q.
The probability morph function 7 is represented in a
matrix form as IT with the element ;2 #(q;,0;).

Note: All states in a PFSA are reachable from the start
state. Otherwise, any non-reachable states are removed
from Q.

Remark 2.1. The PFSA model defined in this paper is
slightly different from that in [5], as mentioned earlier in
Section 1. One of the major differences is that, in this
paper, the PFSA models do not have final (or terminating)
state probabilities. The rationale is that the statistical
behavior of dynamical systems under consideration is
quasi-static in nature.

Remark 2.2. The transition map ¢ naturally induces an
extended transition function 6 : Q x X*—Q such that
0°(q,©)=q and 067(q,x0)=9(0"(q,x),0) Vq € Q, VxeX~,
and Vo € 2.

Remark 2.3. The symbol sequence {o;}3°_; of a PFSA can
be realized from the respective rows of the morph matrix
as follows:

1. generate a symbol ¢ € 2 according to the probability
mass function 7(q,_4,-), where k > 0;

2. cause the kth state transition to generate q;, = 6(qx_1,0%);

3. increment k and go to Step 1.

Note that, in general, the realizations of individual
PFSA are different, but all such symbol sequences share
the same statistics specified by the morph function 7.

Remark 2.4. In PFSA, a state transition is modeled via
occurrence of symbols; in contrast, in an uncontrolled
Markov chain, a state transition is not specified. Therefore,
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it is usually difficult to make sense of comparing or
combining two Markov chains unless the meaning of the
states are related. However, as long as two PFSA are
constructed over the same alphabet, their underlying
semantics can be compared and combined.

Definition 2.2 (State transition probability matrix). For
every PFSA G=(Q,%,0,q,,7), there is an associated sto-

chastic matrix IT € RI2*/2l, called the state transition
(probability) matrix, which is defined as follows:

I, = Z

7:5(q;,0) = qi

#(q;,0) 1)

Every PFSA G induces a Markov chain {X;,X,, € Q} with
the state transition probability matrix I7.

Given a finite-length symbol sequence S over an
alphabet X, there exist several PFSA construction algo-
rithms (e.g., [13,14]) to discover an underlying PFSA
model G. These algorithms start with identifying the
structure of G, ie., (Q,X,6,qp). Then, a |Q| x |Z| count
matrix C is introduced with each of its elements initi-
alized to 1. Let N;; denote the number of times a symbol ¢;
is emanated from the state g; by observation of the
symbol sequence S. In this way, the estimated morph

matrix for the PFSA G is computed as
5 s Gy 14+Nj

R H
k—1Cik |2+ 2201 Nix

@)

The rationale for initializing all elements of C to 1 is that if
a state g; is never encountered by observing the finitely
many symbols in the sequence S, then there should be no
preference to any specific symbols emanating from g;.
Therefore, it is logical to initialize fT;=1/|%|, ie. the
uniform distribution for the ith row of the morph matrix
I1. (It is shown later in the paper that a morph matrix
with all elements equal to 1/|Z| serves as the zero
element in the vector space and is referred to as the
symbolic white noise.) The count matrix C is updated as
more symbols are observed from the symbol sequence S.
In this setting, the ith row [1; of the morph matrix is a
random vector that follows Dirichlet distribution [28] as
described below:

2]

1
fn®= g5 H](H,-,-)Cff*1 3)
_] =

where 6;£[0; ---Gi‘z‘] is a realization of I1; and the
normalization constant is

11,2, I'(Cy)

B(Cl)é Iz
F(Zj:1 Cij)

“)

where I'(e) is the standard gamma function. It is noted
that the Dirichlet distribution approaches the
d-distribution as more and more symbols are observed
[29]. This procedure guarantees that each element of the

morph matrix IT is strictly positive for any finite-length
symbol sequence S.

Definition 2.3 (Set of strictly positive PFSA). The set of
strictly positive PFSA is defined as

G2{(Q,2,8,q0, %) : #(q,0) >0 ¥q € Q and Vo € X}

Definition 2.4 (Synchronous composition). The synchro-
nous composition of two PFSA Gié(Qi,Z,é,qg),ﬁi) egq,
i=1,2, denoted by ® : G x G—G, is defined as

G] ® Gz = (Ql X Qz,z‘é/,(qgl),qu))‘ﬁ’)
vqi€Q1, VqieQy VoeX

where

9'((g1,9),0) = (91(1,0),02(q;,0))
and #'((q;,9;),0) = 1(q;,0)

The synchronous composition is not commutative
since only the morph matrix of the first PFSA is used in
the composition. Essentially, synchronous composition
breaks down each state in the first PFSA into a set of
“sub-states* according to the structure of the second PFSA
but still keeps the output probability distribution the
same inside each set of “sub-states”.

2.2. Probability measures

This subsection develops the notion of probability
measures by introducing the following definitions.

Definition 2.5 (Probability measure space). [30] :Given an
alphabet X, the set By £2% 3¢ is the o-algebra generated
by the set {L:L=xX“ and x € X*}. For brevity, the prob-
ability p(x~®) is denoted as p(x) vx € Z* in the sequel.
That is, p(x) is the probability of occurrence of all
infinitely long strings with x as a prefix. In particular,
p(e) is the probability of the entire set X and thus it
follows that p(e) = 1 by the probability axioms.

Definition 2.6 (Space P of probability measures). Given
the probability measure space (X“,Bs,p), let P denote the
space of strictly positive probability measures on By,
namely, P2 {p : By —»[0,1] and such that p(x) > 0,vx € X*}.
Thus, each element of P assigns a non-zero probability to
any finite string.

Definition 2.7 (Probabilistic Nerode equivalence [30]). Given
an alphabet X, any two strings x,y € 2* are said to satisfy
the probabilistic Nerode relation N, on a probability
space (X“,Bs,p), denoted by x\py, if exactly one of the
following two conditions is true:

1. p(x)=0 and p(y) =0;
2. Vs € 2, p(xs)/p(x) = p(ys)/p(y) for p(x)#0 and p(y)#0.

The probabilistic Nerode relation is a right-invariant
equivalence relation [30] that is referred to as probabil-
istic Nerode equivalence in the sequel. The probabilistic
Nerode equivalence A/, of a measure induces a partition
N, of the set X*.
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2.3. Relationship between PFSA and probability measures

This subsection presents the relationship between
PFSA and probability measures.

Definition 2.8 (Mapping of PFSA [30]). Following
Definition 2.3, let G2£(Q,2,8,q,.%) € G be a strictly posi-
tive PFSA and the associated probability measure be
p e P. Then, a map H : G- 7P is defined as H(G) =p such
that
r—1
PX) = 7(qo,01) [ #(0"@0.01 - T1), G 1) ©)]
k=1
where the symbol string x=¢7---0, € X* and r = |x| e N.
Then, the measure p is said to be encoded by the PFSA G,
or the PFSA G encodes the probability measure p.

Fig. 1 shows an example of a PFSA Gover 2= {a,b} and
its encoded probability measure p = H(G).

Proposition 2.1 (Synchronous composition [30]). Following
Definition2.4, if G1,G, € G, then

H(G ® G2)=H(Gy) and H(G; ® Gy) =H(Gy)

Proposition 2.1, whose proof is given in [30], implies
that any two PFSA over the same alphabet can be
transformed into a common structure without affecting
their encoding measures by applying synchronous
composition.

Remark 2.5. The map H : G — P in Definition 2.8 may not
be injective. In other words, there may exist different
PFSA realizations that encode the same probability
measure on By due to two reasons: (i) non-minimal

a {a}0.4 {b}0.5
[y [
OO

X a b aa ab ba | bb
p(x) | 0.4 | 0.6 | 0.16 | 0.24 | 0.3 | 0.3

b

Fig. 1. PFSA GN(with qo as the initial state) and its encoded measure p.
(@) G, (b) p=H(G).

b/0.4
a/0.6

a/0.2

b/0.4
a/0.6

a/0.2

realization, and (ii) state relabeling. For example, in
Fig. 2, all three PFSA essentially encode the same measure
on By in spite of their different representations. The PFSA
on the right is a non-minimal realization of the left top
one since the states q; and ¢, are the same. They can be
combined to obtain the left top PFSA in Fig. 2. The left two
PFSA are exactly the same with the exception that the
states are relabeled; and this relabeling does not affect the
underlying encoded measure.

The probabilistic Nerode equivalence of a measure p
induces a partition N, of the set Z* (see Definition 2.7).
Thus, the measure p can be encoded by a PFSA if and only
if the partition N, is finite [30]. However, all measures in
P cannot be encoded by PFSA, because a PFSA only
encodes measures that belong to finite probabilistic
Nerode equivalence classes. Therefore, the map H :
G —P in Definition 2.8 may not be surjective.

Since the range of the map H is the space of measures
with finite Nerode equivalence classes [30], restricting P
to the range of H yields the right inverse of F, denoted by
f, i.e., HofF =1 Then, it follows that if a measure p(x)
exists for each x € 2*, then the minimal representation of
a PFSA G (e.g., see Fig. 1) can be generated by Algorithm 1.

Algorithm 1. Construction of PFSA G from the probability
measure p associated with the measurable space (X“,Bs).

Input: (2,Bs,p) such that 9%, is of finite index n € N;
Output: G;
LetQ={g:jell,..., n}} be the set of equivalence classes of the
relation N, ;
Set the initial state of G as g, € Q such that the null string ¢ belongs
to the equivalence class q,;
for each g; € Q do
Pick an arbitrary string x € g;;
for each 0 € 2 do
if xo € q, then
Set 4(q;,0) = qy;
Set 7(q;,0) = Bk
end if
end for
end for

3. Inner product space of probability measures

This section first presents the algebraic construction of
a vector space over the real field R. Then, an inner product

a/0.2

Fig. 2. Different PFSA realizations of the same probability measure.
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is defined on this vector space to build a topological
structure. Such a structure is useful for applications like
model identification and model order reduction [31].

3.1. Construction of the vector space

This subsection constructs a vector space of PFSA over
the real field R. To this end, the notions of algebraic
operations of vector addition and scalar multiplication are
introduced below.

Definition 3.1 (Vector addition). The addition operation & :
P x P—P is defined by p;£p; & p, Vp;,p, € P such that

(1) ps(=1.
(2) vxe2* and ¢ € 2,
p3(xo) _ p1(xo)pr(x0)

= 6
P3(X)  DgexPr(Xo)py(x0t) ©

(3) For all countable pairwise disjoint sets {x;X“},
p3(UitxiZh) = 2oips (xi).

In the above definition, it follows that ps is a prob-
ability measure on P, because Vx € 2*,

oeX ogeX Zaéfpl (Xot)pz(xo()

S ps(xo) = (Z M) P30 = P30

Proposition 3.1. The algebraic system (P,®) forms an
Abelian group.

Proof. The closure and commutativity properties follow
directly from Definition 3.1. Associativity, existence of
identity, and existence of the inverse element are
established below.

o Associativity:

It suffices to show (p; ®p,) ®p3=Dp; D (P, DPp3) VX €
2* and Vo € 2.

((p1 ® pp) ®p3)(x0) _ _ (P1 ® Pp)(X0)P3(X0)
(1 ®P)®PIX)  Fpex(P1 ® P)XPIP3(XP)

_ _ D1(x0)py(x0)ps3(x0)
> pesP1XPID2(XB)P3 (XP)

_ _ P1(x0)(P3 ® p3)(x0)
> pesP1*P) (D2 @ p3)(xP)

_ 51 05y ®p)0)
(P @ (P2 ® P3))X)

o Existence and uniqueness of the identity:

Let a probability measure e of symbol strings be defined
such that e(x)2 (1/|Z|)*/ vx, where |x| denotes the length
of a string x € 2*. It follows that Vo € X, e(xo)/e(x) =

1/|X|. Then, for a measure p € P and Vo € X,

1
(poe)xo) _  pxojexs) p(m)m
= =3
POOX S yerPxe(X2) PO
_ b(xo)
px)

The above relations imply that p@e=e®p=p by
Definition 3.1 and by commutativity. Therefore, e is the
identity of the monoid (P,®).

o Existence and uniqueness of an inverse:
Vp e P, VX € 2* and Vo € X, let a probability measure
—p be defined as

(=p)x0) , _p~'(x0)
(—p)(X) ZzeZp71 (XO()
where p~!(xo) = 1/p(xo). Then, it follows that
(p® (=p)(x0) _ _ p(XO)=Dp)(X0)

PO EpHE) Dy rPxo)(—p)(xar)

pxa)p~! (xo)

Zﬂefp_] (X,B) 1

(-p)(©21 and

- plx) |2
PO o)

The above expression yields p @ (—p) = e and hence (P,®)
is an Abelian group. O

Remark 3.1. In the sequel, the zero-element e of the
Abelian group (P,®) is denoted as the symbolic white noise.
For the symbolic white noise, every string of the same
length has equal probability of occurrence and the knowl-
edge of the history does not provide any information for
predicting the future.

Next the scalar multiplication operation is defined
over the real field R.

Definition 3.2 (Scalar multiplication). The operation of
scalar multiplication ® : R x P—P is defined as follows:

(1) kope=1;

2Q)vxeZX*andoe X
(kopyxao) _  ptxo)
kop)x) X ,cspk(xo)

)

(3) for all countable pairwise disjoint sets {x;~“},
(ko p) (Ui 2" = 34k © p)(x:)

where pk(xo) = [p(xo), ke R,pe P, xc 2*, and ¢ € X.

Remark 3.2. It follows from Definitions 3.1 and 3.2 that
k © p is a valid probability measure on P. By convention, it
is asserted that the scalar multiplication operation has a
higher precedence than the addition operation. For exam-
ple, k © p; @ p, implies (k © p;) ® p,-

Theorem 3.1 (Vector space construction). (P, & ,0) defines
a vector space over the real field R.
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Proof. Let p,pi,p; € P; kkik, e R; xeZ*; and o€ 2.
The following equalities are checked:
e To show that kO p; @k ©p, =k © (p1 @ py).

(kop,@kopy)xo) (ko p)xo)- (ko py)xo)
(kopr®@kop)®) — 2Zyexlk © py)xa) - (k © py)(x)]

__pixopbxo) _ (p@py)fixo)

PaexPIROPEXA) 3,05 (py @ Py)(xe)
_ (ko (1 ©py)x0)
(kO (1 ©P)X)

e To show that (k1 +k;) Op=ki ©p ® ka O p.

(k1 +ky) op)xo)  phitk(xg)
(k1 +k2) OP)X) — > cxphr e (xa)
phxe)  ph@o)
Z}'efpkl (X])) Zye[pkz (X“/)
B 5 P (xa0) pke (xor)
PN PRI (X)) 3, x PR (xy)

(kO p)x0) - (k2 © p)(x0)

T Y seslki © p)x) - (ka © p)(x)]
_ (ki op®k; ©p)x0)

~ (kiopaek opXx)

e To show that k; © (k, © p) = (k1k2) © p.

(ki © (kz @ P)(x0) _ (k2 © P (x0)
(k10 (k2 OPNX) 3, o(ky © P (x)

pera) \"
> pesbke(xP)
Zae)_‘ < p"z (XOC) >k1

> pesbke(xf)

__PRxe)  _ ((kik) © p)(x0)
> pesPiikexf) — ((kikz) © p)(x)

e The equality 1 ® p =p follows from Definition 3.2. O
3.2. Construction of a family of inner products

In order to build a framework for generating a family
of inner products, a measure space (X*,2>,u) is con-
structed, where the finite measure p : 2>" —[0,1] has the
following properties.

o WZH=1;
o w(Up 1 xih) = 37 1 i(ixi}) where x € 2*.

The second condition in the above statement implies
that a non-negative measure is assigned to each singleton
string set and the null string ¢, which are considered to be
mutually disjoint measurable sets. Thus, for any collection
of strings, L € 2*" and u(l) = 3, u({x}).

Given a probability measure p, its conditional version
is expressed as p(g|x)2p(xo)/p(x) forall ¢ € X and x € Z*,
which is another representation of the measure p. This is
so because one representation can be recovered from the
other by the chain rule of conditional probability.

The conditional version p(:|-) : ¥ x X* —[0,1] is treated
as a (|2 |-dimensional) vector-valued function for any given
string x € 2*, which is denoted as p(-|x) : Z* —[0,17%! such
that, for every x € 2*,

P(|X) = [p(61]%),p(02X), ....p(0|5 )] ®)
with the constraint Zji‘ 1 D(oj|x)=1.

Definition 3.3 (Probability equivalence). Given p;,p, € P,
an equivalence relation ~ is defined as: p; ~p, if
p1(-|X)=py(-|x), u-almost everywhere (ae.), ie, if
u(fx € Z* : p1(:|x)#p,(-|x)}) = 0. In this context, a quotient
space is defined as Q="P/ _ based on the equivalence
relation ~.

Remark 3.3. If the following condition is imposed on the
measure /i

w({x)>0 vxeZX* )

then the condition p-a.e. in Definition 3.3 becomes
u-everywhere because, in this case, u({x})# u({y}) vx#y.
That is, the relation p; ~ p, becomes equivalent to p; = p,.
In other words, Q = P provided that Eq. (9) holds.

Proposition 3.2. (Q, ®,0) is a well-defined vector subspace
of P.

Proof. It follows from Definitions 3.1 and 3.2 that, for all
geX,xeX and k e R,

p1(0|X)py(0]X)

10
> nexP1(2 )Py (0r|X) .

P @ Pz)(o"x) =

pi(a|x)
ZueZplf(a‘x)

Both the above equations are consistent under the
equivalence relation ~, i.e., p; ~p; and p, ~p, implies
(p1@py)~ @) ®py) and (kop)~kop). O

(ko py)o|x) = an

Definition 3.4 (Inner product). On the vector space Q
over the real field R, a function ¢ -,->: 9 x Q—R is
defined as

1 i i
Prp> 2y S 3 log IO 6o P ) (1)

6i,0;€X XeX* D1(x0;) P2(X0j)

The rationale for using the format log p;(xc;)/p;(xa;),
instead of log p,(xa;), in the definition of inner product in
Eq. (12) is that the normalization constants (i.e., the
denominators in Egs. (6) and (7)) may not be the same
for all strings x € X*. That is why a division is required to
eliminate the effect of this normalization constant.

Remark 3.4. In Eq. (12), the inner summation over x € 2*
could be recognized as an integration over X* with the
measure u. In this case, the integration degenerates to a
summation since X2* is countable.

Theorem 3.2 (Pre-Hilbert space). In Definition3.4, the
function ¢ -,->:9Qx @—-R is an inner product. That is,
(Q,®,0,<-, ) forms a pre-Hilbert space over the real
field R.
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Proof. While the symmetry property, ie, <{p;.p;> =

{py,p1>, follows directly from Definition 3.4,
positive-definiteness is established as follows:
X0;
ppy =5 Z Z( pwxo; ) p({x}) = 0 (13)
a, ojeXxeX” (X )

If {p,p> =0, non-negativity of each term in the summation
mandates that, for u-almost every xel2*,
log p(xo;)/p(xc;j) = 0. Therefore, p(ci|x)=1/|Z| ¥o; € Z,
and it follows that p ~e.

The linearity property is established as follows:

(@ o pxoy) ,  Dy(X0,

’ = log
aOp.p> = m%;z,; @op)xa;)  °pyxaj) ,u({x})
i Pi(xoi) | DPr(X0y)
=5 1
2 gi;z);? 0 pi(xo)) P2(x0)) u({x})
P](Xai) P (x0))
-2 I
U;;Z;; D1 (XG]') ogpz(xO—j) ,U({X})
:a<p1vp2> (14)
and

<P ®PaP3> =5 Z 3 log &1 O P2 150 P XT1) 1y

6, gjelxel” (pr® pZ)(XJj) p3(X0'j)
P] (xa)po(X0y) | P3(X0;)
=5 1
a,%mezz P1(x0})p,(X0;) OgPa(XO“j)u({X})
p1(x0y) Pz(XUi)>
=5 lo +lo
a,;f)g:( ¢ p1(xaj) ng(XUj)
p3(X0y)
-lo X
gp3(xoj)'u({ D
=<{p1:P3> +<{P2.P3> (15)

This completes the proof. O

Remark 3.5. Since the inner product < -, - > is defined on
the real field R, the inner product space Q is a collection
of finite-norm probability measures, where the norm is
induced by the inner product. The measure p in Eq. (12) is
user-selectable such that any valid choice of the finite
measure u yields an inner product.

3.3. An alternative norm

The inner product in Definition 3.4 is constructed with
the motivation of orthogonal projection. In addition to the
norm induced by the inner product, there exist many
other norms for this vector space P. For example, the
following supremum norm is suitable for construction of
a Banach space.

Definition 3.5 (Subspace P.,). The subspace P., of the
vector space P is defined as

Poo = {p e P:sup log<p(mm‘”‘)> < oo} (16)

xeX* p(XTmin)

where p(XTmax) & maXcey {p(XT)} and p(xrmin) & minre[{p(’”)}-

Theorem 3.3 (Supremum norm). A function |-y :
—[0,00) defined as
p(XTmax)>
liplly = sup log[ ———= 17
b xe):l? g<p(XTmin) ( )

is a norm on the vector space Ps..

Proof. Let p € P... The following properties are established:

e Strict positivity: Since p(XTmax)/P(XTmin) = 1, it follows
that lpll,>0. Clearly for the zero element e,
e(XTmax)/€(XTmin) =1 for all x € 2* and thus llell, =0.
Conversely, if lpl,,=0 then it forces that
P(XTmax)/PXTmin) =1 for all x € 2.

It follows that p(xt)/p(x)=1/|2Z| for all x € 2* and
T e 2. Indeed, p=e.

e Homogeneity: A non-negative real k preserves the
order of p(x7) for any fixed x and a negative real k
reverses the order. Therefore, for k >0,

(ko p)(xfmax))
Ik ® plloo = sup lo <7
b erl:’) & (k © p)(xrmin)

p(XTmax)>k
=suplo = k| - lplls
erl? & <p(xrmin) ‘ | b

and for k <0,

(ko p)(xrmax)>
Ik loo = I — -
€O Pl =3uplos ((k © D) (XTmin)

p(’“min)) k
=suplog| =—=
XeZl:') & (p(XTmax)

p(XTmax)>_k
=suplo =|k| - liplls
erl? g(p(x‘fmin) | ‘ P

e Triangular inequality:
(pl 52 pz)(XTmax)>
(pl D pz)(XTmin)
D1(XTmax)D> (yrmax)>
< sup log| ———="———=
x,yeg' & <p1 (XTmin)pz(miin)
=lp1lleec + 1Py lls

llp; ® pyllee = sup log(

xeX*

Therefore, IIp; @ Py lleo < (111l +11P5 ll00).

The proof is now complete. O

Remark 3.6. The supremum norm | -l has a simpler
mathematical structure than the inner product < -, - >,
primarily because the equivalence relation in Definition
3.3 and the construction of the quotient space are not
needed. Also, I - I, does not depend on the measure y,
which is suitable for some applications which may not
require an inner product.

4. Stochastic regular languages and PFSA

Although probability measures over the c-algebra B
adequately describe stochastic languages, PFSA representa-
tions are more compact and usable for modeling of
stochastic regular languages in many applications.
However, the mapping H : -7 in Definition 2.8, which
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was originally introduced in the prior work [30], is neither an
injection nor a surjection (see Remark 2.5). In this section, an
isometric isomorphism is constructed between a quotient
space of G and a subspace of a quotient space of P.

Definition 4.1 (Subspace Qy). The set Oy is defined to be a
subset of the quotient space O (see Definition 3.3) having
measures with a finite number of Nerode equivalence
classes, i.e., Or2{p e Q: |Np| <oo}.

The following proposition establishes that Qf is a
vector subspace of Q.

Proposition 4.1. Let p;,p, € Qs and x,y € X*. Then, follow-
ing conditions hold:

(1) if 21,22 € [x]p, N [V]p,, then 219y ep, 22}
(2) if 21,22 € [x]p, and k € R, then z;Nyep, 22

where [X],2{z € 2" : x9pz}.

Proof. Let u,=117...7p € 2* and p3;=p; ®p, where
7; € 2. To prove the first identity of the proposition, it
will be shown that p;(ziua)/p3(z1) =p3(z2un)/p3(z2) for
any u, € 2*. This is achieved by the method of induction:

P11 W) pyzun
p3(ziu) _ pi@upy@iuy)  _ pyE) @
p3(z1) Y aesP1(Z100)p2(2100) 5 Z171(2105)132(2100

oE.

P1(z1) pa(z1)

P1(22U1) po(22u1)
__ D1z p@) _p3zun)
5 P1(220) P2(220) — ps3(z2)
"X pi(z2) Pa(22)

For the inductive step,
P3(Z1Uni1) _ P3(Z1Un) P3(Z1Uny1)

P3(z1) P3(z1)  p3(z1un)
_ P3(ZaUn) p3(Zatin1) _ P3(Zaliny1)
D3(z2)  p3(za2un) P3(z2)

The second identity of the proposition can be derived in
the same way. O

Definition 4.2 (PFSA equivalence). Following Definition
3.3, two PFSA G and G are said to be equivalent if
H(G) ~ H(G). The equivalence class of G is denoted as:
E(G)2{G e G: H(G) ~ F(G)}). Defining a quotient space
G2G/Z, the associated quotient map is obtained as

H:G— 9 (18)

The quotient map H in Eq. (18) is injective by this
quotient space construction and it is also surjective by the
application of probabilistic Nerode equivalence (see
Remark 2.5). Hence, H is a bijection and the associated
inverse map is denoted by F, i.e., FAH .

Remark 4.1. Given a PFSA G=(Q,2,d,qy,%) € G, each
state g € Q is a Nerode equivalence class S € Ny, where
Ny is the set of all Nerode equivalence classes of the
measure H(G) (see Remark 2.5). By Algorithm 1, it follows

that

 PX0)

o) €S (19)

7(q,0) =p(c|S)

So far the vector space (Q, ®,0) is established. New
operations of vector addition and scalar multiplication are
introduced on the quotient space G by use of the bijection
H and its inverse F.

Definition 4.3 (Vector space G). Let G1,G, € G and k € R.
Then,

e The addition + : G x G—@G is defined as a homomorph-
ism
G1+Gy = F(H(Gy) ® H(Go))

e The (scalar) multiplication - : R x G— G is defined as a

homomorphism
k- Gi =Fk o (H(G1)

Since FAH™!, it follows from Definition 4.3 that
H(G1 +G2) = H(Gy) & H(Gy) and H(k-G])ZkQ H(Gy).
Therefore, the bijection H is linear and hence H is an
isomorphism between the vector spaces (Qf, ®,0) and
(G, +,-). Similarly, the map H is used to define the inner
product on the space G in terms of ¢ -, - >.

Definition 4.4 (Isometric isomorphism between G and Q).
The inner product ¢ -,- >4 :G x G—R is defined as

(G1,G2 >4 = CH(G),H(G2) > (20)

Consequently, the quotient map M : G— O in Eq. (18)
becomes an isometric isomorphism between the two pre-
Hilbert spaces.

The pre-Hilbert space of PFSA may not be complete
because a Cauchy sequence of PFSA may converge to a
machine with infinite number of states. In many applica-
tions, however, PFSA models could be restricted to finite-
dimensional subspaces if completeness is a crucial issue
(e.g., projection in a Hilbert space setting). Section 7
presents such an example.

In the sequel, it is understood that any operations, defined
for probability measures or PFSA, could be translated into
the other space using this isomorphism.

Since Definitions 4.3 and 4.4 do not specify an efficient
way of computing the algebraic operations in terms of
PFSA, the notion of structural similarity is introduced to
address this issue.

Definition 4.5 (Structural similarity). Two PFSA G;£(Q;,
2,601,945, %) € G,i=1,2, are said to have the same structure if
Q1 =0Q,, q}) =q3 and 61(q,0) = 52(q,0) ¥q € Q; and Vo € 2.

From the prospective of a graphical representation, if
two PFSA of the same structure have the same underlying
graph connectivity, then they may differ only in the arc
probabilities on the graph as seen in the following
proposition.

Proposition 4.2. Let two PFSA G;,G, € G be structurally
similar in sense of Definition4.5, i.e., G;=(Q,X,0,q¢,7;),
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€ {1,2}. If G2(Q,2,,q¢,7t), where

1(4,0)72(q,0)
> s T1(q,0072(q,00)

then G € G and G = Gy +G,.

7(q,0) = 21

Proof. Let p; = H(G;), i € {1,2}. Since G; and G, are struc-
turally similar, it follows that

pixo) _ . .. o .

i) = 7'51(5 (qo,%),0) =T(q,0), ie{l,2}

for all strings x in state g € Q and all o € X. By Definitions
3.1 and 2.8, it follows that

(p1 ®Ppy)(x0) _  p1(X0)P,(X9)
P1®PIX) D ,esPr1(Xo)Py(xar)
p1(X0)p,(x0)
_ P1(X)p(X)
) P1(x00)p, (x0)
< pr1(x)py(X)
__ 1@0)7q.0)
> aex®1(q,00)72(q,%)

= ﬁ(q,O')

This implies that p; ®p, =
proof is complete. O

H(Gy+G,)=H(G) and the

If G; and G, have different structures, then synchro-
nous composition can be used to perform the structural
transform first. Following Propositions 4.2 and 2.1, the
addition operation on any two PFSA G; and G, is per-
formed as

G1+G2 = (61 ® G2)+(G2 ® Gy) (22)

Proposition 4.3. Given a PFSA G£(Q,%,0,99, %) € G and
ke R, if G2(Q,X,0,q0,7"), where

. (#(q,0)"

o)= a9 23
T@o > s (g0 23)
then G =k - G.

Proof. By Proposition 4.1, the scalar multiplication by k
does not change the structure of G and therefore the state
transition function ¢ and the initial state qo also remain
unchanged. Denoting p = H(G), it follows from Eq. (5) that

p(x0)
pX)

for all strings x in the state g€ Q and all 6 € 2. By
Definition 3.2, it follows that

=T(0"(go.%),0) = 7t(q,0)

p*(x0)
kopxo) _ _pxo) _  p®
kOPE) > espkxa) pr(xor)
"< PR
_ (#®@o) .,
SN A

Therefore, ko p=H(G). O

The following result is obtained by using Algorithm 1
for computing the inner product < -, - >, in Definition 4.4
as described below.

Proposition 4.4. Llet G;=(Q,X,3,9¢, ;) € G, i=1,2. The
following inner product is computed as

<G1,Gz>A—§ S5 log ~1(61 T Jog T2@0D 0

oroergs | *1(q.0)) 72(q,07)

24

The computation of the measure p(q) is addressed later
in Section 6. Note that, if G; and G, do not have the same
structure, the synchronous composition should be used to
compute the inner product via

(61,6254=<G1 ®G2,G, ®G1 yp (25)
The corresponding norm is defined by this inner product as
IGlla=+/<G,G>4 (26)

5. Interpretation of algebraic operations

This section interprets the significance of the algebraic
operations in the vector space of the probability measures
and presents an analogy of the norm I - Il to the entropy
rate in the setting of information theory [24]. In Definition
3.1, the @ operation of vector addition is performed via
elementwise multiplication of the morph matrix.
In Definition 3.2, the © operation of scalar multiplication
is computed elementwise by taking the power of the
morph matrix. These properties are largely similar to
those of the logarithm function. Therefore, by taking
logarithms, these operations could be made analogous
to the usual vector addition and scalar multiplication in
the Euclidean space; however, they are not exactly the
same due to the additional step of normalization. This
analogy suggests the potential use of this technique for
sensor data analysis. For example, let a sensor signal be
contaminated with a multiplicative noise in the Euclidean
space. By taking logarithm of the sensor reading and by
appropriate scaling, a linear representation could be
obtained in the form of additive noise in the G-domain
(see Definition 4.2).

The zero vector e, called symbolic white noise, in the
vector space corresponds to the uniform distribution on
Bs and is perfectly encoded by the PFSA E € G that is
expressed as

where 4(q,q) =q and 7(q,0) =
of the same length has equal probability of occurrence in
the PFSA E that has only one state, where the symbols are
independent of each other and have equal probability of
occurrence. The knowledge of the history does not pro-
vide any information for predicting the future of any
symbol sequence generated by E. Thus, E is viewed as a
semantic model for symbolic white noise in a dynamical
system, because no additional information is provided
through vector addition of E to any PFSA.
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b{1}a{0} b{0.88}a{0.12} b{0.6} a{0.4} b{0.5} a{0.5} b{0.4} a{0.6} b{0.12}a{0.88} b{0}a{1}

0-G=F

i

aaab ba bb aaabba bb aaabba bb aaab ba bb

ke, |

aaabba bb  aaabba bb aaab ba bb

Fig. 3. Scalar multiplication of the one-state PFSA G.

Multiplication by a scalar k relates to reshaping
the probability distribution p over the alphabet Bs.
The effects of k € R on an i.i.d. process G are illustrated
in Fig. 3, where X = {a,b}. As k is increased from 0 to + oo,
the string with the highest probability (e.g., the string bb
in the extreme left bottom and the string aa in the
extreme right bottom of Fig. 3) stands out in the histo-
gram and the distribution p approaches the delta distri-
bution. Similarly, as k is decreased from +oco to O, the
distribution p becomes more and more flat and finally
reaches e that is the uniform distribution at k=0. This
behavior of a positive scalar k is analogous to the inverse
temperature f in the setting of Statistical Mechanics [32].
In the latter case, =0 yields the uniform distribution
over the energy states while the distribution tends to a
delta distribution as  approaches infinity. In contrast to a
positive k, a negative k favors the least probable string in
G (e.g., the string bb in Fig. 3). It inverts the distribution p
in the sense that a string originally with large probability
now has small probability of occurring and vice versa.
Similarly, another delta distribution is achieved as
k— —oo. The constructed vector space G is related to the
Euclidean space as explained below.

To interpret the possible meaning of the norm I - ll4 in
Eq. (26), the entropy rate of a PFSA G is given in the
setting of Information Theory [24] as

h(G) ==Y 0@ {Zﬁ(q,aﬂog fz(q.a)] 27)
qeQ geX

while, in the present formulation, the norm of the PFSA G
is induced by the inner product in Eq. (24) as

1G4 & Z[“(Z‘D 3" (log 7(q.00)— logfc(q,aj))z} (28)

qeQ 0;,0;€X

Egs. (27) and (28) have structural similarity in the
sense that both are represented as a weighted sum over
the states. However, two major differences are as follows:

1. For each state q € Q, a weight u(q) is used in Eq. (28)
instead of the stationary probability ¢(q) in Eq. (27).

2. The root mean square (rms) difference of logarithm of
the probabilities of a pair of symbols conditioned on
each state is used instead of the expectation of loga-
rithm of a symbol’s conditional probability. This rms
value in the norm is a consequence of the inner
product.

In contrast to the entropy rate, which is a measure of the
uncertainty, the ideal deterministic symbolic system should
have the maximum norm while the completely random
process should have a zero norm. For an independent and
identically distributed (i.i.d.) process, namely, a single-state
PFSA G, over the binary alphabet X = {a,b}, let the prob-
abilities of generating the symbol a and the symbol b be 0
and (1-0), respectively, with 0 € (0,1).

Fig. 4(a) compares (1-h(G)) (solid line) and
(2/m) tan~'(IGll4) (dashed line), where the entropy rate
h(G) ranges in [0,1] and the range of the norm Gl is
normalized from [0,00) to [0,1] by using the arc tangent
function. It is observed that the profiles for (1-h(G)) and
(2/m)tan~'(IGll4) are qualitatively similar. Hence, by
drawing an analogy, it is possible to interpret the norm
in Eq. (28) as a measure of certainty or information
contained in the PFSA G.

Let two processes be represented by PFSA G and G,
whose probability mass functions P and P, respectively.
Then, a diversity between G and G is defined as the
Kullback-Leibler (K-L) divergence [24] of P and P:

s A D(i P(i)

D(GIIG) Z:P(z)log B0) (29)

Setting the PFSA G to the symbolic white noise E,
Fig. 4(b) compares a distance p(E,G)£IE—Gll, (dash-dot
line), the K-L divergence D(EIG) (solid line), and the K-L
divergence D(GIE) (dashed line) versus the probability
parameter 0. It is seen that these three curves are
qualitatively very similar as all of them approach infinity
when 0 approaches 0 or 1 and achieve the minimum at 0
if 0 = 0.5. An advantage of the proposed measure is that p
is a metric but K-L divergence is not.

With the inner product defined in Eq. (24), the correla-
tion y:G x G—[—1,1] between two PFSA is defined in
terms of the normalized inner product as

{G1,G2 )4
Gyl - 1Go s

If the vectors G; and G, are perfectly negatively
correlated, i.e., G; = —G,, then their vector addition is
exactly the zero vector e (i.e., the symbolic white noise)
that represents the uniform distribution.

7(G1,G2) = 30)

6. Computation of the measure u

Computation in Eq. (12) depends on the choice of the
measure u. The measure of all strings in the equivalence
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Fig. 4. Metric comparison: norm and information-theoretic metrics. (a) 1—h(G) and IIGll4 of an i.i.d. process G, (b) comparison of p(E,G,), D(EIIG,), and

D(G;IIE) versus parameter o with E being the Symbolic white noise.

class represented by a state g € Q of a PFSA is obtained as
Hq) =D yqM({x}). In general, for a countable summation
over the strings, the convergence is not guaranteed. This
section presents a few common choices of ¢ and explains
how to compute them.

Let 0<0<1 and let pu; and u, be two measures
defined as follows:

x|
0
xH=1-0)- | = 31)
x| -1
pa(ix}) = (1-0)* - o™~ (32)
\Z\M

Since both measures p; and u, depend only on the length
of the symbol string, it implies that strings of the same length
are identical under a given measure. Accordingly, a smaller
measure is assigned to a longer string, because the prob-
ability of its occurrence is small. Both measures p; and u,

decay exponentially as the string length |x| grows and the
rate is specified by the parameter 6. As the parameter 6 is
increased, a larger number of longer strings contributes to
the inner product. However, a major difference between the
measures 4, and u, lies in the fact that p,(€) = (1-6)#0 and
Uy(€) =0, where ¢ is the null string with |¢|=0. Since the
transition from the initial state qq to itself is represented by ¢,
it would be logical to assign a non-zero measure g, (€) if qo is
significant in the PFSA model; alternatively, assigning
U,(€) = 0 puts no significance to qo. The following definitions
are introduced to compute the measures p; and u, for each
state of a given PFSA.

Definition 6.1 (Dependence of measure on string length).
Let the map m, : 2> —[0,1] be defined as

)a [{xeL: |x|=n}|

mu(L
: Bl

vLc 3 (33)



2606 Y. Wen et al. / Signal Processing 93 (2013) 2594-2611

Remark 6.1. The function m,(L) in Definition 6.1 is the
ratio of the number of strings of length n in the set L to the
total number of strings of length n in 2*. It represents the
size of the set L in terms of strings of length n.

Definition 6.2 (Uniformizer of PFSA). Given a PFSA
G=1(Q,X,0,q0,7), the PFSA G’ is called the uniformizer of
G if G'=(Q,2,4,qy7), where
Vo e 2.

The uniformizer of a PFSA G is denoted by U(G), which
simply modifies the original probability morph function
to a uniform distribution over the symbols at each state.
Note that U(G) retains the graph connectivity of G.

Proposition 6.1 (State transition matrix for Uniformizer).
Let G=(Q,2,3,99,7c) be a PFSA and

m, 2mo(I1V©)" (34)

where my = [My(q1),Ma(qy), - - -,Ma(q)q )] Then, 1Y is the
state transition matrix for the uniformizer U(G), and

() — ifa=qo
(D=0 if g=q
Proof. For any q; € Q and n € N, it follows that

12" (@) = |x € g; - x| =n+1}]

=" > mg)
6(q;,0) =
Then,
1
mn+1(Qi)=ﬁ Z mn(Qj)
3(q;,0) =
= Y 7Y9g.0ma(q) 35)
3(q;,0) =

Following Definition 2.2, a matrix representation of Eq.
(35) is obtained as

my,, =m,I[1Y© (36)

from which Eq. (34) follows. This completes the
proof. O

Let fo(q)= D72 o mi(q) - 0' for 0 e (0,1). Given a PFSA
G=(Q,2,0,90, %) € G, it follows that if fy2[fy(qy),
fo@). - -.fo(q)q)), then

f9=zmi'9i (37)
i=0

and an application of Eq. (34) yields

fo=mo > (0- 1Y) =

i=0

mo(I—0 - [TV )1 (38)

The last step is valid since 110 - [TY @, < 1.

Proposition 6.2. Let G be a PFSA. Then, the following two
measures are valid. p;[u;(qq),14;(q3), - .. JHi(G)))] where
i € {1,2}). Then,

(1) py =mo(1—-0)I—0 - [TV©)~1;
(2) py = (1—02mo(—0 - TVO) 1 1Y . (10 . [[VO)1,

Proof.

(1) For any g € Q, we have

@2 i ((x)
Xeq
k
Z(m(q)\Z\ )(1-0)- ( >
=6 P
—1-0)S" m@0* =(1-0),@) (39
k=0

It follows from Eq. (38) that
u, =mo(1-0)I—0 - 1Y)~ (40)

(2) Similarly for pu,, it follows that

1(q) = ’i (mi(@)| Z[)(1-0)? - X;,]
:((1:_10)2 i m(q) - k- 0F 1 =(1-02 20T o Q(q) (41)
k=1
& _ ka k05 42)
k=1
Thus,
=077 a " (43)

Since the convergence regions of df,/df and f, are
the same, u, converges. The fact that dA~!/dt=
—A"1(dA/dt)A™! for an invertible matrix A (that is depen-
dent on a parameter t) leads to the following result:

#y=(1-0mo(—0 - 1Y) YO0 - 1Y O
(44)

This section is concluded with a theorem that addresses
PFSA-based modeling of stochastic regular languages.

Theorem 6.1 (Approximation of stochastic languages). The
subspace Qy is dense in the inner product space
(Q.8,0,{ )

Proof. Let us consider any pe Q. By Remark 3.5,
it follows that

P> Z( p(xa)) Hlf) < eo

O' ,0jeXxeX”

<pvp> Y

This implies that the infinite tail of the above sum must
converge to zero. That is, Ve > 0, there exists N(¢) € N such
that

svEL > Y ( ”g;) u(xy <e

“;QEZX\>N

We now define another measure p’ such that
p(x) if [x| <N
p'(x) = (prefN(x)) —L o if x| >N

where pref y(x) means the prefix of length N of the string x.
The number of the Nerode equivalence class of p’ is at
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most Zf’:o \Z\i+1 since any strings of length more than
N are equivalent to each other and therefore p’ € Q.
The difference between p and p’ is given as

e(x) if [x| <N

P& (-pHX) = NL if [x| > N
|21 - p(prefy(x))

and this implies
Ip@® (—p)I>? =Sy <e
This proves that Oy is dense in Q. O

The implication of Theorem 6.1 is that any stochastic
language with a finite norm can be approximated as
closely as desired by a PFSA model. In other words, it is
always possible to arbitrarily reduce the modeling error
by increasing the number of states of the PFSA model.
Therefore, by restricting the symbolic system model to
PFSA, there is no significant loss of modeling power in the
sense of the metric defined on the vector space.

7. Examples for concept validation

The section presents three examples. The first and
second examples, respectively, illustrate the numerical
steps in the computation of an inner product and an
orthogonal projection from a Hilbert space of PFSA onto a
(closed) Markov subspace. Orthogonal projection provides
optimization in the Hilbert space setting, which is useful
for diverse applications in signal representation and
model identification. The third example is based on
experimental data and demonstrates the efficacy of the
proposed PFSA-based tool for model order reduction.

The space G of PFSA is not complete because a Cauchy
sequence of PFSA with an increasingly number of states
will have the limit point that is not a finite state machine
(e.g., similar to the space of polynomials). However, in
practice, a finite-dimensional subspace could be adequate
for feature extraction from symbolic sequences. For
example, finite-order D-Markov machines have been used
for anomaly detection in polycrystalline alloys [33] and in
electronic systems [14]. Since all finite-dimensional vec-
tor spaces over the real field R are guaranteed to be
complete [27], any closed finite subspace of G is a well-
defined Hilbert space. Therefore, an inner product defined
on a finite-dimensional subspace of the space G admits
orthogonal projections on closed subspaces with guaran-
teed existence and uniqueness.

Let Pg, : G1 — G, denote the orthogonal projection from
a finite-dimensional subspace G; of the space G onto
another smaller closed subspace of G, C G;. If {V;}_; is
an orthonormal basis for the space §,, where
n=dim(G,) € N, then it follows that

n
Pg,(G)= > <(GVi>4-G 45)
i=1
The error due to projection onto the smaller dimensional
space G, is obtained as IG—Pg,(G)ll .
Finite-dimensional subspaces spanned by D-Markov
machines [14] (that belong to a class of shifts of finite

type [25]) have been used for system identification and
anomaly detection in diverse applications [14,33]. Let the
D-Markov subspace with depth d be denoted as D, where
d is a positive integer. The rationale for this choice is that
D-Markov machines have a clearly defined physical
meaning for each of their states and the D-Markov
algorithm is computationally efficient [19]. The objective
here is to project the original system model onto a
D-Markov machine subspace for enhancement of compu-
tational efficiency without significantly compromising the
modeling accuracy. In this formulation, D-Markov
machines are referred to those with positive morph
matrices. The underlying procedure is illustrated in the
following two examples.

Example 7.1 (Numerical computation). Let the alphabet
for the symbolic system be X = {a,b}. A set of orthonormal
basis vectors needs to be specified first. Since all D-Markov
machines with a specified depth d have a common struc-
ture [14], it is convenient to select those PFSA of the same
structure and having different morph matrices as a basis.
As an example, Fig. 5 shows two vectors in the D; space,
where e; and e, have the same Markov structure with
d=1. They have two states q, = {«a} (i.e., all strings ending
with the symbol a) and q; = {«b} (i.e, all strings ending
with symbol b). The inner product of e; and e, is computed
via Eq. (24) by using the base 2 logarithm as

13, 273 13, 1/3
Cerex>,=log % log %u(qo)ﬂog ﬁ log ﬁu(ql)

= ((q1)—1(qo) (46)

Following Eq. (32), let the measure u be chosen as u,
with the parameter 6=1/2. Then, Proposition 6.2 is
applied to yield

= {#(%)} —[1 0J1-02(—0. [IV@)1

Hdr)
1YO1-0 - 1Y) (47)
with [1V9 =172 172]. Since p, =[}/3] for 0 = 1/2, it follows

that <ey,e; >4 =0. With this choice of the measure g, it is
also verified that llejliy =llesll4 = 1. This implies that e,
and e, form an orthonormal basis for the space Dj.
In general, the dimension of the space D; is
K <|2|%(|=|-1). Therefore, an orthonormal basis can be
obtained by applying the Gram-Schmidt procedure on a
linearly independent set of K vectors.

Example 7.2 (Orthogonal projection). Let the alphabet for
the symbolic system be X = {a,b}. Fig. 6 presents two PFSA,
G; and G,, which are not D-Markov machines, and their
projections onto the D-Markov space D; are Pp,(G;) and
Pp, (Gy), respectively. These projections are obtained from
Eq. (45) in terms of the orthonormal bases e; and e, (see

{a}1/3 a
= RER [
Guin-® G-

Fig. 5. An orthonormal basis for D; (qy={»a} and q; ={«b}).
(a) ey, (b) ex.

{b}2/3 {a}2/3 b {b}2/3
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Fig. 5). Two plots in Fig. 7 display the projection errors of
PFSA G; (solid line) and PFSA G, (dashed line) onto the
projection chain D; Cc D, C --- C Dg, respectively. It is
observed that, for both G; and G,, the projection errors
decrease as the depth d of the D-Markov machine Dy
becomes larger. Following Theorem 6.1, it is expected that
as the depth d of D, increases, the projection errors for both
G; and G, would monotonically decrease.

To numerically interpret the meaning of the projection,
a symbol sequence of length 10,000 is generated by
simulating the PFSA G; and then the D-Markov algorithm
is applied on the symbol sequence to obtain a D-Markov
machine with depth d=1. The resulting output is shown
in Fig. 8, which is very close to the analytically derived
projection Pp, (Gy) in Fig. 6(c). That is, a low-order model
captured by the D-Markov algorithm from the simulated
symbolic sequence is very close to the optimal projection
point in the proposed Hilbert space setting.

a {a}0.500
{b}0.500

{a}0.500

{a}0.553 C

{0}0.274

‘ ibi0447 . ‘ ibi0377 .

(a) Gy, ( ) Pp,(G1), (d) Pp, (Gy).

Fig. 6. Projection of PFSA G, and G; on D;.

{b}O 200 @ 2)0.800 ("
T
b}0.500 °
y oro{®)
{6}0.300
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Example 7.3 (Fatigue damage detection in polycrystalline
alloys). This example addresses the construction of a
semantic model and the associated model order reduction
based on time series of ultrasonic signals, collected from
an experimental apparatus for fatigue damage detection
in polycrystalline alloys [33].

Fig. 9(a) shows a picture of the experimental apparatus
that is built upon a special-purpose uniaxial fatigue
damage testing machine. The apparatus is instrumented
with ultrasonic flaw detectors and an optical traveling
microscope; the details of the operating procedure of the
fatigue test apparatus and its instrumentation and control
system are reported in [33]. Tests have been conducted
using center-notched 7075-T6 aluminum specimens (see
Fig. 9(b)) under a periodically varying load, where the
maximum and minimum (tensile) loads were kept con-
stant at 87 MPa and 4.85 MPa at 12.5 Hz frequency. Each
specimen is 3 mm thick and 50 mm wide, and has a slot of

{b}0.30

{2}0.800

b}0.200

(aj0.622 d {b}0.274

Projection Errors

Depth d of D—-Markov Machines

Fig. 7. Projection errors of G, and G, on D-Markov subspaces.
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1.58 mm x 4.5 mm at the center. The central notch
increases the stress concentration factor that ensures
crack initiation and propagation at the notch ends [33].
The ultrasonic sensing device is triggered at a frequency
of 5 MHz at each peak of the cyclic load. The time epochs,
at which data are collected, are chosen to be 1000 load
cycles (i.e., ~80s) apart. At the beginning of each time
epoch, the ultrasonic data points have been collected for
50 load cycles (i.e., ~4s) which produce a time series of
15,000 data points, i.e., 300 data points around each load
peak. It is assumed that no significant changes occur in
the fatigue crack behavior of the test specimen during the
tenure of data acquisition at a given time epoch. The
nominal condition at the time epoch 7, is chosen to be 1.0

{2}0.570 {b}0.268

{b}0.430
{2}0.732

kilocycles to ensure that the electro-hydraulic system of
the test apparatus had come to a steady state and that no
significant damage occurs till that point, i.e., zero damage
at the time epoch 7,. The fatigue damage at subsequent
time epochs, 74,7,...7¢..., are then calculated with
respect to the nominal condition at 7. The set consists
of data collected at 56 consecutive epochs.

The time-series data set at the time epoch 7, is first
converted into a symbol sequence based on the maximum
entropy partitioning (MEP) [34] for a given symbol alphabet
size || =6 and this partitioning is retained for all subse-
quent epochs, 71,75, ... . Note that each partition segment is
associated with a unique symbol in the alphabet and each
symbol sequence characterizes the evolving fatigue damage
and is modeled via a PFSA with Q states. Then, by the MEP
property, the stationary state probability vector p, of the
resulting probabilistic finite state automaton (PFSA) model at
the epoch 7o is uniformly distributed, ie., po=(1/|Q|e,
where e is the |Q|-dimensional row vector of all ones.
Starting from the initial value of zero at the epoch 7, the
fatigue damage at an epoch 1 is expressed in terms of the
respective (scalar) damage divergence defined as

my = d(py.Po) (48)

Fig. 9. Computer-instrumented apparatus and a 7075-T6 aluminum alloy specimen. (a) Experimental apparatus, (b) damaged specimen.
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Fig. 10. Optical microscope images and ultrasonic time series of surface crack evolution in a 7075-T6 aluminum alloy test specimen. (a) Nominal:
1 kcycles, (b) internal damage: 23 kcycles, (c) surface crack: 34 kcycles, (d) full crack: 47 kcycles.

where d(e,e) is an appropriate metric. In this study, d(e,e) is
chosen to be the standard Euclidean distance.

The two-dimensional (optical microscope) images of the
specimen surface and the corresponding profiles of ultrasonic
sensor outputs are, respectively, presented in the top row and
the bottom row of Fig. 10 at different time epochs, approxi-
mately at 1, 23, 34 and 47 kilocycles, to visually display the
gradual evolution of fatigue damage from the pre-selected
reference condition. Fig. 10(a) and (b) shows that no surface
crack becomes visible until ~ 23 kilocycles. Fig. 10(c) shows
the appearance of a crack on the image of the specimen
surface in the vicinity of 34 kilocycles while there is a small
change in the profile of the ultrasonic signal. Eventually the
amplitude of the ultrasonic signal dramatically decreases as
seen in Fig. 10(d) when the surface crack is fully developed at
47 kilocycles.

At the nominal condition of the time epoch 79 and
subsequent epochs 1, with k=1,2,..., respective PFSA
models are constructed from the collected data sets. Each
of these PFSA models has 20 states and is not restricted to
be a D-Markov machine [14]. The 20-state (non-D-Mar-
kov) PFSA models are projected onto the subspaces of
(lower dimensional) D-Markov machines with different
values of |Q| for model order reduction.

The D-Markov machine with D=0 generates the space of
the single-state PFSA, because the number of PFSA states
Q| = |Z\D =1. Projection onto this space is not of interest
as it yields a grossly oversimplified model. However, the
D-Markov machine with D=1 implies that the space
consists of PFSA with |Q| =|X], i.e,, |Q| = 6. Furthermore,
the measure in the construction of the inner product is
chosen to be p, (see Eq. (32)) with 6 = 1. The six-state PFSA
is found to be adequate for representation of damage
divergence (see Eq. (48)) in terms of its state probability
distribution, as seen in Fig. 11 that shows a comparison of a
pair of damage evolution profiles: the plot in solid line
corresponds to the original model of 20-state PFSA and the
plot in dashed line corresponds to the projected model
of six-state PFSA. These two profiles of damage divergence

are observed to be very close to each other. It is apparent
from Fig. 11 that not only the orthogonal projection reduces
the complexity of the semantic model of the dynamical
system (i.e., the process of fatigue damage evolution) practi-
cally without compromising the performance of damage
detection, but also the reduced order model removes the
small ripples in the damage divergence profile produced by
the 20-state model.

8. Conclusions and future work

With the objective of signal representation and modeling
of interacting dynamical systems, this paper develops a
vector space model for a class of probabilistic finite state
automata (PFSA) that are constructed based on finite-length
symbol sequences derived from time series of physical
signals. The construction procedure is formulated in a
measure-theoretic setting, where the operations of vector
addition and scalar multiplication are introduced by estab-
lishing an isomorphism between the space of probability
measures and the quotient space of PFSA relative to a
specified equivalence relation. This isomorphism is made
isometric by constructing user-configurable inner products
on the respective vector spaces. Numerical examples are
presented to illustrate the computational steps of the
proposed method and to explain the operation of orthogo-
nal projection from Hilbert spaces of general PFSA onto
closed Markov subspaces that belong to a class of shifts of
finite type [25]. The concepts of vector space model and
model order reduction by orthogonal projection are vali-
dated on the experimental data. The orthogonal projection
technique in the Hilbert space of PFSA is potentially useful
for signal representation, modeling and analysis (e.g., model
identification, model order reduction, and system perfor-
mance analysis) of physical systems in a computationally
efficient manner. In this context, some of the research topics
that are envisioned to enhance the theory and applications
of symbolic system modeling, presented in this paper, are
delineated below.
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Fig. 11. Evolution of damage divergence.

(i) Signal representation: Systematic procedures for con-
struction of symbolic systems need to be integrated
with those for construction of Hilbert spaces of PFSA
for representation of physical signals in different
contexts.

(ii) Pattern classification: Systematic procedures for con-
struction of PFSA models need to be developed to
generate feature vectors for pattern classification in
physical systems.

(iii) Choice of the measure p for construction of the inner

product: A systematic procedure for selection of an

application-dependent u and its effects on the inner
product needs further investigation.

Performance and computational complexity of the

symbolic model: State merging and state splitting algo-

rithms need to be investigated toward this end.

(iv

~
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