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Geometric Kinematics for Four Bar 
 
 
 
 
 
 
 

 
 
POSITION ANALYSIS 
 

221
2
2

2
1

2 cosrr2rre θ−+=  

221
2
2

2
1 cosrr2rre θ−+=  

 
22 r/sine/sin α=θ  

e/sinrsin 22 θ=α  
 

γ−+= cosrr2rre 43
2
4

2
3

2  
( ) 43

22
4

2
3 rr2/errcos −+=γ  

 
3r/sine/sin β=γ  

e/sinrsin 3 γ=β  
 

°=θ+β+α 1804  
β−α−°=θ 1804  

 
γ+θ=θ 34  
γ−θ=θ 43  

 
VELOCITY ANALYSIS 
 

( )221
2
2

2
1

2 cosrr2rredt/d θ−+=  

2221 sinrr2ee2 θθ= 

  
e/sinrre 2221 θθ= 

  
 

( )α=θ sinesinrdt/d 22  
αα+α=θθ cosesinecosr 222 

  
( ) αα−θθ=α cose/sinecosr 222 



  

D 

B 

β 

α θ4 

α 
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θ3 

θ4 
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θ4 
θ2 

θ3 

D A 

θ2 

B 

α 

r2  

r1 

e 
r1 = AD = 90 cm θ2 = 65° 
r2 = AB = 30 cm 2θ  = 10 rad/s CW 

r3 = BC = 60 cm 2θ = 2 rad/s2 CCW 

r4 = CD = 45 cm 2θ  = 0.5 rad/s3 CW 
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( )γ−+= cosrr2rredt/d 43
2
4

2
3

2  
γγ= sinrr2ee2 43   

γ=γ sinrr/ee 43  
 

( )β=γ sinesinrdt/d 3  
ββ+β=γγ cosesinecosr3



  
( ) ββ−γγ=β cose/sinecosr3 

  
 

( )β−α−°=θ 180dt/d 4  
β−α−=θ 





4  
 

( )γ−θ=θ 43dt/d  
γ−θ=θ 



43  
 
ACCELERATION ANALYSIS 
 

( )2221 sinrreedt/d θθ= 

  

2
2
2212221

2 cosrrsinrreee θθ+θθ=+ 

  
( ) e/ecosrrsinrre 2

2
2
2212221 



 −θθ+θθ=  
 

αα+α=θθ cosesinecosr 222 

  
αα−αα+αα+α=θθ−θθ sinecosecose2sinesinrcosr 2

2
2
22222 

  
( ) ααα+αα−α−θθ−θθ=α cose/sinecose2sinesinrcosr 2

2
2
22222 



  
 

( )γγ= sinrreedt/d 43   
γγ+γγ=+ cosrrsinrreee 2

4343
2

  
( ) γγγ−+=γ sinrr/cosrreee 43

2
43

2
  

 
( )ββ+β=γγ cosesinecosrdt/d 3



  
ββ−ββ+ββ+β=γγ−γγ sinecosecose2sinesinrcosr 22

33


  
( ) βββ+ββ−β−γγ−γγ=β cose/sinecose2sinesinrcosr 22

33




  
 

( )β−α−=θ 





4dt/d  
β−α−=θ 





4  
 

( )γ−θ=θ 



43dt/d  
γ−θ=θ 



43  
 



 Notes_03_01 3 of 15 

JERK ANALYSIS 
 

( )2
2
2212221

2 cosrrsinrreeedt/d θθ+θθ=+ 

  

2
3
221222212221 sinrrcosrr3sinrreeee3 θθ−θθθ+θθ=+ 

  
( ) e/ee3sinrrcosrr3sinrre 2

3
221222212221 



 −θθ−θθθ+θθ=  
 

( )αα−αα+αα+α=θθ−θθ sinecosecose2sinesinrcosrdt/d 2
2

2
22222 

  

αα−ααα−αα+αα−

αα+αα+α=θθ−θθθ−θθ

cosesine3cosesine3
cose3cose3sinecosrsinr3cosr

32
2

3
222222222







 

α










α−αα+αα−αα−αα+

ααα+θθ−θθθ−θθ
=α cose/

sinesine3cose3cose3cose
sine3cosrsinr3cosr

23
2

3
222222222







  

 
( )γγ+γγ=+ cosrrsinrreeedt/d 2

4343
2

  
γγ−γγγ+γγ=+ sinrrcosrr3sinrreeee3 3

434343   
( ) γγγ+γγγ−+=γ sinrr/sinrrcosrr3eeee3 43

3
4343   

 
( )ββ−ββ+ββ+β=γγ−γγ sinecosecose2sinesinrcosrdt/d 22

33


  

ββ−βββ−ββ+ββ−

ββ+ββ+β=γγ−γγγ−γγ

cosesine3cosesine3

cose3cose3sinecosrsinr3cosr
32

3
333













 

β










ββ+βββ+ββ+ββ−

ββ−β−γγ−γγγ−γγ
=β cose/

cosesine3sine3cose3

cose3sinecosrsinr3cosr
32

3
333













  

 
( )β−α−=θ 





4dt/d  
β−α−=θ 





4  
 

( )γ−θ=θ 



43dt/d  
γ−θ=θ 



43  
 
SNAP ANALYSIS 
 

( )2
3
221222212221 sinrrcosrr3sinrreeee3dt/d θθ−θθθ+θθ=+ 

  
 

2
4
22122

2
2212

2
221222212221

2 cosrrsinrr6cosrr3cosrr4sinrreeee4e3 θθ−θθθ−θθ+θθθ+θθ=++ 





  
 

( ) e/ee4e3cosrrsinrr6cosrr3cosrr4sinrre 2
2

4
22122

2
2212

2
221222212221 







 −−θθ−θθθ−θθ+θθθ+θθ=  
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αα−ααα−αα+αα−

αα+αα+α=θθ−θθθ−θθ

cosesine3cosesine3
cose3cose3sinecosrsinr3cosr

dt/d
32

2
3
222222222







 

 

αα+ααα−αα−ααα−ααα−αα−ααα−

ααα−αα+αα+αα−ααα−αα−

ααα−αα+αα+αα−αα+αα+αα+α=

θθ+θθθ−θθθ−θθθ−θθ−θθθ−θθ

sinecose3cosecose3sine3sine3sine3
sinecosecosecose3sine6sine3

sine3cose3cose3sine3cose3cose3cosesine

sinrcosr3cosr3sinr3sinr3sinrcosr

42322

32

2
2

4
2222

2
2222

2
2222222

2
222222222





















 

 

αα+ααα−αα−ααα−αα+

αα−ααα−αα+αα−αα+αα+α=

θθ+θθθ−θθ−θθθ−θθ

sinecose6sine3sine4cose
cose4sine12cose4sine6cose6cose4sine

sinrcosr6sinr3sinr4cosr

422

32
2

4
2222

2
222

2
222222222



















 

 

α



















αα+ααα+αα−αα+αα−αα−

α−αα−ααα+αα+ααα+

θθ+θθθ−θθ−θθθ−θθ

=α cose/
cose4sine12cose4sine6cose6cose4

sinesinecose6sine3sine4

sinrcosr6sinr3sinr4cosr

32

422
2

4
2222

2
222

2
222222222















  

 
( )γγ−γγγ+γγ=+ sinrrcosrr3sinrreeee3dt/d 3

434343   
 

γγ−γγγ−γγγ−γγγ+γγ+

γγγ+γγ=+++

cosrrsinrr3sinrr3cosrr3cosrr3
cosrrsinrreeeeee3e3

4
43

2
43

2
4343

2
43

4343
2













 

 
γγ−γγγ−γγ+γγγ+γγ=++ cosrrsinrr6cosrr3cosrr4sinrreeee4e3 4

43
2

43
2

434343
2









  
 

( ) γγγ+γγγ+γγ−γγγ−++=γ sinrr/cosrrsinrr6cosrr3cosrr4eeee4e3 43
4

43
2

43
2

4343
2









  
 












ββ−βββ−ββ+ββ−

ββ+ββ+β=γγ−γγγ−γγ

cosesine3cosesine3

cose3cose3sinecosrsinr3cosr
dt/d

32

3
333













 

 

ββ+βββ−ββ−βββ−βββ−ββ−βββ−

βββ−ββ+ββ+ββ−βββ−ββ−

βββ−ββ+ββ+ββ−ββ+ββ+ββ+β=

γγ+γγγ−γγγ−γγγ−γγ−γγγ−γγ

sinecose3cosecose3sine3sine3sine3
sinecosecosecose3sine6sine3

sine3cose3cose3sine3cose3cose3cosesine

sinrcosr3cosr3sinr3sinr3sinrcosr

42322

32

2

4
3

2
3

2
33

2
333
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ββ+βββ−ββ−βββ−ββ+

ββ−βββ−ββ+ββ−ββ+ββ+β=

γγ+γγγ−γγ−γγγ−γγ

sinecose6sine3sine4cose

cose4sine12cose4sine6cose6cose4sine

sinrcosr6sinr3sinr4cosr

422

32

4
3

2
3

2
333









































 

 

β
















ββ+βββ+ββ−ββ+ββ−ββ−

β−ββ−βββ+ββ+βββ+

γγ+γγγ−γγ−γγγ−γγ

=β cose/
cose4sine12cose4sine6cose6cose4

sinesinecose6sine3sine4

sinrcosr6sinr3sinr4cosr

32

422

4
3

2
3

2
333







































  

 
( )β−α−=θ 





4dt/d  

β−α−=θ 









4  
 

( )γ−θ=θ 



43dt/d  

γ−θ=θ 











43  
 
 
SAMPLE VALUES FOR FOUR BAR 
 
θ2 = 65° 2θ  = -10 rad/s 2θ  = +2 rad/s2 2θ = -0.5 rad/s3 
e = 81.9626 cm e  = -298.5547 cps e  = +364.3867 cps2 e  = +32987 cm/s3 
α = 19.3737° α   = -0.3588 rad/s α = -38.9682 rad/s2 α  = -363.3719 rad/s3 
γ = 101.6763° γ  = -9.2546 rad/s γ   = +62.7055 rad/s2 γ  = -253.3073 rad/s3 
β = 45.7986° β  =  +5.7122 rad/s β = -30.8000 rad/s2 β   = +125.9668 rad/s3 
θ4 = 114.8278° 4θ  = -5.3533 rad/s 4θ  = +69.7682 rad/s2 4θ = +237.4051 rad/s3 
θ3 = 13.1515° 3θ  = +3.9013 rad/s 3θ  = +7.0627 rad/s2 3θ = +490.7125 rad/s3 
 
 
MATLAB code available in Notes_03_02 
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Freudenstein’s Equations for Four Bar 
 
horizontal and vertical components 

2 2 3 3 4 4 1 2 2 3 3 4 4r cos r cos r cos r r sin r sin r sin            
 
rearrange 

3 3 4 4 2 2 1 3 3 4 4 2 2r cos r cos r cos r r sin r sin r sin            
 
square both equations 

2 2 2 2 2 2 2
3 3 4 4 2 2 1 2 4 2 4 1 4 4 1 2 2

2 2 2 2 2 2
3 3 4 4 2 2 2 4 2 4

r cos r cos r cos r 2r r cos cos 2r r cos 2r r cos
r sin r sin r sin 2r r sin sin

            

       
 

 
add equations and simplify to remove 3  

 2 2 2 2
3 4 2 1 2 4 2 4 1 4 4 1 2 2r r r r 2r r cos 2r r cos 2r r cos           

 
rearrange 
         2 2 2 2

1 4 4 1 2 2 2 3 4 1 2 4 2 42r r cos 2r r cos r r r r 2r r cos           
 
use same process to remove 4  
 

 
 

1 4 2 2 3 2 4

1 3 4 2 5 2 3

K cos K cos K cos

K cos K cos K cos

      

      
 

 
   

   

2 2 2 2
1 1 2 2 1 4 3 2 3 4 1 2 4

2 2 2 2
4 1 3 5 4 1 2 3 2 3

K r / r K r / r K r r r r / 2r r

K r / r K r r r r / 2r r

     

    
 

 
1 4 2 2 3 2 4 2 4K cos K cos K cos cos sin sin           

 
     2 1 4 2 4 2 2 3cos K cos sin sin K cos K 0           
 

2
4

4 4 42 2 2

2u 1 u 2uu tan sin cos tan
2 1 u 1 u 1 u
 

      
  

 

 

     
2

2 1 2 2 2 32 2

1 u 2ucos K sin K cos K 0
1 u 1 u


       
 

 

 
       2

1 2 2 3 2 1 2 2 3K K 1 cos K u 2sin u K K 1 cos K 0              
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   1 2 2 3 2 1 2 2 3a K K 1 cos K b 2sin c K K 1 cos K             
 

2
2 4b b 4 a c

a u b u c 0 u tan
2 a 2

   
      

 
1 3 4 2 5 2 3 2 3K cos K cos K cos cos sin sin           

 
     2 1 3 2 3 4 2 5cos K cos sin sin K cos K 0           
 

2
3

3 3 32 2 2

2v 1 v 2vv tan sin cos tan
2 1 v 1 v 1 v
 

      
  

 

 

     
2

2 1 2 4 2 52 2

1 v 2vcos K sin K cos K 0
1 v 1 v


       
 

 

 
       2

1 4 2 5 2 1 4 2 5K K 1 cos K v 2sin v K K 1 cos K 0             
 

   1 4 2 5 2 1 4 2 5f K K 1 cos K g 2sin h K K 1 cos K             
 

2
2 3g g 4 f h

f v g v h 0 v tan
2 f 2

   
      

 
VELOCITY ANALYSIS 
 

  1 3 4 2 5 2 3d / dt K cos K cos K cos        
 

   1 3 3 4 2 2 2 3 2 3K sin K sin sin               
 

 
 

4 2 2 3
3 2

1 3 2 3

K sin sin
K sin sin

    
  

   
   

 
  1 4 2 2 3 2 4d / dt K cos K cos K cos        

 
   1 4 4 2 2 2 2 4 2 4K sin K sin sin               

 
 
 

2 2 2 4
4 2

1 4 2 4

K sin sin
K sin sin
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ACCELERATION ANALYSIS 
 

    1 3 3 4 2 2 2 3 2 3d / dt K sin K sin sin               

 

       
22 2

1 3 3 1 3 3 4 2 2 4 2 2 2 3 2 3 2 3 2 3K sin K cos K sin K cos sin cos                              
 

      
 

22 2
4 2 2 3 2 1 3 3 4 2 2 2 3 2 3

3
1 3 2 3

K sin sin K cos K cos cos

K sin sin

                
 

   

    

  

 

    1 4 4 2 2 2 2 4 2 4d / dt K sin K sin sin               

 

       
22 2

1 4 4 1 4 4 2 2 2 2 2 2 2 4 2 4 2 4 2 4K sin K cos K sin K cos sin cos                              
 

      
 

22 2
2 2 2 4 2 1 4 4 2 2 2 2 4 2 4

4
1 4 2 4

K sin sin K cos K cos cos

K sin sin
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Geometric Kinematics for Slider Crank 
 
 
 
 
 
 
 
 
 
 
POSITION ANALYSIS 
 

φ=θ sinLsinR  
L/sinRsin θ=φ  

 
φ+θ= cosLcosRs  

 
VELOCITY ANALYSIS 
 

( )φ=θ sinLsinRdt/d  
φφ=θθ cosLcosR   
φθθ=φ cosL/cosR  

 
( )φ+θ= cosLcosRsdt/d  

( )








φ

φ+θ
θ−=φφ−θθ−=

cos
sinRsinLsinRs 

  

 
ACCELERATION ANALYSIS 
 

( )φφ=θθ cosLcosRdt/d   
φφ−φφ=θθ−θθ sinLcosLsinRcosR 22

  
( ) φφφ+θθ−θθ=φ cosL/sinLsinRcosR 22

  
 

( )φφ−θθ−= sinLsinRsdt/d 

  
φφ−φφ−θθ−θθ−= cosLsinLcosRsinRs 22



  
 
JERK ANALYSIS 
 

( )φφ−φφ=θθ−θθ sinLcosLsinRcosRdt/d 22
  

φφ−φφφ−φφ=θθ−θθθ−θθ cosLsinL3cosLcosRsinR3cosR 33
  

( ) φφφ+φφφ+θθ−θθθ−θθ=φ cosL/cosLsinL3cosRsinR3cosR 33
  

1 1 

2 

3 

4 A 

B 

C 
φ θ 

R = AB 
L = BC 

s 
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( )φφ−φφ−θθ−θθ−= cosLsinLcosRsinRsdt/d 22


  
φφ+φφφ−φφ−θθ+θθθ−θθ−= sinLcosL3sinLsinRcosR3sinRs 33



  
 
SNAP ANALYSIS 
 

( )φφ−φφφ−φφ=θθ−θθθ−θθ cosLsinL3cosLcosRsinR3cosRdt/d 33
  

φφ+φφφ−φφ−φφφ−φφ=

θθ+θθθ−θθ−θθθ−θθ

sinLcosL6sinL3sinL4cosL

sinRcosR6sinR3sinR4cosR
422

422













 

φ











φφ−φφφ+φφ+φφφ+

θθ+θθθ−θθ−θθθ−θθ
=φ cosL/

sinLcosL6sinL3sinL4
sinRcosR6sinR3sinR4cosR

422

422











  

 
( )φφ+φφφ−φφ−θθ+θθθ−θθ−= sinLcosL3sinLsinRcosR3sinRsdt/d 33



  

φφ+φφφ+φφ−φφφ−φφ−

θθ+θθθ+θθ−θθθ−θθ−=

cosLsinL6cosL3cosL4sinL

cosRsinR6cosR3cosR4sinRs
422

422
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APPROXIMATE EXPLICIT SOLUTION 
 

θ=φθ−=φ−=φ sin
L
Rsinforsin

L
R1sin1cos 2

2

2
22  

 

θ=±=θ−=φ sin
L
RBforB1sin

L
R1cos 22

2

2

 

 

binomial series      
±

⋅⋅⋅
⋅⋅

−
⋅⋅

⋅
±

⋅
−±=± 86422 B

8642
531B

642
31B

42
1B

2
11B1  

 

θ−≈φ 2
2

2

sin
L2

R1cos  

 

( )θ−=θ 2cos1
2
1sin 2  

 

( ) ( )θ−−+θ=







θ−−+θ≈ 2cos1

L4
RLcosR2cos1

L4
R1LcosRs

2

2

2

 

 







 θ+θθ−=θθ−θθ−≈ 2sin

L2
RsinR2sin

L2
RsinRs

2


  

 







 θ+θθ−≈ 2cos

L
RcosRs 2



           for 0=θ  

 







 θ+θθ≈ 2sin

L
R2sinRs 3



           for 0=θ=θ   

 







 θ+θθ≈ 2cos

L
R4cosRs 3



           for 0=θ=θ=θ 

  

 
HIGHER ORDER APPROXIMATION (for 0=θ=θ  ) 
 

θ







+θ








+−

θ







+++








−−−+θ≈

6cos
L512

RR4cos
L256

R3
L64

RR

2cos
L512

R15
L16

R
L4

RR
L256

R5
L64

R3
L4

RLcosRs

5

5

5

5

3

3

5

5

3

3

5

6

3

42
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θ








+θ








+−θ








+++θθ−≈ 6sin

L512
R64sin

L256
R3

L64
R42sin

L512
R15

L16
R

L4
R2sinRs 5

5

5

5

3

3

5

5

3

3


  

 









θ








+θ








+−θ








+++θθ−≈ 6cos

L512
R364cos

L256
R3

L64
R162cos

L512
R15

L16
R

L4
R4cosRs 5

5

5

5

3

3

5

5

3

3
2



 

 









θ








+θ








+−θ








+++θθ+≈ 6sin

L512
R2164sin

L256
R3

L64
R642sin

L512
R15

L16
R

L4
R8sinRs 5

5

5

5

3

3

5

5

3

3
3


  

 









θ








+θ








+−θ








+++θθ+≈ 6cos

L512
R12964cos

L256
R3

L64
R2562cos

L512
R15

L16
R

L4
R16cosRs 5

5

5

5

3

3

5

5

3

3
4
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Geometric Kinematics for Inverted Slider Crank 
 
 
 
 
 
 
 
 
POSITION ANALYSIS 
 

°=α+θ 1802  

2180 θ−°=α  
 

α−+= cosrr2rrr 21
2
2

2
1

2
4  

α−+= cosrr2rrr 21
2
2

2
14  

 
4422 sinrsinr θ=θ  

4224 r/sinrsin θ=θ  
 
VELOCITY ANALYSIS 
 

( )2180dt/d θ−°=α  

2θ−=α 

  
 

( )α−+= cosrr2rrrdt/d 21
2
2

2
1

2
4  

αα= sinrr2rr2 2144   

4214 r/sinrrr αα=   
 

( )4422 sinrsinrdt/d θ=θ  

44444222 cosrsinrcosr θθ+θ=θθ 



  
( ) 44442224 cosr/sinrcosr θθ−θθ=θ 

  
 
ACCELERATION ANALYSIS 
 

( )2dt/d θ−=α 

  

2θ−=α 

  
 

( )αα= sinrrrrdt/d 2144   
αα+αα=+ cosrrsinrrrrr 2

212144
2
4   

( ) 4
2
4

2
21214 r/rcosrrsinrrr  −αα+αα=  

B 

θ2 θ4 
r2 

r4 

r1 A 

C α 
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( )44444222 cosrsinrcosrdt/d θθ+θ=θθ 



  

4
2
44444444442

2
22222 sinrcosrcosr2sinrsinrcosr θθ−θθ+θθ+θ=θθ−θθ 



  
( ) 444

2
44444442

2
222224 cosr/sinrcosr2sinrsinrcosr θθθ+θθ−θ−θθ−θθ=θ 



  
 
JERK ANALYSIS 
 

( )2dt/d θ−=α 

  

2θ−=α 

  
 

( )αα+αα=+ cosrrsinrrrrrdt/d 2
212144

2
4   

αα−ααα+αα=+ sinrrcosrr3sinrrrrrr3 3
2121214444   

( ) 444
3

2121214 r/rr3sinrrcosrr3sinrrr  −αα−ααα+αα=  
 

( )4
2
44444444442

2
22222 sinrcosrcosr2sinrsinrcosrdt/d θθ−θθ+θθ+θ=θθ−θθ 



  

4
3
4444444444

2
44

444444442
3
222222222

cosrsinr3cosrsinr3

cosr3cosr3sinrcosrsinr3cosr

θθ−θθθ−θθ+θθ−

θθ+θθ+θ=θθ−θθθ−θθ














 

44
4

3
4444444

2
44444

444442
3
222222222

4 cosr/
cosrsinr3sinr3cosr3

cosr3sinrcosrsinr3cosr
θ











θθ+θθθ+θθ+θθ−

θθ−θ−θθ−θθθ−θθ
=θ















  

 
SNAP ANALYSIS 
 

( )2dt/d θ−=α 

  

2θ−=α 



  
 

( )αα−ααα+αα=+ sinrrcosrr3sinrrrrrr3dt/d 3
2121214444   

 

αα−ααα−ααα−ααα+αα+

ααα+αα=+++

cosrrsinrr3sinrr3cosrr3cosrr3
cosrrsinrrrrrrrr3r3

4
21

2
21

2
2121

2
21

2121444444
2
4













 

 
αα−ααα−αα+ααα+αα=++ cosrrsinrr6cosrr3cosrr4sinrrrrrr4r3 4

21
2

21
2

2121214444
2
4 







  
 

( ) 444
2
4

4
21

2
21

2
2121214 r/rr4r3cosrrsinrr6cosrr3cosrr4sinrrr 







 −−αα−ααα−αα+ααα+αα=  
 












θθ−θθθ−θθ+θθ−

θθ+θθ+θ=θθ−θθθ−θθ

4
3
4444444444

2
44

444444442
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