Notes 09 02

Lagrangian Dynamics for Simple Pendulum
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G :%m<5i2 +'y2>+%JGéz +mg(a fcosh—a 67 sin@)—Té

x> = a’h%sin’ 0+ 2a0%0sinHcosH + a’6* cos® 0
§? = a%0” cos” 0 —2a0’0sin O cos O +a*0* sin”

%2 +-y2 — 32 (92 +é4>
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third order dynamics using direct time derivative
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Lagrangian Dynamics for Spring-Mass
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Lagrangian Dynamics for Cylindrical Coordinate Manipulator

Both links Link 2 Link 3

Main body link 2 - Shaft and end-effector link 3

Mass centers at a and r3 from waist rotation axis, a=constant, r3 = variable

Masses m, and m; - centroidal mass moments of inertia J, and J,

0 CCW from positive x axis — a and r3 radial from rotation axis

T is rotary actuator torque of ground on body 2 about waist measured CCW positive
F is radial actuator force of body 2 on body 3 measured positive outward

Gravity g acts along negative y axis

Q=0 q3 =13 c.12:e q; =1, Q=T Q3=F
X2 =a cosf X, =—a0sin0

y2 = a sind y, =a0cos0

X3 =13 c0s0 X, =1, cos0—r,0sin0

y3 =13 sinf y, =1, sin 0+ 1,0 cos O

1 ) -2 1 ) -2 1 N2 1 N2
K—Emz(xz +y2)+7m3(x3 +Y3)+7J29 +57J,0
K=1m,a’0’ +im,r;0’ +im,i; +L(J, +J,)0°

P=myyg+m3ysg P=m;gasin® + m3 g r3 sin6
L=K-P

L= %rnzaze2 +%rn3r3262 +%m31‘32 +1d, +J3)92 —g(m,a+m,r,)sin0

dfoL) o _, d(aLj oL _, g(a_Lj_a_L:F
dt\aq, ) oq, dtlod) 00 dt\ or, ) I
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G_L: (m2212 +m,r; +1J, +J3)9

00

d (oL o 2
a(gj = (mza2 +m,r; +1J, +J3)9+2m3r3r36
oL

e —g(m,a + m,r, )cos 0

5 5 . .
T= (mza +m,r; +J, + J3b+ 2m,r,i,0 + g(m,a + m,r, )cos O

oL )
il 1 Y &

3

d( oL .
| & |7
dt | or,
oL :

2 .
— =m,r;0” —m,g sin0
or,

_ . A2 .
F=m,f; —m,r,6" + m,g sin0
inverse dynamics

T= (m2a2 +m,r] +J, + J3)§ +2m, 1,10 + g (m,a + m,r, ) cos 6

F = m,i, — m,r,0’ + m,g sin 0

forward dynamics

0 m; ||T;

mya’+m,r; +J,+J, 0 |[0] T -2m,r,i,0 — g(m,a + m,r, )cos 6
F+m,r,0° —m,gsin0

third order dynamics using direct time derivatives

T= (m232 +m,r; +J, + J3>'9' +2m, (ffé +r,i0+ r3f3é> —g(m,a+m,t,)0sin 0+ g m,i; cosd

F=m,% —m,i,0 — 2m,r,0 6+ m,g 0 cosh
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Lagrangian Dynamics for a Bar Balanced on a Cylinder

A steel bar is initially balanced on top of a fixed cylinder as shown below left. When the left end
of the bar is depressed and then released, it will oscillate in a rocking fashion as shown below
right. The radius of the cylinder is 1.906 inches. The bar is 19.5 inches long and weighs 0.45
pounds. Assume thickness of the bar is negligible and that it rolls without slipping.

a) Determine the natural frequency of oscillation for an initial release angle 6o = 10°.

b) Determine the natural frequency of oscillation if an aluminum bar with identical geometry
were substituted.

bar motion

p=rH
X; =—Trsinf+4pcosh=—rsinf+r0cosd

Yo =+rcosf+psind=-+rcosO+4r0sind

X, =-10cos®+10cos®—rHOsinf=—r0Hsind
Yo =—10sin0+r0sind+r00cosd=-+r00cosh
VGZ :I_Z 92 92

K=imV,/ 4110 =1mr? 0> 6> 176

)

P=mgy,= mgr(cosd-+0sinb)
L=K-P=1mr 66’ +1J0* —mgr(cos0+0sinb)

OL

=mrr 0 0+7J0 i[8—14
00

]:2mr2692+mr2 020+7T0
dt{ 00

Z—I(;:mrz 692—mgr(—sin@—ksin@#—@cos@):mr2 06> —mgr0cosh
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%[%]_g_g:o 2mrl 00> +mr’ o’ é—k]é—(mrzeéz—mgrecose)zo

(J—kmr2 92)é+mr(gcose+r92>920

ASSUME  small§ — cosf ~1 I>>mr* 0’ gcosh>>r6’

J0+mrgh=0 wy = +/mgr/J J=mL*/12 wy = +/12gr /L2

using r=1.906 inch, L = 19.5 inch, m = 0.45 lbm, g = 386 ips>

Wy = 12[386 2“] 1906 _ 4 818 rad/sec = 0.767 Hz
sec” )(19.5in)

use 0=0, cos(wyt) 0 =—0_w, sin (wyt) 6, =10°=0.1745 rad

check cos6, =0.9848~1 1.5% = 0K

check J=mL’/12=14.26 Ibmin® >>mr’ 0, = 0.0526 Ibm.in’

check gcosf>>r6? g>>10, =r02wi=mgr’ 0]

0.4% =OK
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sameas J>>mr’ 0]

Steel and aluminum bars with the same geometry should have the same frequency because mass

cancels out of ®n.
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Lagrangian Dynamics for Two Link Anthropomorphic Manipulator (Double
Pendulum)

Two solid rigid bars with revolute joints A and B
Lengths d and d3 - mass centers at a; and a3 from proximal ends
Masses m, and m, - centroidal mass moments of inertia J, and J,

02> CCW from positive x axis T, 1s torque of ground on bar 2 about pin A, CCW positive

03 CCW from centerline of bar 2 T, is torque of bar 2 on bar 3 about pin B, CCW positive
Gravity g acts along negative y axis

q2:92 qzzéz Q2:T2
q; =0, q; =6, Q; =T,

X, =a, cos0, X, =-a,0,sin0,

y, =a,sin0, y, =a,0, cosh,

x, =d, cos®, +a, cos(0, +9,) X, =—d,0,sin0, —33(92 +é3)sin(92 +0,)
y, =d,sin0, +a, sin(e2 +63) y, =d,0,cosh, +a3((.92 +93)cos(62 +63)

K =1m, (%2 +92)+tm, (k2 +§2)+ 11,62 +11,(0, +6, )

K =4m,a363 +4m,d303 + tm.ad(6, +6, ] +m.d;a,0,(0, + 6, Jeoso,

+§Jzé§+%J3(éz+93)2

P=m,y,g+m,y,g
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P =(m,a, +m,d,)gsin®, + m,a,gsin(6, +6,)
Loxop  dfa)a

dt\dq; ) dq;

d( oL oL
- —— ——:T2
dt\ 00, ) 00,
oL

. (m,a2 +m,d2+1,)0, +(m,a2 +J3)(€)2 + 63)+ m3d2a3(2(92 +('93)cosE)3
2

%(;&J:(mzag +m,d; +J2)éz +(m3a§ +J3)(é2 +é3)

+ m3d2a3(2'6')2 + 63)005 0, —m3d2a3(26263 + éi)sin 0,
oL
0. - —(m232 + m3d2)cos 0,2—m,a, cos(O2 + 63)g
2

T, = (mzai +m,d; +J2)é2 +(m3a§ +J3)(é2 +é3)
+m3d2a3(2é2 +é3)cos93 —m3d2a3(29293 +9§)Sin 0,
+(m,a, + m,d, )cos®,g+m,a, cos(8, + 6, )g

T, = (m2a§ +m,d; +J, +mja; +J, +2m.d,a, (:0563)é2
+(m3a§ +J, +m,d,a, 00593)(63)

—(2m,d,a, sin6, 9,6,

—(m,d,a, sin @, )8?

+ (m2a2 + m3d2)cos92g+ m,a, cos(@2 + 93)g

d( oL oL
— | = T3
dt\ 06, ) o6,

oL

— = (m3a§ +J3) (92 +93)+ m,d,a,0, cosH,
00,

i[%J = (m3a§ + J3) (92 + é3)+ m,d,a,0, cosd, —m,d,a,0,0,sin 0,
3
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% = —m3d221392(€)2 + 93)sin 0, —-m,a, cos(E)2 + 63)g
3

T, = (m3a§ +J3) (éz +é3)+ m,d,a,0, cos®, —m,d,a 0,0, sin6,

+m3d2a392(92 + 63)sin(93 +m,a, cos(8, + 6, )g

T, = (m3a§ +J,+m.d,a, cos63)62
+(m3a§ +J3ﬁ3

+(m,d,a, sin®, )03

+m,a, cos(e2 +63)g

Ty =mya; +J,

J, =J,+m,al +m.d; +J, +2m,d,a, cosf,
C=1J; +m,d,a, cosb,

D =m,d,a,sin6,

G, =(m,a, +m,d, )gcosb,

G; =mja,gcos (0, +6;)

inverse dynamics

T,=171,0, +CH,—2D8,0, —DO2 + G, +G,
T, =CH, +J,0, + DO +G,

{Tz}_{JA c} 0, N ~ D62 -2D8,0, +{G2+G3}
T, C J; 63 +Dé§ G,

forward dynamics

0, [JA CT {TZ} ~ D62 -2D6,6, {Gz + GS}

0, C J; T, +D6? G,
third order dynamics using direct time derivatives
T,=11,6,+7J,6, +C6, +Ch, —2D8,0, —2D6,0, —2Dh, 6, — DH? —2D8,0, + G, + G,
T, = CO, +C0, +J,0, + DO +2D0,0, + G,
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J, =—2m,d,a,f,sinb,
C =—m,d,a,0, sinb,
D =m,d,a,, cosb,
G,= —(m,a, + m,d,)g 0, sin 6,
G, = -—mja,g (0, +0,)sin (0, +90,)
T, =10, +J,0, +CO, +Ch, —2D0,0, —2D0,0, —2D6, 6, — D —2D0,0, + G, + G,
T, = C0, +Cb, + 71,6, + DO; +2D0,0, + G,
T,=171,6, —2m,d,a,0,sin 0,0, +CH, —m,d,a 0, sin 6,0,
—2m,d,a,0, cos0,0,0, —2DA,0, —2D0,0, — m,d,a,h, cos 0,02 —2D0.0,
—(m,a, + myd,)g 0,sinf, —m,a,g (9, +6,)sin (0, +0,)
T, =CH, —m,d,a,0,sin0,0, + 7,6, + m,d,a,0, cos0,02 +2DH,0, —m,a,g (6, +6,)sin (0, +6,)

T, =10, +C0,
—m,d,a, cosb, (292 +0, ) 0,> —2(D+m,d,a,sin6,)8,0, —2D0,0, — (2D +m,d,a, sin, ) 0,0,
—(m,a, + myd,)g 0,sin0, —m,a,g (§, +0,)sin (0, +6,)

T,=C6,+7,6, +md,a, (cos 0,0,2 —sin 9352)93 +2D60,0, —m,a,g (0, 4 6,)sin (6, 4 6,)



Joint angle [rad]

Joint angular velocity [rad/s]

Difference [rad/s]
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Joint angular acceleration [rad/s/s]

Difference [rad/s/s]

Joint angular jerk [rad/s/s/s]

Difference [rad/s/s/s]
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Planar two link manipulator
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Joint torque [N.m]

Difference [N.m]

Joint torque slew [N.m]

Difference [N.m]
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Planar two link manipulator

‘ ll
'vm

v " " ‘H ‘Hl “rmf v"v‘vrv‘ n',“‘ ‘l

Planar two link manipulator
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T3dq
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Lagrangian Dynamics for Three Link Anthropomorphic Manipulator

Three solid rigid bars with revolute joints A, B and C
Lengths d> d3 ds4 - mass centers at a; a3 a4 from proximal ends
Masses m, m, m, - centroidal mass moments of inertia J, J, J,

02 CCW from positive x axis T, is torque of ground on bar 2 about pin A, CCW positive
03 CCW from centerline of bar 2 T, is torque of bar 2 on bar 3 about pin B, CCW positive

04 CCW from centerline of bar 3 T, 1s torque of bar 3 on bar 4 about pin C, CCW positive
Gravity g acts along negative y axis

q2:92 qzzéz Q2:T2

q; =0, d; :es Q, =T,
q, =9, q, =9, Q,=T,

X, =a,c0s0, X, =-a,0,sind,
y, =a,sin0, y, =a,0, cos0,
Xx; =d, cos0, +a, cos(e2 +63) X, =—d,0,sin0, —a3(92 +93)Sin(92 +63)

y; =d,sin0, +a, sin(E)2 +0,) ¥, =d,0, cos0, +a, (92 +0, )cos(e2 +0,)
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x, =d, cos8, +d, cos(8, +0,)+a, cos(6, +0, +9,)
0, )sin(6, +0,)—a,(6, + 0, +0, )sin(0, + 0, +0,)

%, =—d,0,sin0, - d, (0,

y, =d,sin®, +d,sin(8, +6,)+a,sin(0, +6, +6,)
y, =d,0, cos, +d3(92 +(‘93)cos(62 +93)+ 34(92 +93 +94)cos(92 +0, +64)

K=4m, (3 + 92 )+ my (5 + 92 )+ $m, (3 +v3)
+17,63 +§J3(92 +é3)2 +§J4(92 +0, +é4)2

K =1m,a0] +1m,d;6] +%m3a§(92 +93)2 +m3d2a392(92 +93)cose3
+im,d202 +1m,d2(6, +0,) +im,a2(0,+6,+0,)
+m4d2d392((§2 +93)00593 +m4dza492(92 +0,+0, )cos(e3 +64)
+m4d3a4(e2 +G3X92 +0, +94)cos94
+17,02 +%J3(92 +63)2 +%J4<62 +0, +94)2

P=m,y,g+m,y,g+m,y,g

P= (mzat2 +m,d, +m,d, )g sin 0, Jr(m3a3 +m4d3)g sin(@2 +63)+ m,a,g sin(@2 +0, +94)

L=K-=P i 6_L _a_L:Qi
dt\ 6q; ) dq;

d({ JL oL

- —— ——:Tz

dt{ 86, | 00,

oL

o= (maad e midd e mdd 1,0, +(miad 4 m,d 40 )0, +0: )+ (m.ad +1,)6, + 6, 40,)
2

+(m3d2a3 Jrrn4d2d3)(2(§2 +93)cose3 +m4d2a4(292 +93 +94)c0s(93 +94)
+m4d3a4(292 +26, +94)00564

%(%} = (m2a§ +m,d; +m,d3 +Jz)é2 +(m3a§ +m,d; +J3)(é2 +é3)+(m4ai +J4Xé2 +0, +é4)
2

+(m,d,a, er4d2d3)(262 +63)c0563 —(m,d,a, +m4d2d3)é3(292 +93)Sin 0,
+m4d2a4(2é2 +0, +é4)cos(93 +64)—m4d2a4(93 +94X292 +0, +94)sin(93 +0,)
+m4d3a4(2é2 +20, +é4)cos84 —m4d3:51464(292 +26, +94)sin64
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;TLZ = —(m2a2 +m.d, +m4d2)g cos0, —(m3a3 +m4d3)g cos(f, +6,)-m,a,g cos(@2 +0, +94)
T, = (m2a§ +m,d; +m,d; +J2)é2 +(m3a§ +m,d3 +J3)(é2 +é3)+(m4ai +J4Xé2 +0, +é4)
+(m,d,a, +m4dzd3)(2é2 +é3)cos93 —(m.d,a, +m4d2d3)é3(292 +('93)sin63
+m4dza4(2é2 +0, +é4)cos(63 +64)—m4d2a4((§3 +94X292 +0, +('94)sin(63 +64)
+m4d3a4(2é2 +20, +é4)cose4 —m4d3a464(292 +26, +94)sin94
+(m,a, +m,d, +m,d, )g cos®, + (m,a, +m,d, )g cos(8, +0,)+m,a,g cos(6, + 6, +6,)

_(m ,as +m,d3 +myal +m,d} +m,d} +myal +J, +J, +1J, Je
+2(m,d,a, +m,d,d )cos@ +2m,d,a, cos(8, +0,)+2m,d,a, cosO,

(ma +m,d; +m,a; +J, +1J, je

m d,a; +m,d,d )cose +m,d,a, cos(@ +0 )+2m4d3a4 cos0, }

+(m al+1J, +m,d,a, cos(0, +0,)+m,d,a, cos, b

—((m,d,a, + m,d,d, )sin@, + m,d,a, sin(6, +6,))?

—(m,d,a, sin(6, +0,)+m,d,a, sin6, )9’
—2((m,d,a, +m,d,d,)sin0, + m,d,a, sin(, +6,))0,0,
—2(m,d,a, sin(6, +0,)+m,d,a,sin6,)d,0,
~2(m,d,a, sin(6, +0,)+m,d,a,sin6,)d,0,
+(m2a2 +m,d, +m,d, )g cosH, +(m3a3 +m4d3)g cos(e2 +93)+ m,a,g cos(92 +0, +64)

J,0,+A0,+B6, -2(D+E,0, —2(E+F)0,0, —2(E+F)p,0,
~(D+E® -(E+F); +G, +G, +G,

d( oL oL
— | | = T3
dt\ 00, | 08,

L

89 <m3a3+m d; +J )(e +0 ) (m4ai+J4X92+93+94)

+(m3dza3 +m4d2d3)€)2 cosf, + m,d,a,0, cos(e3 +64)+ m4d3a4(262 +26, +94)cose4
jt(a%j (m3a3 +m,d; +J XO +0 ) (m4ai+J4Xéz+és+é4)

+(m,d,a, +m,d,d;)d, cos®, —(m,d,a, +m,d,d, 0,0, sin,
+m,d,a,0, cos(6, +64)—m4d2a492(93 +94)Sin(63 +0,)
er4d3a4(2é2 +2§3 +é4)cose4 —m4d3a4(292 +293 +é4b4 sin0,
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% = —m,d,a,0,(0, + 0, )sin®, —m,d,d,0,(0, +0, )sin6, —m,d,a,0,(6, +6, +6, )sin(6, +0,)
—(m3a3 +m4d3)g cos(@2 +63)—m4a4g cos(@2 +0, +64)

T, = (m,a? +m,d’ +J3Xé2 +é3)+(m4aﬁ +J4Xé2 +0, +é4)
+(m3d2a3 +m4d2d3)é2 cosO, —(m3d2a3 +m4d2d3)9293 sin 0,
+m,d,a,0, (:05(63 +64)—m4d2a492(93 +94)Sin(63 +94)
+m4d3a4(2é2 +20, +é4)cose4 —m4d3a4(292 +26, +94b4 sin0,

+m3d2a392(92 + 93)Sin93 +m4d2d392(92 +93)Sin 0, +m4d2a492(92 +0, +94)sin(93 +94)
+(m,a, +m,d; )g cos(8, +6,)+m,a,g cos(6, +6,+6,)

T m,a; +m,d; +m,a; +J,+7J, §
+(m,d,a, +m,d,d;)cos®, + m,d,a, cos(0, + 6, )+2m,d,a, cos, ’

e3
+2m,d;a, cos0,

+[m3a§ +m,d; +m,a; +J, +J4J~
+(m4aﬁ +J,+m,d,a, 00594)94
~2m,d,a, sin0,0,0,

~2m,d,a, sin0,0,0,

+(m,d,a, +m,d,d,)sin0,62 + m,d,a, sin(6, + 0, )02
~m,d,a,sin6,0]

+(m;a; +m,d;)g cos(8, +6,)+m,a,g cos(6, +0, +6,)

T, =A@, +J,0, +CO, —2F0,6, —2F6,0, +(D+E)P2 —FO2 + G, + G,

d({ JL oL
| | = T4
dtl o0, ) o8,

%= (mé‘af1 +J4X92 +93 +94)+m4d2a492 cos(@3 +94)+m4d3a4(92 +93)cose4
4

%(sél;j:(m4ai +J4Xé2 +0, +é4)

+m,d,a,0, cos(@3 +64)—m4d2a492(€)3 +(§4)sin(93 +84)

+m4d3a4(€)2 +é3)cose4 —rn4d3a4(§4(92 +93)sin94
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oL

0 - —m4d2a492(€2 +0, +G4)sin(93 +64)—m4d3a4(é)2 +93X92 +0, +94)sin64
4

—m,a,gcos(6, +0,+6,)

T, :(rn4ai +J4Xé2 +é3 +é4)
+m,d,a,0, cos(E)3 +94)—m4d2a492(93 +94)sin(93 + 94)
+m4d3a4(é2 +é3)cos94 —m4d3a4('94(92 +93)sin94
+m,d,a,0,(0, +0, +0, )sin(0, +0,)+ m,d,a,(0, +0, )0, +0, +0, )sin0,
+m,a,g cos(G2 +0, +94)

T, = (m4af1 +J, +m,d,a, cos(0, +0,)+m,d,a, 00594)92
+(m4ai +J,+m,d,a, cos64)'63

+(m4ai +J4)é4

+2m,d,a,sin6,0,0,

+(m,d,a,sin®, +m,d,a, sin(6, +6,))0>
+m,d,a,sin0,6?

+m,a,g (:05(92 +0, +94)

T, = Béz ++Cé3 +Jcé4 +2Fe2é3 +(E+F)e§ +Fe§ +G4

2
Jo=m,a, +]J,
2 2
Jg =Jc+m;a; +m,d; +J, +2m,d,a, cos0,

J, =1, +m,al +m,d} +m,d2 +J, +2(m,d,a, + m,d,d, )cosO, +2m,d,a, cos(, +6,)

A=1J, +(m,d,a, +m,d,d;)cos0, + m,d,a, cos(0, +0,)
B=J.+m,d;a,cos0, +m,d,a, cos(@3 +94)

C=J.+m,d;a,cos0,

D =(m,d,a, + m,d,d,)sin 0,
E=m,d,a,sin(0, +9,)

F=m,d;a, sin0,

G,=m,a,g cos(@2 + 0, +94)
G, =(m,a, +m,d, )z cos(6, +6,)
G, = (mza2 +m.d, +m4d2)g cos0,
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T,=J,6,+A0,+BO, -2(D+E,0, —2(E+F)9,0, —2(E+F),0,
~(D+E® -(E+F)P; +G, +G, +G,
T,=A0, +J,6, +CO, —2F0,0, —2F0,6, +(D+E)P: —F6. +G, +G,
T, =BO, . +CO, + 1.0, +2F0,0, +(E+F)02 +FO? + G,
T,] [J, A BJ[6,] [-2(D+E) -2(E+F) -2(E+F)][0,6,
T,t=| A J, CRO,p+ 0 ~2F —-2F 16,6,
T,] |B C J.||6, 2F 0 0 0.0,
0 -(D+E) -(E+F)|[62] (G,+G,+G,
+|(D+E) 0 -F H6it+{ G,+G,
(E+F) F 0 03 G,
T,] [-2(D+E) —-2(E+F) —2(E+F)][6,6,
LT - 0 —2F —2F 6,0,
91 o A Bl T, 2F 0 o |[6,6,
0,p=|A J, C s
6. |B ¢ 1. 0 —-(D+E) —(E+F) 03] [G.+G,+G,
~|(D+E) 0 ~F |10 }-
(E+F) F 0 0;

21 of 24
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Validated with harmonic drivers using Haug's inverse dynamics and then calculate torques per
above

x 10 Planar three link manipulator
1.5 T T T T T T T T T
T2
T3
1F T4 H
0.5F i

o
e —
=
———
{
1
—
| -
=
.
e —
]
L
3

=
[$)]
T
——
|

Validate torque equations [N.m]

_15 | | | | | | | | |
0 02 04 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Time [sec]
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Linear State Space Model for Two Link Manipulator

Yi 0, Vi éz
Y2 0, L Y2 0, L .
{y} = =1 {yh=1""1=1. Vi =1t{y}) ¥} = [Ainear ] Y}
Y3 0, Y3 0,
Y4 0, Vs 0,

linearize about nominal values of {y}

0,] [JA CT {TZ} - D6? -2D9,0, {Gz +G3}
6. [c 1,] \IT) |+ Do G,
J,=J,+m,a; +m,d +J, +2m,d,a, cos0,

_ 2
Jp =mjaj +J;

C=J; +m,d,a,cosH,

D =m,d,a,sin0,

G, = (m2a2 +m.d, )gcos@2

G, =mja,gcos(0, +0;)

0, 1 J, —-Cl[G
6, 1J,-C*|-C I, |H
{G} |1, +D6; +2D6,6, -G, -G,
H] |T,-D6; -G,
B {Tz +m,d,a, sin0,0% + 2m,d,a, sin6,0,0, —(m2a2 +m3d2)g00592 —m;a,gcos (0, + 93)}

T, —m,d,a, sin0,03 —m,a,gcos (0, +6,)
30, 2C(6C/893)—JB(8JA/893){JB —CHG} 56
50, (1,J,-C?) -C J,||H|
1 0 -ac/00,](G
T T 2 00,
1.0, —C*|-oc/oe, a1, /00, ||H
50,

L] J, —-C|oGree, 6G/ae, oG/, 06G/ab, ||,
J,J,-C*|-C J,|oH/o8, oH/00, oH/06, 0 |86,
30,
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8G /08, = (m,a, + m,d, Jgsin®, + m,a,gsin(0, +6,)

8G /00, =m,d,a, cos0,02 +2m,d,a, cos0,0,0, + m,a,gsin(0, +0,)
8G /66, =2D6,

0G /00, =2D(0, +6,)

OH/0, =m,a,gsin(0, +0,)

OH/0, = —m,d,a, cos0,03 + m,a,gsin(0, +0,)

oH/6, = -2D6,
oH/6, =0
oI, /00, =—2D
oC /00, =D
30, D —21,(1, +C) L, +21,0+C 1[Gl
80, (1,3, —C?F LIaJs +20,C+C* —201,0, +1,C-C?)|H]
560,
L] J, —-C|oG/ee, 6G/a8, oG/, 06G/ab, ||,
J,J,-C*|-C J,|oH/o8, oH/00, oH/06, 0 |86,
30,
Pyl D —2J,(7, +C) 1,0, +21,C+C* |[G
Pof (1,3, -C?) LIuds+20,C+C7 —201,0, +1,C-C?)|[H
50, 0010
50, 0001

56, _[ 1 {JB —C}FG/@GZ 0G /00, 0G/00, acwa@}[o P, 0 o}
30, JJJ,-C*|-C I, ||0H/00, oH/00, OH/00, 0 0 P, 00
0010
[o 0 0 1}
[A“NEAR]Q( 1 {JB —C}{ac;/ae2 0G /o0, G/ o6, 8G/893}{0 P, 0 0
1,J,-C*|-C J,|6H/00, oH/80, oH/80, 0 0P, 00

J

30,
30,
36,
36,



