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Geometric Kinematics for Four Bar

n=AD=90cm 0,=65°

n=AB=30cm 0, =10rad/s CW

=BC=60cm 0,=2rad/s> CCW 4

__________ %2\ n=cD=4scm 0, =0.5rads’ CW

T e S R
A D

POSITION ANALYSIS

e’ =1 +r, — 21,1, cos0,
2 2
b% ez\/r1 +r1, — 211, COS0,
sin@, /e =sina/r,

P sino. =1,sin0, /e

2.2 2
e =r, +1, —21,1,C08Y

cosy = (r32 +1, - ez)/2r3r4

siny/e=sinfB/r,

sinfB=r,siny/e

a+B+0, =180°

0, =180°-a -
0,=0,+y

0,=0,-v

VELOCITY ANALYSIS

d/dt(e2 =1 +r1, — 211, cos@z)

2eé = 211,0,sin 6,

e=11,0,sin0,/¢e

d/dt(r,sin®, = esina.)
,0,co0s0, =ésina +edacosa

o= (r292 cos0, —ésin a)/ecosoc
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d/dtle’ =17 +1; — 21,1, cosy
3 4 31y

%
2e¢ =2r,1,ysiny n fﬁ@ // ﬁ D
¥ =ee/nr,siny s p/gb
d/dt(r3 siny = esinB)

r3j(cosy=ésinB+eBcos[3

B= (rﬂ cosy —esin B)/ecosB

d/dt(e, =180°—a — )
0,=—c—f

d/dt(6, =9, -7)
e3 = e4 _3"

ACCELERATION ANALYSIS

d/dtlge =rr,0,5in0,) o~ 2

¢’ +eé =r1r,0,sin0, +11,0] cosO,

P
8= (rlrzé2 sin@, + 11,02 cos, —éz)/e S"I\/\ f/ 0

1,0, cos0, = ésina +eacosa
2 . e s .. . .2 .
,0,c0s0, —1,0;5in0, = €sina + 2éacosa +eacosa —eda” sina [‘ﬁf?

b= (rZE)2 cos0, — 1,0 sin 0, — &sin o — 2écLcos o + edt” sin a)/ecosoc

d/dt(e¢ = r,r,ysiny)

¢’ +eé =rr,ysiny + 1,7’ cosy

Y= (é:2 +eé—1,r,y° cos y)/ LI, siny

d/ dt(m'( cosy = ésinP + efcos B)

r,jcosy — 1,7 siny = 8sinp + 2éB cosP + ef cosp — e sin

B =(rjcosy—r,7*siny —&sin B — 2éPcosp + ef*sinB)/ ecosp
3V 3

d/di(o, =—c—p)
0,=—c-p

d/dt(6, =6, —7)
éa = é4 -y
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JERK ANALYSIS

.2 - . N2
d/dt(e +e€ =171,0,s1n0, +1,1,0; cos 92)
3ee+e€ =rr1,0,s1n0, +31,1,0,0, cos0, — 11,0, sin 0,

€= (rer'G'2 sin 0, +31,1,0,0, cos 0, — 1,03 sin 6, — 3éé)/e

d/dt(r262 cos0, —1,03sin 0, = ésin o + 2é0Lcos oL + edicos oL — ed.” sin oc)
r,0, cos0, —3r,0,0,sin 0, —1,0] cos 0, = €sina +3&ccosa +3éd cosa
—3éa” sin . + edi cos oL — 3edudi sin oL — e’ cos o

.. [1,0,cos0,-31,0,0,s1n6, —1,0;cosO, +3eadsina
o= .3 22 . S /CCOS(X
+ed” coso—3eacosa—3eacosa +3ed” sino — € sin o

d/dt(é2 +eé =r,r,ysiny + 7’ cos y)

3¢é+e€ =r,r,ysiny + 31,7y cosy — 51,7’ siny

Y= (3éé +€€ - 3,1,y cosy + r,r,7’ sin y)/ LI, siny

d/dt(rﬂ cosy — 1,y siny = ésin P + 2éP cosP + ef cosp — ep’ sin B)

1,y cosy —3r,yysiny — 1,y cosy = €sin B + 38BcosP +3efcosp
—3¢f?sinP + ep cos B —3efPsinp —ep’ cosp

. Lrﬁ cosy —3r,7ysiny — 1,7’ cosy — €sinp — 3éBcosp

.. ) D ) ]/ecosﬁ
—3éBcosP +3éP’sin P + 3ePPsinP +ef’ cosP

d/di(o, =—a—f)
0,=-c-B
d/di(6, =8, —7)
63 = ”64 -7

SNAP ANALYSIS

d/dt(3é'é +e¢ =171,0,sin0, +31,1,0,0, cos 0, — 11,03 sin 62)

.2 e e A ) Soi ‘4
3e” +4¢e€ +e¢€ =11,0,s1n0, +41,1,0,0, cos0, +3r,1,0; cos 0, —61,1,050, sin 0, — ;1,0 cos 6,

3of15

€= (qrﬁz sin©, +41r,0,0, cos0, + 311,02 cos 0, — 611,020, sin O, — 11,03 cos B, —38* — 4é'é')/ e
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1,0, cos0, —3r,0,0,sin0, —r,0° cosO, = €sina + 36 cos o + 30 cos o
d/dt 2V2 2 2Y2Y2 2 2Y2 2
—3éd’ sin oL+ edi cos oL — 3ediiisin o — ed’ cos o

vee vee o . o . ese . o “os 4 -
1,0, cos0, —1,0,0, sin O, —3r,0; sin 6, —3r,0,0, sin 0, — 31,650, cosO, —3r,0,0, cosO, +1,0;sin 6,
= ¢sina+ € cosa+3€dcosa + 386 cos a — 380 sin oL + 386 cos oL + 36 cos oL — 3edd sin o
— 380 sin ot — 606 sin o — 3éAL° cos oL + €0( cos oL + edl cos oL — e sin o

—3édd.sin o — 3ed” sin ol — 3eddi sin o — 3ed’d cos o — e6’ cos o — 3ed*d cos o + e’ sin o

.ee « eee . ..2 . . 2.. . 4 -
1,0, cos 0, —4r,0,0, sin0, —3r,0; sin 0, — 61,0,0, cos 0, + 1,0, sin O,
= €sina+4¢€dcosa + 680 cos o — 666% sin o + 4é6i cos o — 12édd. sin o — 4e6° cos a

.. o ees s D . e D .4 .
+ed.coso—4eadsino —3ed” sin o —6ed“0Lcos oL+ edl” sin o

e ) i s
1,0, cos0, —4r,0,0,sin6, — 31,0, sin 6, — 61,050, cosO, + 1,6, sin 6,

.. Ceen . D . D .4 - B

o =| +4eodsina +3ed” sino + 6ec"0Lcoso —eo.” SIn oL — € Sin o /ecosa

—4¢Edcosa — 660 cosa + 680 sina — 4edicos o + 12e6dsin o, + 4e6° cos o

d/ dt(3éé +€€ = 1,1, ¥ siny +3r,r,7y cosy —r,r,7’ sin y)

367 + 366 +6¢ +e¢ = LI,y siny + 5,r,yy cosy

+3n,1,7” cosy + 35,1, 7Y cosy — 3r,r, 7 ¥ siny — 3,1,y ¥ siny — r,r, 7" cosy

382 + 466 + €€ = r,r,y siny + 4,1,y ¥ cosy + 3r,r,i° cosy — 6r,r,7 Y siny —1,r,7* cos y

V= (362 + 466 +e€ — 41,7 ¥ cosy —3r,,j cosy + 65,y i siny + ,r, 7 cos y)/ I,r, siny

d4/dt 1,y cosy — 3r,yysiny — 1.y’ cosy = €sin B + 38BcosP + 3P cosP
—3¢f?sinP + e cosP — 3epPsin P — eff’ cosp

r3'1:/ cosy — 1,y ¥ siny —3r,i” siny —3r,7 ¥ siny —3r,7” ¥cosy —3r,7°¥ cosy + 1,7 siny

= EsinB+EPcosP+3¢PcosP+38BcosP —38p? sin B+ 3P cosP +3¢P cosp—3eBPsin P
—38p% sin B — 66BPsin p—3¢p° cosB+éEcosB+eEcosB—eBEsinB
—3¢BPsinP—3ef’sin B —3ep P sin P —3epPcosP—ép’ cosP—3ef’PcosP+ef* sinf
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1,¥ cosy — 41,7 ¥ siny —3,7* siny — 61,7% j cosy + 1,7 siny
= &sinP+4EPcosP+ 6B cos P —66B7 sin P+ 4 cosp—12¢BPsin f—4¢h’ cosp
+ efﬁ cosP—4ep P sinp—3ef’ sinp—6ep*PcosP+ep* sinp

I,y cosy —4r,y ¥siny -3t siny — 61,7 jcosy +1,7" siny
B = +4epPsinP+3ep’sinf + 6eB*Pcosp—ef* sin— & sin
— 4B cosP—66p cosP+68p> sinPp—4ep cos P+ 12¢BPsin p+4¢p’ cosp

d/dt(@, =6 — )
64 :_&_E
d/dt(6, =6, -7)
63 :':9‘4_'3:('

SAMPLE VALUES FOR FOUR BAR

0= 65° 0, =-10 rad/s

e =81.9626 cm € =-298.5547 cps
a=19.3737° & =-0.3588 rad/s
y=101.6763° 7 =-9.2546 rad/s
B =45.7986° B = +5.7122 rad/s
04=114.8278° 0, =-5.3533 rad/s
03=13.1515° 6, =+3.9013 rad/s

MATLAB code available in Notes 03 02

0, =+2 rad/s

& =+364.3867 cps?
0. = -38.9682 rad/s?
¥ =+62.7055 rad/s*

B=-30.8000 rad/s>
0, = +69.7682 rad/s’

0, =+7.0627 rad/s

50f15

/ecosf3

6,=-0.5 rad/s’

€ =+32987 cn/s’

o =-363.3719 rad/s’
v =-253.3073 rad/s>

B =+125.9668 rad/s’
0,=+237.4051 rad/s®
6,=+490.7125 rad/s’
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Freudenstein’s Equations for Four Bar

horizontal and vertical components

1, cosb, +1,cos0, =1,c080, +71, 1,sin0, +1,sin0, =1,sin0,
rearrange
1, cos0, =1, cosf, —r,cosh, +1 r,sinf, =r,sinf, —r,sin0,

square both equations
2 2 2 2 2 2 2
,"cos” 0, =1,”cos” 0, +1," cos” 0, +1,° — 21,1, cos b, cos0, + 21,1, cosO, — 211, cos,

220 2 s 2 2 .2 : .
,"sin” 0, =1, sin" 0, +1,”sin" 6, — 21,1, sin 0, sin 6,

add equations and simplify to remove 0,

22 2 2
r’ =1’ 41’ +1° — 251, cos(, —0, )+ 2rr, cosb, — 21, cosb,

rearrange
(21,1, )cos6, — (21, )cosh, + (r22 -’ +r1’ + rf) = (2r,1,)cos (6, —6,)

use same process to remove 94

K, cosb, —K, cosf, + K, = cos(6, —6,)
K, cosb, + K, cos, + K = cos (6, —6,)

K, =1/t K,=r1/1 K3=<r22—r32+rf+r12)/(2r2r4)
K,=r1/r K5:(rf—rz—rzz—r32)/(2r2r3)

1
K, cost, —K, cos0, + K, =cosb, cos0, +sinb, sin6,
(cosB, —K,)cosb, +(sinb, )sin6, + (K, cosh, —K,)=0

1—u? 2u
— tanf, =
+u l1—u

cosf, = 5

1— . 2
(cos®, _Kl)l—i-%+(81n92)l—i-—u112+(K2 cosf, —K;)=0

(K, +(K, —1)cos, — K, Ju® +(2sinf, )u +(-K, + (K, +1)cosh, =K, ) =0
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a=K, +(K,—1)cosh, —K, b=2sin0, c=-K, +(K, +1)cos, — K,

u= =
2a

K, cos0, +K, cosb, + K, = cos0, cos6, +sin0, sin0,

(cosB, —K, )cosb, +(sin, )sin 6, — (K, cosh, + K )=0

2 1-v?
V= talne—3 sin0, = M 5 0s0, = V2
2 +v v
1_ 2
(COSOZ—KI)I —+(sin®,) —— (K, cosb, +K;)=0

(K, = (K, +1)cosb, —K,)v* +(2sinb,)v—(K, +(K, —1)cosh, + K;)=0

f:Kl—(K4+1)cos(92—K5 g =2sin0, h=-K, —

—g+.g’—4fh 0
fvi+gv+h=0 v=_8=N\E = tan—=
2f 2

VELOCITY ANALYSIS

d/dt(K, cosf, + K, cosb, + K = cos (0, —6;))
—K 0, sin0, —K,0,sin0, = —(92 —93)sin(62 —6,)

- —K, sin6, +sin(6, —6,)
PP K, sin6, +sin (0, —0,)

d/dt(K, cosb, —K, cos, + K, = cos(6, —0,))
—K 0, sin6, +K,0,sinf, = —(62 —64)sin(02 -6,)

b —i K,sin6, +sin(6, —96,)
* PK,sin®, +sin(0, —0,)

(K, —1)cosb, —Kj

7 of 15
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ACCELERATION ANALYSIS

d/ dt(—K193 sinf, —K 0, sinf, = —(92 —93)sin(62 — 93))

—K 0, sinf, —K 0,” cos, — K 0,sin0, —K,0,’ cos, = —(62 —63)sin(62 —6,)— (02 —0, )2 cos (6, —6,)
—(K, sin6, —sin (6, —0;))0, — K0, cos 6, —K 0, cos b, + (92 — 93>2 cos (6, —6,)

0, =
’ K, sin6; +sin (6, —6;)

d/dt(—K 0, sin0, + K0, sin0, = — (0, -0, )sin (0, -0, )

—K ,sinf, —K,0,% cos0, +K,0,sin0, + K,0,? cosh, = —(62 —94>sin(62 —94)—<92 —94)2 cos(6, —90,)
(K2 sin 6, +sin (6, —04))62 —K,0,%cosh, +K,0,% cosh, +<92 —64)2 cos(6,—9,)

6, =
! K, sin6, +sin(6, —90,)
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Geometric Kinematics for Slider Crank

POSITION ANALYSIS 5

Rsin@=Lsin¢

v ¥
13
sing = R sin 2 <0
$=Rsin0/L 2 i‘ !\K 5 - Y v, /g
s=RcosO+Lcos¢ d

VELOCITY ANALYSIS v
KD

d/dt(R sin® = Lsin¢) %94’%

ROcosO = Lpcosd YQ

=ROcosO/Lcosd

d/dt(s = R cos® + Lcos )

§=—ROsin®— Lsin¢ = _R({Mj
cos

ACCELERATION ANALYSIS

d/dt(Ré cos0 = Lcos ¢)
ROcos0—RO?sin® = Lycosd — L sind

b= (Récos@ —R6%sin 0 + L§* sin ¢)/Lcos¢

d/dt(s = —ROsin 0 — Lsin ¢)
§ =—R0Osin® — RO cosO — Losinhp — Lp” cos ¢

JERK ANALYSIS

d/ dt(Ré cos®—R6”sin O = Lycosd— Lo* sin d))
RO cos®—3R60sin0— RO’ cosO = L cosd—3Ldhsin ¢ — L* cos d

b= (RG cos0 —3R00sin 0 — RO’ cos 0 + 3Lddsin ¢ + L’ cos ¢)/ Lcosd
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d/dt('s' = —ROsin® — RO* cosO — Lsin ¢ — L* cos (I))
§ =-ROsin®—3ROBcosH + RO’ sin0 — LPsin ¢ —3Ldpdcosd + L’ sin ¢

SNAP ANALYSIS

d/dt(Ré cos0 —3R60sin® — RO’ cosO = L cosh — 3Ldpdsind — L’ cos (I))
RG cos0 —4R00 sin O — 3RO’ sin @ — 6RO*Ocos O + RO* sin O

= L(I) cosh — 4L sindp — 3L* sind — 6Lp*pcosd + L* sin ¢

- [RBcosd— 4RO sin 0 — 3RE? sin O — 6RO*Gcos O + RO* sin 0

) . ) j/LCOS¢
+4Ld¢sin ¢+ 3Ld° sind + 6Ly pcosd— L* sind

d/dt('é' = —ROsin0—3RO0cosO + RO’ sin @ — Lpsin — 3Lddcos d + L’ sin ¢)
§ = _R0sin 0 — 4RO cos 0 — 3RH? cos 0 + 6RO*Hsin O + RO* cos 0
—~ Ld) sind — 4Ldd cosd — 3L cosd + 6Ly dsin d + L* cos
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APPROXIMATE EXPLICIT SOLUTION

2

2

R° .
cosp~1— - sin®

sin® 0 = %(l —cos 20)

2

s~RcosO+L|1- R2 (1-cos26)
4L

2

£R cos9+L—R—(l—c0s26)
AL

2

§~-R é)sine—R—é sin20=-R 0 sine+3s,inze
2L 2L

§~-R 92(c0s6+%cos26 for =0
'é'zRé3(sin6+%sin29j for 6=6=0
'é'zR93(cos9+4TRcos26j for 6=6=6=0

HIGHER ORDER APPROXIMATION (for 6 =6 =0)

2 4 6 3 5
s~ R cos0O+ L—R——&—is +R £+ R -+ 15R5 cos 20
4L 64L° 256L 4L 16L° 512L

3 5 5
-R R -+ 3R S cos40+R R S cos 60
64L° 256L 5121

11 of 15
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3 5 3 5 5
§~-RO|sin0+2 4 S -+ 15R5 sin20 — 4| — -+ R Jsing0 +6 —— |sin6o
AL 16L°  512L 64L 512

25617 L’

217

3 5 3 5 5
§~—R0O%|cosO+4 £+ R 3 +15—R5 cos20—16 R -+ 3R 5 cos40 +36 R cos 60
4. 16L° 512L 64L° 256L 51

3 5 3 5 5
§ ~+RO? [sin0 +§ 4+ - +15—R5 Sin 20 — 64 — -+ R = [sin46+216 R - |sin 60
I AL 16L° 512L 64L°  256L 512L

3 5 3 5 5
&~ +RO" | cosO+16) ~+ ~+ ISRS €05 20— 256 — - +3L5 cos 40 +1296] — ~ |cos 60
I 4L 161  S12L 64L°  256L 512L



Geometric Kinematics for Inverted Slider Crank

POSITION ANALYSIS

0, + 0 =180°
o =180°-0,

2.2 2
r, =1 +1, — 2171, CO080

N 2 2
I, —\/r1 +1, — 211, COSOL

1,8in6, =1,sin0,
sin@, =1,sin0, /1,

VELOCITY ANALYSIS

d/dt(o=180°-9,)

a=-0,

2 _ .2 2
d/dt(r4 =1, +1, — 211, COS oc)
21,1, =2rrosina

I, =rrasino/,

d/dt(r,sin®, =r,sin®,)
1,0,c0s0, =1,sin 0, +1,0, cosO,

0,= (rzé)2 cos0, —1,sin 94)/r4 cos0,

ACCELERATION ANALYSIS
d/dt(e.=-6,)
& =0,

d/dt(r,, = rr,asino)
.2 v e . .2
I, +1,f, =rnasino + 4,0 coso

T e . .2 %)
I, = (rlrzoc sino+1,1,0° cosa — 1, )/r4

Notes 03 01

13 of 15
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d/d‘t(rzé2 cos0, =, sin®, +1,0, cos 94)
1,0, cos0, —1,02sin0, =¥, sin O, + 21,0, cosO, +1,0, cosO, — 1,02 sin O,

0, = (r2é2 cos0, —1,02sin 0, — 1, sin 0, — 21,0, cos O, +1,02sin O, )/ r, cos0,

JERK ANALYSIS
d/dt(i = -6,)
& =0,

%) T e . )
d/dt(r4 +1,I, = nr,asino+ Lo cosoc)
3i,F, +1,T, = r,r,asin o+ 311,66 cos oL — T, 6L sin o

T = (r]rz'd sin o + 3rr,Gé cos o — 1, & sin o, — 31,1, )/ T,

d/dt(rzé2 cosB, —1,02sin 0, =¥, sin 0, + 21,0, cosO, +1,0, cosH, —r,02 sin 94>
1,0, cos0, —31,0,0,sin 0, — 1,03 cosO, = i sin O, + 37,0, cosO, + 31,0, cosH,
—3£,02sin 0, +1,0, cos0, —31,0,0, sin 0, — 1,07 cos 0,
1,0, cos0, —3r,0,0,sin0, — 1,03 cos®, - sin 0, — 37,0, cos O,

0, = ) ) o . /1, cos B,
- 31,0, cos0, +3i,0; sin0, +3r,0,0,sin0, +1,0; cosO,

SNAP ANALYSIS
d/dt(&i = -,
G =0,

d/dt(3f4f4 +1,T = rrdisin o + 355,06 cos o — 1,6 sin Ot)

w2 e e e B e e
3r, + 31,1, + 1,1, + 1,1, = 4r,ALSIN OL + I,T,0L0L COS OL

+3r,5,6.° cos o + 31,66 cos o — 3,6 sin o — 3,0 dsin o — 1,6 cos o

3%, +4i,T +1,T = 5,6 sin oL+ 411,606 cos oL + 3r,r,0° cos oL — 61,6 Gl sin oL — 11,6t cos o

- e . o een ) e Dee . -4 %) . eee
L= (r1r2oc sina +4rr,a0 cosa+ 3,0 cosa— 6,0 asino -, cosa — 3t —4r4r4)/r4

d4/dt 1,0, cos0, —3r,0,0, sin0, — 1,03 cos O, = T sin B, +3t,0, cosO, + 31,0, cos O,
—31,02sin0, +1,0, cos0, —3r,0,0,sin0, — 1,07 cosO,
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1,0, cos0, —31,0,0, sin 0, — 1,03 cos 0, = 1 sin O, + 37,0, cos 0, + 31,0, cos O,

—3£,02sin 60, +1,0, cos0, —31,0,0, sin 0, — 1,07 cos O,

rzéz cos0, —1,0,0, sin 0, —3r,02sin 0, —3r,0,0, sin O, — 31,626, cos 6,

~31,020, cos0, +1,03sin 0, = T sin 0, + .0, cos 0, + 310, cos0, + 31,0, cos0, — 37,02 sin 0,

+3t,0, cos®, + 31,0, cos 0, —3i,0,0, sin 0, — 31,07 sin O, —61,0,6, sin O, — 31,0 cos O,

+1,0, cosO, + r4§4 cos®, —1,0,6,sin0, —31,0,0, sinO, —3r,0;sin 6, —31,0,6, sin O, — 31,020, cos 0,
—1,03 cos0, — 3,020, cos 0, + 1,0 sin 0,

rzéz cos®, —4r1,0,0, sin 0, — 31,02 sin 6, — 61,020, cos 0, + 1,03 sin O,

=T sin0, + 410, cosO, + 61,0, cos0, — 61,02 sin 0, + 41,0, cos 0, —121,0,0, sin 0, — 41,0 cos,

+ r4§4 cos0, —4r,0,0,sin 0, —3r,02sin 0, — 61,620, cos 0, + 1,07 sin O,

rzéz cos0, —41,0,0,sin 0, — 3,02 sin 0, — 61,020, cos O, + 1,03 sin O,
'é'4 _| Tt 4.1r494.9'4 sin 94.+ 3r,0% sin 94“+ 61,020, cos ?4 —1,0%sin0, /t, cosb,
~T,sin0, —4%0, cos0, — 67,0, cos 0, + 61,0 sin 0,

— 41,0, cos 0, +12i,0,0, sin 0, + 41,0 cos 0,
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