[A] matrices are orthonormal

e all columns are unit vectors
all columns are mutually orthogonal
all rows are unit vectors
all rows are mutually orthogonal
det [A]=+1

Single rotations

10 0
[A]=|0 CO, -S0,
0 S6, CH, |
co, 0 SO, ]
[An]=] 0 1 0
-S6, 0 C6, |
[Co, -S6, O]
[Aez]= s, Cb, 0
- O O -
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Three-Dimensional Coordinate Transformations

X, A Ay

Yigt|adi ain

Z; i3 iy

[A] ' =[A]"

CHERIRS
i Vi
i3z | %
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Coordinate Frames at the Corners of a Wedge
Adapted from Introduction to Robotics, J.J. Craig, Addison-Wesley, 1989

y6
X6 S
Z6 a
b |
— P
X, | 0 -1 0 0 ||x4]"' X, | -b co SO 0 ||x4]"
Yo =3C¢+] 0 0 —1[]y; Vi =3 C ¢+ SO -CO 0 Ky,

z, a 0 -1 0|z z, a 0 0 -—1jlz
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Euler Angles E

22
Euler sequences — ZXZ (original), ZYZ, YXY, YZY, XY X, XZX v

2 3
7ZXZ sequence (61 about global z - 02 about intermediate x - 03 about local z) a:( e &
7. e &5, Srvhot
co, —so, ot o0 0 ]co, —sb, 0 S@N A
(A ][Ax][Ay]=[86, €O, 0[]0 CO, —S6,|[S6, CO, O Oz
0 0 1j0 s, Co, |0 0 1 939}
s
86,006,860, +C0,C0, —S6,C0,C0,-C0,80, S0,S0, W o g/
A, JAx A, ]=| C6,CO,S0,+S0,CO,  (€H,C0H,CO,-S0,S0, —CO,SH, | @97‘
56,56, S6,Co, Co, f\/&
0, =acos(a,,) O, =atan2(-a,/a,) O,=atan2(a, /a,,) failsfor®, =0andn i |9
—_— \-_.._—-"'_'—'__'_.
A7 e
AN
Z1YZ sequence bﬁ \!Nbd
ﬁ
YXY sequence f \OCM

YZY sequence

XYX sequence

XZX sequence
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Cardan-Bryant-Tait sequences — XYZ, XZY, YXZ,YZX, ZXY,ZYX

XYZ sequence (0x about global x - Oy about intermediate y - 0, about local z) 71;& 7
B
Co,Co, -C0,S6, S0, 5‘(
[AQX][AGY][ASZ] =| S6,S60,Co, +Co6,S6, -S6,S6,S6,+C6,CO, -S6,CO, %
- — ~C0,80,C0, +S0,80, (C0,S0,S0,+80,CO, €O, CH,

0, = asin(aB) 0, =atan2(-a,, /311) 0, =atan2(—a,,/a,,) failsfor0, =n/2and3n/2 V;((r?
o —
7YX sequence (0, about global z - Oy about intermediate y - Ox about local x) ]l

C0,C0, $0,50,C0,—-CO.S0, CO,S0,CH, +S0,S0,
[Ag ][Aey [Aux]=| CO,S0, S6,56,S6, +C0,CO, CO,S6,S6, —S0,CH,
S0, $6,CO, C0,CO, %

0, =asin(-a; ) 0, =atan2(a,/a,;) 6,=atan2(a, /a, ) failsfor®, =n/2and3n/2 i/

XZY sequence (0x about global x - 0; about intermediate z - Oy about local y)

Co,CH, -S6, S6,CH,
[AxJA,, A ]=| COCO,S0, +S0,S06, (CH,COH, C6,S0,S0, —S6,CH,
$0,C0,S0, —C0,S0, S0,CO, $6,S0,S0, +CO,CO,

0, =asin(-a,,) 6, =atan2(a,,/a,) O, =atan2(a,/a, ) failsfor®,=n/2and3n/2

YZX sequence

YXZ sequence

7ZXY sequence
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Derivatives of Cardan-Bryant-Tait angles — ZYX

7YX sequence (0, about global z - Oy about intermediate y - Ox about local x)

C0,C0, €0,80,50, —S0,CO, (CO,S0,CH, +S0,S0,
[Ag ][Aey [Aux]=| CO,S0, $6,56,S6, +C0,CO, CO,S6,S6, —CO,50,
S0, $6,CO, C0,CO,

Oy 0 0 O
Oy r= O +[Aez éY +[Aez][AeY 0

o, 0, 0
0) [co, -so, 0](0
A, k6, t=IS0, €O, 0f6,
0 0 0 14/0

0 se,][6.] [ce,co, -sb, C6,80,][6,
1 0 |J0}:=|S6,C0, CO, $0,80, |10
0 Co, /|0 -S6, 0 co, || 0

éx} Co, S0, 0 (o

0, = (19 -CO,80, COH,CO, O [{o,: failsfor®, =n/2and3n/2
0, Y1 $6,C0, SO,80, Co, | o,

{of=[Afo}

{C‘)}': [A]T {C‘)} = [Aex ]T [A oY ]T [Aez ]T {co}

o] [0y 0 0

0y'r=40 +[Aex]T éY +[A9x]T[AeY]T 0

o, 0 0 0,
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0 1 0 0 (0
[A, ]6, =10 CoO, SO, |16,
0 0 -Sb, Co, |l 0

o) [1 o0 0 Jce, 0 —s6,](0 Co, 0 -s8, (0
[Ax][An]{0F=[0 CO, SO, 0 1 0 [{0:=[S6,S0, CO, S6,CH, |10
6,] |0 —se, Co,[se, 0 «Co, ||6,] |Co.S0, —SB, CO,CH, |6

z

o] [1 0 -S6, |6
o,'t=|0 CO, S6,Ch, [<6,
o,'| |0 -S8, C6,Ch, |6,

fails for 0, =n/2 and 3/2
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Chasles’ Angle and Euler Parameters

u*Vy uvVy -wSy uwVy +vSy
Rotation y about unit direction {0} [A]=|uvVy +wSy v Vet Cy vwVy-uSy
—_— T T~

uwVy -vSy vwVy +uSy
T t———

A3 —ay Zu‘gij
—a,, fails fory =0 and &t ,/-L
—ap A aT@

Cy = (tr[A]—_l?/z

\

Euler parameters (unit quarternion)

e, c’
{p}= ¢, _ uS% {p}T {p}_ e21elieliel=1 -@(1
=€, T¢€ 2 763 =
e, vSZ E ,\ﬁ %/

e;] |wS* fr \\'@“ ?’szﬁ 4

2 2 1
€y +e€ —5 €€, —€€; €€;+€x€,

[A]=2lee, +ese, ep+el—1 enes—ege
€65 —€pe, €,85+epe, e +e;—y ;yﬁ;f:(
w
< | Ay —any ﬁ e ¥ [f)g
e,” = (tr[A]+1)/4 le}=1e,t=—1a, —a, fails fore, =0aty == 1
ae, et
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—e, e, —€ e —e, €, € -,
[E] =17% & & =€ [G] =17C € ¢ ¢

-, —€, € € —e, €, -€ ¢

eé + elz - ei - e§ 2(6162 - 6063) 2(ele3 + eoez) ]

[A] = [E][G]T = Z(elez + e063) eg _el2 + e; —e§ 2(6263 _eOel)
2(6163 - eoez) 2(6263 + eOel) e(z) - elz - e§ + e§

(o} =2[EJip} = -2[Efip)

[A]=Bllal=[ala] =2E6] =2[E]GT

8 of 13
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Acceleration

!

lof=[alo}
(o} =2[E}p)

o} =[] (o)

{b}=1[E]" {0} +3[E] {o}=1[E] {0} {p} ({0} {0})
{p}=1[G] {o}+3[6] {o}=1[a] {o}-1{p}({o} " {})
B o} = +of o= o} fof = 2o’

[E]p} = |Gffp}=0

[A]=2fel6] +2E6] = 2ffia] +2[e]l6]

Elle] = [EllaT

90f13
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o) =[A] {6}~ [A] [a)o}

(o} =2[c]fp)+2[6 )5} = 200} 4[] o) +4 o) o} {0}
i) = 2 [E]" o)+ [E] oo} + 1 [E] o)

= L[E] (6}~ 4 [0} - oo} o)) oo} {0}
b= 1[6] o) +[6] o} +3[6] o

T

=T (o] + 20T o - ol o fof |- ol o

GJeT =0 [6]6] =0 [6)pl=0  [Glp}=0  [Gl}+[Glel=0

K1l el 2l =2k « e « e

EN6] + [e]l6] = [Elie] + [E]lcT

10 of 13
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Snap

(o =2[G]{p}+2[G (b} =2[G]{p} -4 [8] {6} +Ho} {0} {o}

(@) =2[G){p)+4[G](p}+2[ {5}

{}=1[0] (&} +[6] {0} +1[6] {w)
(B} =sla] () +3[6] o) +3[0] o) +4[6] o)

11 of 13
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Numerical partial derivatives of rotation matrices with respect to Euler parameters can

produce different results

2 2 1
€y +¢C —5 €&, —¢CiC;

2 2 1
[A]: 2lee, tepe; epte;—

€,6;—¢€,6, ¢€,6;+¢€,€

2 2 2 2
€, t€ —¢€, —¢€;

[A] = [E][G]T = 2(6162 + 6063)
2(6163 _eoez)

€€, +€,€,
€,8; =€,
1

2 2
€, + €5 —3

2(e1ez - eoe3)

2 2 2 2
€, —€ +¢€, —¢;

2(6263 + eoel)

2(6263 _eoel)

2 2 2
€, — €, —¢e; +¢e;

. . Oa
numerical —L+ =0
Oe,

2(6163 + eoez)

. . 0a
numerical —* = —2e,

2 e,
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Rodriguez Parameters
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